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® Encmaln) = ;S a(n), Epena(n) = limy_,o0 Encima(n).

| | , |
° Er?g man) = Io;N S 2, Epena(n) = limy_o E,?S[N]a(”)
o If n=pf ... pik then \(n) = (—1)&+Fa,

@ If a: N — U and N, — oo is s.t. all averages below exist, then the
corresponding Furstenberg system (X, u, T) satisfies

/T’“f -TMfdu = I|m EHG[N] a(n+ny)---a(n+ ny),

forsome f € L>(u) forall ¢ € N, ny,...,np € Z.

@ If a= ), any such system is called a Liouville system.



MGdbius function and primes

Notation: Ecyja(n) = NZn 1 a(n).

Definition (M6bius and von Mangoldt function)

u(n) = (—1)Kif nis a product of k distinct primes, otherwise 1(n) = 0.
A(n) = log pif n = pX, and A(n) = 0 elsewhere.
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Definition (M6bius and von Mangoldt function)

u(n) = (—1)Kif nis a product of k distinct primes, otherwise 1(n) = 0.
A(n) = log pif n = pX, and A(n) = 0 elsewhere.

Using the identity

=~ log(d) u(d)

dln
one can deduce asymptotics for a\llerages of the form
EnevA(n) a(n) — or - Epeyg A0+ nq) - A(n+ np)
from estimates of the form
Eneqn #(n) a(n) = O((log N) ™),
where a € (*°(N), or the form
Eneiny #(n+ 1) - - p(n + ng) = O((log N)~*).
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Randomness properties of the Liouville function

It is a bit more convenient to work with the Liouville function.

Definition (Liouville function)
If n=pJ - pk, then A(n) = (—1)&+Fa,

I it i R o o ++++-+++-
Its signs appear to have “random type behavior”. Based on this several
well known conjectures have been formulated:

@ (Square root cancellation): E,cjp A(n) = O(N=),vb < § (RH).
@ (Chowla conjecture): (A(n))nen forms a normal sequence of +1.

@ (Sarnak conjecture): limy_... E,cimA(n)a(n) = 0 for every
a € (>°(N) of “low complexity”.
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Equivalently: (A(n))nen forms a normal sequence of +1, meaning, all
length ¢ sign patterns appear on the range of \ with frequency 1/2°.
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The Chowla conjecture

Chowla Conjecture (1965)
If¢eNandny,...,n, € N are distinct, then

im Epcyy A(n+n4) -+ A(n+ng) = 0.
N—o0

Equivalently: (A(n))nen forms a normal sequence of +1, meaning, all
length ¢ sign patterns appear on the range of \ with frequency 1/2°.

@ (=1 (PNT):limy_,o EpciyA(n) = 0.
@ (=2 (Tao 2015): Proof for logarithmic averages. For all ny € N

N
: 1 1
A, log N nz_; ANMA+ ) =0.
Uses: impy ;oo Enen|EmepgA(n + m)| = 0 (Matomaki, Radziwitt).
@ Logarithmic version true for all odd ¢ (Tao, Teravainen 2018).
@ Open for ¢ = 4 and for Cesaro averages for ¢ > 2.
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The Sarnak conjecture

The Liouville (and the Mébius) function are expected to not correlate
with any bounded sequence of “low complexity”.
Sarnak Conjecture (Dynamical formulation)

Let Y be a compact metric space and R: Y — Y be a continuous
0-entropy transformation. Then forevery g C(Y)and y € Y

Jim Enem A(n) 9(R"y) = 0.
— 00

.

Sarnak Conjecture (Arithmetic formulation)
If a: N — {—1,1} satisfies P5(¢) = O(2%) for every ¢ > 0, then

NIi_r)noo Enen A(n) a(n) = 0.

(Pa(¢) = | patterns of size ¢ of consecutive +1 in the range of a(n)|.)

v
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Nilsystems (Green, Tao 2012)

Horocycle flows (Bourgain, Sarnak, Ziegler 2013) and more general homogeneous dynamics (Peckner 2015)
Some rank one transformations (Bourgain 2013, Abdalaoui, Lemanczyk, de la Rue, 2014, Ferenczi, Mauduit 2015)

Various substitutions (Mauduit, Rivat 2015, Deshouillers, M. Drmota, C. Miliner 2015, Ferenczi, Kutaga-Przymus,
Lemanczyk, Mauduit 2016)

Any automatic sequence (Mullner 2017)

Some distal systems (Liu, Sarnak 2013, Kutaga-Przymus, Lemanczyk 2015, Wang 2017)
Some interval exchanges (Bourgain 2013, Ferenczi, C. Mauduit 2015, Chaika, Eskin 2016)
Some systems of number theoretic origin (Green 2012, Bourgain 2013)

And there are many other results...

Almost all proofs start by using variants of Vinogradov’s bilinear
method. One needs to show that a large class of g € C(Y)

Jim Encpw 9(RPy) g(RI7y) =0
—00

for all y € Y and distinct primes p, q. But there are limits to this
approach... Many systems cannot be handled this way.
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The Sarnak conjecture for ergodic weights

Notation: E-2a(n) = limy .o g St 20,

Theorem (F., Host 2018)

Leta: N — U be a 0-entropy sequence that is ergodic. Then

ES% A(n) a(n) = 0.

@ Assumptions apply when (Y, R) is a 0-entropy uniquely ergodic
system and a(n) = g(R"y) forsome g e C(Y)and y € Y.

@ Subsequently we extended this result to a larger class of
multiplicative functions f: N — U that are called strongly aperiodic.

@ These results follow from structural results of certain measure
preserving systems associated to multiplicative functions.



Chowla averages with totally ergodic weights

Theorem (F., Host 2019)

Iffy,...,f;: N— U are arbitrary multiplicative functions and oo € R \ Q,
then | ‘

Endy €™ fi(n+ny) -+ fy(n+ng) =0
forallny,...,n, € N.

@ The result follows by showing that a certain measure preserving
system does not have irrational spectrum.

@ The weight (e?™*) can be replaced with any 0-entropy, totally
ergodic, zero-mean sequence.



Chowla averages along deterministic sequences

Theorem (Tao 2015 and Tao-Teravainen 2018)

Fort¢ =2 (ny # no) and all odd ¢ we have

ES% A(n+ ny)--- A(n+ ng) = 0.

For odd ¢ proof uses an ergodic decomposition result of A. Le for
sequences of the form A(p) = [ T™MPf... T™Pfdu, p € P.
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Chowla averages along deterministic sequences

Theorem (Tao 2015 and Tao-Teravainen 2018)

Fort¢ =2 (ny # no) and all odd ¢ we have

ES% A(n+ ny)--- A(n+ ng) = 0.

For odd ¢ proof uses an ergodic decomposition result of A. Le for
sequences of the form A(p) = [ T™MPf... T™Pfdu, p € P.

Theorem (F. 2019)

Leta: N — N be a 0-entropy and totally ergodic sequence, for example
a(n) = [nV2]. For¢ =2 (ny # np) and all odd ¢ we have

Eney Ma(n+ny))- - Ma(n+ ne)) = 0.

@ If the Chowla conjecture holds, then )\ is a normal sequence and
hence (by Kamae, Weiss 70’s) so is A o a.



Furstenberg systems of sequences

Furstenberg Correspondence Principle
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@ X =UZ, (Tx)(k) = x(k + 1), f(x) = x(0), only p varies.

* . lo
@ L =" |Imk%OO Eng[N,’(] 5T”a'
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Furstenberg systems of sequences
Furstenberg Correspondence Principle

Let a: N — U and Ny — oo. Then there exist a subsequence N, — oo,
amps (X, u, T), and a function f € L>°(u) such that

/T’“f---T”ffdp lim E'r?g[N,] a(n+nq)---a(n+ ny),

forall ny,...,n, € Z.

Definition (Furstenberg systems)

@ Any such system is called a Furstenberg system of a: N — U. If
a= X\ we call it a Liouville system.

@ A Furstenberg system of a strictly increasing a: N — N with range
a set S of positive density, is any Furstenberg system of 1.

@ Asequence a: N — U (or a: N — N) is ergodic, totally ergodic, or
0-entropy (deterministic) if all its Furstenberg systems are.
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The Chowla and Sarnak conjecture in ergodic terms

Chowla conjecture (Ergodic reformulation)

Logarithmic Chowla conjecture < All Liouville systems are Bernoulli
systems.

@ But it is not even known if any Liouville system is ergodic.
@ (F, 2016): If a Liouville system is ergodic iff it is Bernoulli.

Definition (Furstenberg 1967)

Two mps (X, i, T), (Y, v, S) are disjoint if the only (T x S)-invariant
measure on X x Y with marginals ;. and v is p x v.

\

Sarnak conjecture (Ergodic reformulation)

The logarithmic Sarnak conjecture holds if all Liouville systems are
disjoint from all 0-entropy mps.

o
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Theorem (F., Host 2018)

All Liouville systems are disjoint from all totally ergodic systems of
0-entropy.

Ergodic Sarnak conjecture: If a: N — U is a totally ergodic
sequence, using disjointness we get
| | |
Epgy A(n) a(n) = E2  A(n) - Ep2 a(n) = 0.
In order to deal with more general ergodic sequences we also have to
use:

EP A(n) A(n+ h) =0

for every h € N (Tao 2015).



A disjointess property and applications

Theorem (F., Host 2018)

All Liouville systems are disjoint from all totally ergodic systems of
0-entropy.

Chowla for totally ergodic weights: If a: N — U is totally ergodic,
has 0-entropy and mean 0 (for ex. a(n) = e(n«a) with « irrational), then
using disjointness we get

Epdy a(n) A(n+ ny)---A(n+ ny) =

neN
Epgy a(n) - Engy A(n+ny) -+ AX(n+ i) = 0.



A disjointess property and applications

Theorem (F., Host 2018)

All Liouville systems are disjoint from all totally ergodic systems of
0-entropy.

Chowla along deterministic sequences: If a: N — N is a totally
ergodic sequence of 0-entropy, because of disjointness we get for
every M = ([Mk])ken (assuming all limits exist)

g o9 (@
;%MHA (m+ ny)) r?egM< ;%MHA m+a(n+n,)))
j=1

For ¢ = 2 (ny # no) and ¢ odd, the last averages are 0 by the results of
Tao and Tao-Teravainen.
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Disjointness property from a structural result

Theorem (Structural result)

QA Liouville system cannot have irrational eigenvalues.
(Tf = ?™f, o € R\ Q, implies f = 0).

© The “building blocks” of a Liouville system are Bernoulli systems
and systems of algebraic structure (nilsystems).

The first property is equivalent to showing that for every o € R\ Q
; log 27ina _
NlinooEnE[N] ™M \(n+ny)---A(n+n;) =0

forall £ € Nand ny,.

..,y € N, which is of independent interest.
Proposition (Disjointness)

If a system satisfies the previous two structural properties, then it is
disjoint from all totally ergodic systems of 0-entropy.
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Tao’s identity

Starting point in the proof of the two structural properties is:
Theorem (Tao’s identity 2015)
If a € £°(N), N = ([Nk])ken, and all limits below exist, then

|
Epep EneN a(pn) = Eqgy a(n).

More generally, for all £, ny, ..., n, € N we have

| ¢ ¢
Epep ES’SN [1j=+ alpn + pn;) = Eper IEneN [1j=1 a(n+ pny).

The identity is false for Cesaro averages (take a(n) = n').

Corollary (Tao’s identity for \)

Forevery ¢ € Nand ny,...,n; € N we have

E [
Enen H, 1 AN+ ) = (=1) Epep Epoy Hf:1 A(n + pny).




Reduction to an ergodic statement

An ergodic consequence of Tao’s identity

Let (X, u, T) be a Liouville system. Then for some T-generating
f: X —{-1,1} we have forevery e Nand ny,...,n; € N
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T-generating: The algebra generated by T"f, n € Z, is dense in L?(y).



Reduction to an ergodic statement

An ergodic consequence of Tao’s identity

Let (X, u, T) be a Liouville system. Then for some T-generating
f: X —{-1,1} we have forevery e Nand ny,...,n; € N

y4 l
j=1 j=1

v

T-generating: The algebra generated by T"f, n € Z, is dense in L?(y).
Hence, our task is reduced to showing that:

Theorem (Ergodic structural result)
If (X, u, T) satisfies the previous property, then
@ it has no irrational eigenvalues;
@ its “building blocks” are Bernoulli systems and nilsystems.
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It will be more convenient to work in an even more general setup:

Definition
Let (X, u, T) be a system. On X” we define the measure /i as follows
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Systems of arithmetic progressions

It will be more convenient to work in an even more general setup:

Definition

Let (X, u, T) be a system. On X” we define the measure /i as follows
m m .
/ H fi(x;) dp = Epe]P/ H TPfdu, e L(p).
Jj=—m j=—m

We call (X%, 1, S), where S is the shift, the system of arithmetic
progressions (AP’s) with prime steps associated with (X, u, T).

Relevance to our problem:

Proposition (Factor property)
Every Liouville system is a factor of its associated system of AP’s.




Two illuminating examples

Example (Irrational rotations)
Tt=t+a (mod 1), « € R\ Q, acting on T with mr. Then

/H fi(x;) di == Epep/ H fi(t + jpe) dt = // Hft+js)dtds

J=—m Jj=—m

System of AP’s isomorphic to (s, t) — (s, t + s) on T? with mye.




Two illuminating examples

Example (Irrational rotations)
Tt=t+a (mod 1), « € R\ Q, acting on T with mr. Then

f:(x;) dii := Epe fi(t + joa) dt = fi(t + js) dtds.
J 1L togen=eper [ 1 5 J 1L+

J=—m J=—m

System of AP’s isomorphic to (s, t) — (s, t + s) on T? with mye.

Example (Weak mixing systems)
Tt =2t (mod 1) acting on T with my. Then

J 11800 07 = Epee [ T 0621yt =T [ 509) o
j=1 j=1 j=1

System of AP’s isomorphic to a Bernoulli system on T%.
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Systems of AP’s: Structure of building blocks

Theorem (Structure of building blocks)

The ergodic components of a system of AP’s are direct products of
Bernoulli systems and inverse limits of nilsystems.

Proof uses:

@ Gowers uniformity of the modified von Mangoldt function (Green,
Tao, and Ziegler, 2012).

@ A result about characteristic factors of Furstenberg averages
(Host and Kra, 2005).

© Equidistribution results on nilmanifolds in order to get explicit limit
formulas for Furstenberg averages.
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Systems of AP’s: No irrational eigenvalues

Theorem (No irrational eigenvalues)
A system of AP’s has no irrational eigenvalues.

Proof uses the following notion (Furstenberg and Katznelson 91):

Definition (Partial strong stationarity)

(X%, v, S) is partially strongly stationary if maps 7,: X* — X%, defined
(x()))jez — (x(rj))jez, are measure preserving for every r € dN + 1.

Proposition
A system of AP’s is an inverse limit of partially sst systems.

Following an argument of Jenvey (1997) we show:

Proposition (No irrational eigenvalues)
A partial sst system has no irrational eigenvalues.
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On the other hand, Mdbius system does have rational eigenvalues.
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THANK YOU!



