


Minimal Surfaces in Negatively Curved
-

3-mauifoldsanddynamics.NL=p XH
'

a
closed hyperbolic 3-manifold

• Gq (m) the Grassmann
bundle of

tangent 2- planes
over M .

• Gr, (m)
has a

natural foliation f- by

( lifts of ) immersed totally geodesic planes .

The ( Ratner - Shah) Every
leaf of

F is either :

i
. ) A ( liftoff closed properly immersed

surface

ii. Dense in Grim)



• IT , (M) has lots of surface subgroups

IT
, ( S) ,
f a closed surface ( Kahn -Markovic)

• Minimus locally minimize

area
,
have mean curvature E O .

E-

•• For each TILE) , there is an immersed

minimal surface Sm
.;

whose fundamental

group injective ly includes to the

conjugacy
class of ) IT , (f) .

•• Limit set of each I. (8) is a

K - quasi conformal
deformation of

the equator in 5=0*111431
,

or
de



DI • Se (M) : = { homotopy classes of
IT

,
- injective

immersed surfaces in M

with limit sets ( Ite) - quasicircles }

• Ecg) : =

fig limit log
# ftreadttt. 4hL- it : testMB
¥4

(Calegnri
- Marques

-

Neves)

The Sectional curvature of g is

less than or equal to
- l

.

Then

E(g) I Elgnyp) , & equality

implies that g ¥99hyp .



Question for negatively curved g ,
-

are the immersed minimal surfaces

[min that include to the T.CO/ciTdn)

dense ?
Partial answer :
-

i
.) Yes for g sniff

.

close to gyp

ii. Possibly not for some neg .

curved g .



Main thin
Tet fstitelo.is} be a smooth

I - param . family of negatively - carved

metrics on M with go --9hyp .

Then there exist foliations
ft of

Grim) for t C- lost)n[0,1) s.t. :

it fo -F
ii.) Leaves of ft are Cliffs

of) immersed

minimal planes in (M ,
St)

iii ) -3 homeomorphisms II : brzkm.am//-sGrdlMi9tD
sending leaves of fo to leaves off

.



BB
If TEI

,
then Z tu PT and

immersed minimal planes Sn in

(M , Stu) that
are ( projections to Mof)

leaves of Ftn St
. ft) tends

to 0 from below as u →
b :

¥11 As!xil 't Richie) ,
✓ "

" leaf curvature
.
-

for a sequence
of points Xu E Su ,

where :

unit

a.) Vn is thevuarmal vector
to Su at

Xu

b.) Aqa is the 2nd FF
.

of Stu
.

C) Rich is the Ricci curvature tensor

of Stu
.



Punks
-

'' leaf
① TEI occurs

when

curvatures
" fail to be bounded by

" ambient curvatures
"

.

② I construct examples of neg .

- carved

(M , g) which cannot admit foliations

as in the Thin
.

③ Gromov constructed foliations as above

with almost - totally - geodesic
leaves

( but in all dimensions )

④ Versions of this thin
.
likely hold

in greater generality,
e.g .

totally geodesic foliations of

Gq(MY , M
"

a hyp .

n -
manifold

.



Ideaofp
④ IAP t Richie) (

O at a

point
on a

minimal 8 =)

small tubular
nbd

.

of 8 has a

mean
- convex

foliation

=) there can't be
another min .

Surface at
small Hausdorff

distance from S
.

② Construct leaves by solving asymptotic

plateau problems in universal
cover

•• Use ① to show solutions to

asy .

Plateau are unique→ rules
out

gaps in the
foliation

.



Inspired by work of Uhlenbeck
on minimal surfaces in

quasi - fuchsia
manifolds ( hyp .

structures

on 8×112 with quasi circle limit
sets

. )

( will describe more in extra time)



Applications
a. Let fit, (G) 3 a sequence

of

surface subgroups of IT , (
m) whose

limit sets tend to a
circle

( c dish? Assume G- d- P

and the projection of P to M

is dense .

•• Let g be a metric on M to

which Main Thin . applies to construct

a foliation . { En} the corresponding
g -
minimal immersed surfaces .

The (density) If Uc Grim) open,
then FN s.t. n -N⇒ Enn U # lo



Thug ( Quantitative version I

Assume ( M , oduyp ) has no

properly immersed totally geodesic

surfaces
.

Then weak - *
limits of the

£ assign positive measure

to every open
set in Grim)

The (totally geodesic )Assume ( Mysnyp) has infinitely

many ( closed) properly immerse

totally geodesic surfaces In .

Let 85 be the corresponding
minimal surfaces in (Mis

)
.
Then

weak - * limits of fur have full
support in Grim) .



froot ( totally geodesy

•• The Eu equi distribute
in

Grz ( M , Supp) ( Mores
- Shah )

•
Use conjugating map

E fro- main than constant curvature i

transfer this to (M 's) version of Ratner- Shah

( following Cdegar - Marques - Neves ) µ w/ no
closed

odesic surfaces :

totally geodesic
distribute in Grzcm)

some
rate uniform

radius
.





Questionability
from Main Thun
-

j ) Possible weak- * limits of the

Ei ?

ii. Regularity of conjugating
maps in

directions transverse

to leaves ?

iii. • Foliated geodesic flow on

unit tangent bundle
of Fg

,

Horo cycle foliation .

Model : TIPS↳ (e)



B. Lots of measures natural to

foliated geodesic flow .

Harmonic

measures
.

Measure classification

in this setting ? Statements

about the measures
that

distinguish the constant

curvature case?



Extra Time
-

Uhlenbeck Theory of Almost - Fuchsias
-

Manifolds ( also Huang
,
Wang , .

• Hyperbolic metric gyp on Csx IR .

• Assume F
minimal

embedded

E XIR
, gyp ) with

principal curvatures
less than

I in abs
.

value
.

• Then ( ↳ x IR
, %yp ) is quasi - Fuchsia,

and f is the unique
minimal

surface .



•

( Ex IR , suyp ) is determined

by the conformal class of

8 and a quadratic differential

that encodes the 2nd FF off.



Almost fuchsias Variable Negative
curvature
-

Model cosh't ggnyptdt
' Totally geodesic
foliation F

of Grz( (M,%yp))
"÷÷÷÷÷÷¥÷÷÷÷÷÷÷÷:÷÷÷÷÷.
-

Mechanism Explicitly Foliation structure
,for write down local mean - convex

uniqueness the metric )

global
foliations

.

mean - convey

foliation /



Examples of metrics for
-

whiohbr.CM/canuotadmitfoliahonsnsihz .


