
4: PLATE MOTIONS ON A SPHERICAL EARTH 

Nubia

Arabia

Somalia

India

Eurasia

For large areas, need spherical earth geometry
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Use a formulation that describes an object’s rotation about an axis. 
The object located by its position vector r rotates about an axis 
given by the rotation vector ω (also termed an angular velocity 
vector). 

The magnitude of this vector, |ω|, is the angular velocity giving the 
speed of the rotation in units of angle/time. The rotating object 
moves at a linear velocity 

V = ω×r 
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By definition of the cross product, the linear velocity vector is 
perpendicular to both angular velocity vector and the position 
vector, with direction given by the right handed rule. 

As the object moves in the direction of the linear velocity, its 
position vector moves with it, so the object moves in a circle 
about the rotation axis if the angular velocity does not change 
with time.
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At a point r along the boundary 
between two plates, with latitude 
λ and longitude µ, the linear 
velocity of plate j with respect to 
plate i , v ji , is given by the  
vector cross product  
 

 v ji  = ωj i   x  r  
 
r is the position vector to the 
point on the boundary 
 
ωj i  is the angular velocity vector 
or Euler vector described by its  
 
magnitude (rotation rate) |ωj i |  
 
and pole  (surface position) (θ, φ) 

EULER VECTOR
Relative motion between two rigid plates on the spherical earth can be 
described as a rotation about an Euler pole 

Linear velocity

r

Stein & Wysession, 2003 
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Direction of relative motion is a small circle 
about the Euler pole  
 
First plate ( j)  moves counterclockwise ( right 
handed sense) about pole with respect to 
second plate  (i).   
 
Boundary segments with relative motion 
parallel to the boundary are transforms, small 
circles about the pole  
 
Segments with relative motion away from the 
boundary are spreading centers 
 
Segments with relative motion toward 
boundary are subduction zones 
 
Magnitude (rate) of relative motion increases 
with distance from pole because   
|v ji | = |ωj i | | r | sin γ , where γ is the angle 
between pole and site  
 
All points on a boundary have the same 
angular velocity, but the magnitude of linear 
velocity  varies from zero at the pole to a 
maximum 90º away. 

ω21
2 wrt 1

ω12
1 wrt 2

Stein & Wysession, 2003
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GPS DATA RIGID 
NORTH AMERICAN 
PLATE ROTATING 

ABOUT EULER 
POLE 

Direction follow 
small circles

Rates increase 
as sine of 
angular distance 
from pole

Velocities differ 
from these in 
nonrigid 
boundary zone

Stein & Sella, 2002 
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At a point r on the 
plate boundary, with 
latitude λ and 
longitude µ, linear 
relative velocity v , is 
given by the  vector 
cross product  
 
 v   = ω  x  r  
 
r is the position 
vector to the point on 
the boundary 
 
ω  is the angular 
velocity or Euler 
vector described by 
its magnitude 
(rotation rate) |ω |  
and pole  (surface 
position) (θ, φ) 

CARTESIAN COMPONENTS OF ANGULAR VELOCITY ω 
AND LINEAR VELOCITY v
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LINEAR VELOCITY TYPICALLY DONE AS  EITHER  
NS, EW COMPONENTS OR RATE & AZIMUTH

Scalar (dot) 
product with 
unit vectors 
in NS & EW 
directions

Gives        
NS & EW 
components 
of linear 
velocity

And hence 
rate and 
azimuth
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BOUNDARY TYPE 
CHANGES WITH 
ORIENTATION

PACIFIC -      
NORTH AMERICA

PACIFIC wrt 
NORTH

 AMERICA
pole

CONVERGENCE  - 
ALEUTIAN TRENCH

54 mm/yr

EXTENSION -
GULF OF CALIFORNIA

STRIKE SLIP - 
SAN ANDREAS

Stein & Wysession, 2003
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BOUNDARY TYPE CHANGES WITH ORIENTATION  
 

EURASIA - NUBIA (west Africa)

NUVEL-1 
Argus et al., 1989 

+  EURASIA wrt NUBIA POLE

EXTENSION
TERCEIRA

RIFT

STRIKE-SLIP
GLORIA

TRANSFORM OBLIQUE CONVERGENCE
NORTH AFRICA

SMALL CIRCLE ABOUT POLE

EURASIA

NUBIA

NORTH
AMERICA
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Geometric 
conditions:  

 
Slip vectors and 
transform faults 
lie on small circles 
about the pole,  so 
pole lies on a great 
circle at right angles 
to them  
 
Rate of plate motion 
increases with sine 
of distance from 
pole 

FINDING EULER POLE FROM RELATIVE MOTION DATA 

Cox & Hart, 1986 
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lecture 3 13 

Q1: Given these spreading rate data for spreading between 
South America and Africa (Nubia) along the MidAtlantic 
Ridge, where would you expect the pole to be?

Demets, Gordon, Argus & Stein, 1990

INVERSE PROBLEM - FIND EULER VECTORS FROM DATA

15 
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POSE INVERSE 
PROBLEM - 
FIND EULER 

VECTORS 
FROM DATA

Set up model 
vector m (Euler 
vectors)
and data vector d 
(observed rates 
and azimuths)
Form partial 
derivative matrix G
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LEAST SQUARES 
SOLUTION TO 

INVERSE 
PROBLEM

Find change in 
model vector ∆m 
from starting model 
(Euler vectors)
using partial 
derivative matrix G
to minimize       
misfit ∆d to data 
vector (observed 
rates and azimuths)
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UNCERTAINTIES 
IN SOLUTION

Uncertainties in model vector 
σ2

m (Euler vectors)
Derived by propagation of 
errors via matrix V of 
uncertainties in data vector d

Chu & 
Gordon

REVEL 2000

REVEL 2003

NUBIA

ARABIA

SOMALIA

ANTARCTICA

Distinct models for the motion of Nubia (West 
Africa) with respect to Somalia (East Africa)18 

PLATE MOTION MODELS ARE UPDATED

Use new (more or better) data  - better and 
model parametrizations (e.g. plate geometry)

Stein & 
Wysession, 
2003
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IMPROVED PLATE 
GEOMETRY: DISTINCT INDIA & 

AUSTRALIA
Pre-NUVEL models assumed 
single Indo-Australian plate

Deformation in Central Indian 
Ocean shown by large 
earthquakes & folding

New model:  distinct Indian and 
Australian plates separated by a 
diffuse boundary zone perhaps 
formed by Himalayan uplift

New model better fits focal 
mechanisms & magnetics

Improved fit statistically significant,  
so two plates resolved

Subsequent studies refined model 
and show that India and Australia 
have been distinct for at least 3 
Myr and likely longer.

Wiens et al., 1985 
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SUCCESSIVE MODELS FIT USE MORE DATA & FIT BETTER

More data Smaller misfit

DeMets et al., 1990
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NUVEL-1A GLOBAL RELATIVE PLATE MOTION MODEL
Plate motions averaged over past 3 Ma

Demets, Gordon, Argus & Stein, 1994 22 

To reverse sense of motion, use negative (same rate and with antipole: 
negative latitude, longitude +180°)  

ω jk  = -ω kj 
 

We assume that plates are rigid, so all motion occurs at their 
boundaries. We can then add Euler vectors 

 
ω jk  = ω ji + ω ik 

 
because the motion of plate j with respect to plate k equals the sum 

of the motion of plate j with respect to plate i  and the motion of plate i 
with respect to plate k  

 
Thus from a set of vectors with respect to one plate, e.g. i 

 
        ωjk = ω ji  - ω ki  

we form any Euler vector needed.   
 

Operations easily done using Cartesian components 
 

EULER VECTOR OPERATIONS
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GLOBAL EULER VECTOR - derived using all data from 
all plate boundaries, assumes  all plates are rigid.  
 
BEST FITTING VECTOR -  for a plate pair using only 
data from that pair of plates' boundary 
 
CLOSURE FITTING VECTOR - using only data from the 
other plates� boundaries 
 
Ideally, if the plates were rigid and data perfect: 
 
- all three vectors would be the same.  
 
Comparing these provide tests for plate rigidity 

DIFFERENT TYPES OF EULER VECTORS

24 

 
Euler vectors for a 
three plate system 
derived subject to a 
closure constraint 
are required to sum 
to zero and lie in a 
plane 
 
ωji  +  ω ik  - ω jk  = 0 
 
 

25 
Gordon, Stein, DeMets & Argus,  1987
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The three Euler 
vectors derived from 
the best fit to data on 
each boundary are 
not required to sum 
to zero and lie in a 
plane 
 
If the plates are rigid 
and data perfect, 
they will 
 
How close they 
come is a test of the 
data and plate 
rigidity 

26 
Gordon, Stein, DeMets & Argus,  1987
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Q2:  Assuming the 
ideal case that the 
Euler vectors for a 
three plate system 

satisfy 
 
ωji  +  ω ik  - ω jk  = 0 

under what conditions 
do the linear velocity 

vectors satisfy 
 

vji + v ik   - v jk  = 0 
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Because we only have certain types of data for some boundaries, others 
are inferred by vector summation assuming rigid plates.  In particular, 
convergence rates at subduction zones are estimated by global closure, 
combining data from all plate boundaries. 

Predicted rate at 
which the Cocos 
plate subducts 
beneath North 
America depends on 
measured rates of 
Pacific-North 
America spreading in 
the Gulf of California 
and Cocos-Pacific  
spreading on the 
East Pacific Rise. 

GLOBAL PLATE CIRCUIT CLOSURE 

DeMets et al., 1990
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In some cases, such as relative motion between North and South 
America, no direct data were used because the boundary location 
and geometry are unclear, so the relative motion is inferred entirely 
from closure

Motion is poorly  known 

SOME BOUNDARIES - NO DIRECT DATA

Motions of plate pairs based on both rate 
and azimuth data are best known

NA

SA

NB

EU

Wysession et al., 1995 29 
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Q3: What data, 
from where, 
are used to 
predict the 
subduction 
rate – and thus 
earthquake 
hazard – along 
the Nankai 
Trough? 

What are the 
potential 
problems?

Seno, Stein & Gripp, 1993 

MICROPLATES AT EVOLVING 
RIDGES

Microplates often form between major plates 
as ridge geometry changes and/or near 
triple junctions

Engeln & 
Stein, 1984

Seismicity concentrated at 
microplate boundaries - 
indicating rigidity -           
focal mechanisms show 
motion directions
Motions obey rigid plate 
kinematics

Recorded  in 
oceans by                     
magnetic 
anomalies, 
earthquakes 
&                                 
topography
One ridge 
grows, other 
slows
Block 
rotations 
occur

31 
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MICROPLATE AT  PROPAGATING 
RIDGE  SEGMENT

Engeln & Stein, 1984

For Easter, magnetic anomalies 
show east ridge segment 
propagating northward, and taking 
over from the old (west) ridge 
segment. 

Because finite time is required for 
new ridge to transfer spreading from 
old ridge, both ridges are active 
at the same time and the spreading 
rate on the new ridge is very slow
at its northern tip and increases 
southward. 

As a result, microplate rotates, 
causing compression (thrust 
faulting) and extension (normal 
faulting) at its north and south 
boundaries. Ultimately the old ridge 
will die, transferring lithosphere 
originally on the Nazca plate to the 
Pacific plate, and leaving inactive 
fossil ridges on the sea floor. 

32 

 

EASTER MICROPLATE SEISMICITY & 
MECHANISMS 

Engeln & Stein, 1984 

Two approximately parallel ridge 
sections 

Earthquakes on ridges but not 
between, suggesting area in 
between is an essentially rigid 
microplate

Microplate grows &  rotates, 
causing compression (thrust 
faulting) and extension (normal 
faulting) at its north and south 
boundaries, respectively 

Normal fault earthquakes on 
southern boundary at first 
surprising because EPR is a 
very fast spreading (15 cm/yr) 
ridge, which should not have 
normal fault earthquakes

Occur on slow spreading leaky 
transform lecture 3 33 
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Q4: Where are the 
Pacific-Easter and 

Nazca-Easter- 
Euler poles?

How will these 
positions change 

with time?
Pacific

Easter

Nazca

34 

EULER POLE FOR MICROPLATE 
ROTATION WITH RESPECT 

TO MAJOR PLATE OFTEN CLOSE TO 
MICROPLATE

Euler vectors lie in 
plane

Pole for motion 
between major plates  
far away, because 
motion between them 
varies slowly in rate 
and direction along 
their boundary

Poles for motion 
between microplate 
and major plates are 
nearby, because 
motion varies rapidly 
in rate and direction 
along microplate 
boundaries

Pole positions change 
as microplate evolves

Engeln et al., 1988 35 
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MICROPLATES IN MARINE 
GEOLOGIC RECORD

Shown by fanned anomalies
Evolved by ridge propagation, 
like present Easter microplate

Tamaki & Larson, 1988 36 

ONGOING RIFT 
PROPAGATION 

IN ICELAND

Nordvulk

37 
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MICROPLATES IN LAND 
GEOLOGIC RECORD

Shown by paleomagnetic 
rotations, terrane boundaries, 
and now GPS

Gulf of Aden opened by  
westward rift propagation

Rift propagated inland, causing 
block rotation 38 

I: 

Anke Friedrich

Growth of Eastern California shear zone?
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 χ 2

Do data show a  
rigid microplate?
How well do the 
predictions of the 
Euler vector fit 
them?
Would a diffuse 
model be better?
Which data are 
poorly fit?

 TEST

F TEST
Is the microplate 
necessary?
Do the data require it?
Is the model too 
complicated?
Separate North & South 
America, Nubia & 
Somalia, India & 
Australia pass test
In these cases, plate 
geometry inferred from 
other data
Modify test (more free 
parameters) if 
microplate inferred only 
from plate motion data

41 
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IS RIVERA DISTINCT FROM NORTH 
AMERICA & COCOS PLATES?

Rates & directions from transform and 
earthquake slip vector azimuths along 
presumed Pacific-Rivera boundary misfit by 
Pacific-North America and Pacific-Cocos 
motion
Improved fit from a distinct Rivera plate 
passes F test, so plate can be resolved

DeMets 
& Stein, 
1990

42 

Linear 
fit 

Quadratic 
fit 

OVERFITTING / 
OVERPARAMETERIZING

Adding more parameters 
always fits data better, 
but may not be 
meaningful. 

The F-test tests whether 
the improved fit is more 
than expected purely by 
chance from the added 
parameters

4-21



 FINITE ROTATIONS
So far, we have used Euler vectors to describe plate motions today or over the 
past few million years. On geological time scales, these are "instantaneous" 
motions described by small or "infinitesimal" rotations around the Euler pole. 

We also use Euler vectors to describe how plates move over long periods of 
time. In this case, the motion of a plate from one position to another on the 
surface of the earth is described by a finite rotation through a large angle around 
the Euler pole. Thus instead of computing velocities, we find how positions 
change over time.

Dewey, 1975 

To describe this motion, we write a point’s position before 
it rotated as r.  The rotation is described by a matrix R 

R (e,Ωf )
representing a finite rotation by an angle Ωf about an Euler 
pole at latitude θ and longitude φ . 

A  unit vector from the center of the earth to the pole is 
e = (ex,ey,ez) = (cosθ cosφ, cosθ sinφ, sinθ)

This is like the Euler vector but defines only the pole, 
without the rotation rate. 

Using this notation, we describe the motion of the point r 
to its new position r′ by 

r′ = R r 
44 

 FINITE ROTATION MATRIX

r’ = R r

moved two features 
apart that used to be at 
the same place. For 
example, the Atlantic 
Ocean opened as North 
and South America 
moved away from 
Eurasia and Africa. As a 
result, magnetic 
anomalies of the same 
age, called isochrons, 
on opposite sides of the 
Mid-Atlantic ridge are 
now separated.

45 
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To calculate the rotation, we reverse the process mathematically 
and put features back together again. We chose one plate to be 
fixed, and use computer programs to find a rotation that brings 
the isochrons on the other plate together with those on the fixed 
plate. 

Applying this rotation closes 
up the Atlantic part way by 
removing the effect of 
seafloor spreading during 
that interval. This operation 
going backward in time is 
called using a reconstruction 
pole and is specified by the 
pole’s latitude and longitude 
and the angle of rotation. 

Often for convenience the 
term "pole" also includes the 
angle. Reversing this rotation 
gives the forward motion pole 
for which time goes forward 
and describes the opening. 

46 

Doing this for a series of isochrons gives a set of stage poles that describe the 
finite rotation over each of the time intervals. The total rotation is represented by 
multiplying at each stage by the rotation matrix for that time interval. Thus if we 
have two stages such that the point r moves first to r′ and then to r′′

r′ = Rr    r′′ = R′r′ = R′R r = T r

where T = R′R r is the total rotation matrix. From the total rotation matrix, we can 
compute a total rotation pole and angle. 

Total rotation poles 
describe the total rotation 
between the starting and 
final positions, but don’t 
specify how it took place. 
The actual motion 
occurred by a set of 
stages with different 
poles. 

47 
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It’s important to keep track of the order of the 
rotations. Matrix multiplication does not commute, so 
in general the two matrix products R′R and RR′ are 
different. 

Physically this is because doing rotations in a 
different order gives different results, as shown by the 
book

48 
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These ideas are illustrated by 
comparing rotations for the 
motion of Eurasia relative to North 
America. 

The pole location and rate in the 
REVEL model, derived from space 
geodetic data spanning seven years, is 
quite similar to that in NUVEL-1A, 
derived from data spanning the past 3 
Myr. The finite rotation for the past 10 
million years, 0-10 Ma, is similar.

Finite rotations for the total motion 
over longer times differ more from the 
instantaneous ones. Even so, they 
show that the opening of the Atlantic 
has been similar to what we see today. 
This makes sense because the long 
fracture zones extending from the 
active transform faults indicate that 
the opening of the Atlantic occurred in 
a geometry similar to today’s.
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