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ABSTRACT: We investigate possible causes of molecular rectification in electrode−molecule−
electrode junctions. By using a simple model and simulated conductance histograms, we show that
a molecular bias drop is responsible for rectification; conversely, asymmetric molecule−electrode
couplings do not directly result in rectification. Instead, the degree of coupling (a)symmetry can be
observed in the line shapes of the conductance histograms used to experimentally assess the
current−voltage properties of such molecular junctions. More coupling asymmetry leads to less positively skewed histogram
peaks.

1. INTRODUCTION

Understanding how single molecules conduct electric current
when connected to electrodes is interesting for both
fundamental and applied reasons.1−5 For instance, electron
dynamics change when the system is driven away from
equilibrium, and the ability to control electric current on
molecular time and length scales may lead to improved
photovoltaics, thermoelectrics, and sensors. However, tools
from conventional electronics are not readily applicable to
single molecules, which have an inherently quantum mechanical
nature. Unlike traditional systems, molecules have a discrete
number of conduction channels through which electric current
can flow.6,7 Each channel has a conductance G between 0 and
G0 ≡ 2e2/h, and in this sense, a molecule exhibits quantized
conductance.
Both theoretical and experimental investigations have

explored the ramifications of quantized conductance over the
last 20 years. Let us consider two examples. First, the
molecule−electrode interfaces are critically important,8−25 as
often evidenced through the use of various chemical linker
groups. It is also possible that one molecule can bind to the
electrodes in several ways, each of which results in a different
conductance.10,13,16,19,20,26−29 Second, current−voltage profiles
are usually non-Ohmic; that is, the conductance (alternatively,
the resistance) changes with the applied bias, V.3,30−33 In this
case, both the current, I, and the differential conductance, G ≡
dI/dV, help to quantify the electrical response properties of the
molecular junction.31

This non-Ohmic behavior suggests that molecules can
function as rectifiers,2,24,31,34−38 where the electric current
through the molecular junction is different for positive and
negative biases. Indeed, rectification has been reported through
junctions containing either a single molecule or many
molecules24,39−42 (and the rectification properties can be
quite different due to cooperative effects between mole-

cules43,44). Many of these studies used asymmetric mole-
cules,2,24,34,40,41,45 where the molecule either possesses a
permanent electric dipole or uses different linking groups to
bind the two electrodes; however, rectification has also been
demonstrated in symmetric molecules.2,37,39,42

Regardless of the molecular symmetry, two mechanisms have
been suggested for rectification. First, some of the applied bias
drops across the molecule,24,36,37,45 indicating that the
electrode−molecule−electrode junction has a (permanent or
induced) dipole. In effect, the molecular channel energies
change with the bias: A positive (negative) bias might bring a
channel closer to resonance, thereby increasing the current,
whereas a negative (positive) bias would push the channel away
from resonance and decrease the current. Second, molecular
asymmetry results in a molecular channel that is coupled
differently to the two electrodes. Should such asymmetric
couplings lead to an asymmetric electric potential profile along
the molecule, rectification will be observed.31,36,37,45

At first glance, it may appear that the latter mechanism is
inconsistent because some symmetric molecules have displayed
rectification. However, common experimental techniques for
measuring molecular conductance are complicated by geo-
m e t r i c u n c o n t r o l l a b i l i t y a n d i r r e p r o d u c i b i l -
ity.9−12,15,16,27,29,32,33,42,46−60 Even though the molecule may
be symmetric, a scanning tunneling microscope-based break
junction experiment (for example) cannot determine the
geometrical details of the measured junction,9,12,16,50−53,57,58

let alone reliably create a perfectly symmetric junction. In all
likelihood, the two electrodes will have different shapes or
surface features, thus causing the couplings to be asymmetric.
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As another consequence of this experimental uncertainty, the
electronic properties of molecules are statistically assessed from
many (typically thousands or more) measurements by
c o m p i l i n g t h e d a t a i n t o a h i s t o -
gram.9,11,12,18,24,29,33,42,46−48,51,52,54,56,58,59,61−66 A conductance
histogram peak not only reports the most probable
conductance, for example, through the molecular junc-
tion,9,12,15,32,46,47,57,61,67 but the statistics of the data (the
peak’s line shape) provide additional insight into molecular
conductance.11,14,15,29,32,48,49,57,60,64,65,67−69 For example, the
zero-bias conductance histogram peak for transport through a
molecule is positively skewed;64 that is, the histogram peak has
a longer tail to higher conductances than to smaller
conductances.
In this work we employ a model similar to that of ref 24 to

investigate the independent effects of a molecular bias drop and
of asymmetric electrode couplings on electron transport
properties. We find that asymmetric electrode couplings are
not responsible, on their own, for rectification, whereas a
molecular bias drop always results in rectification. We then
develop and use a computational framework for simulating
conductance histograms to show that the statistics in the
histogram peak provide a signature for asymmetric molecule−
electrode couplings. Although our results show that only a
molecular bias drop is directly responsible for rectification,
asymmetric electrode coupling is still encoded in experimental
data.
The layout of this paper is as follows. We begin by

introducing Landauer-Büttiker theory for electron transport
and by developing our theory of conductance histograms in
section 2. Section 3 then presents the main results, showing
that a molecular bias drop causes rectification and that
asymmetric electrode couplings are evident in the skewness
of a conductance histogram peak. Finally, we summarize and
conclude in section 4.

2. ELECTRON TRANSPORT AND CONDUCTANCE
HISTOGRAMS

In this section we discuss pertinent aspects of electron
transport theory (section 2.1), introduce our model system
for investigating the mechanism of molecular rectification, and
finally describe our framework for simulating conductance
histograms (section 2.2).
2.1. Landauer-Büttiker Theory. Single electron transport

theories typically employ scattering theory to describe electron
dynamics.3 When we limit our attention to elastic, coherent
scattering under steady-state conditions, we obtain the
Landauer-Büttiker formalism,6,70 which is often used to
describe electric current through molecules. Conduction
channels are central to this formalism, and each channel has
a probability of transmitting an electron with energy E from
one electrode to the other. The sum of such transmission
probabilities over all channels yields the transmission function,
T(E), to which each channel usually contributes a Lorentzian-
shaped component.
All of the transport quantities we seek to understand build

upon the transmission function. Consider the electric current,3

∫= −
−∞

∞
I V

e
h

E T E V f E V f E V( )
2

d ( ; )[ ( ; ) ( ; )]L R

where f L ( f R) is the Fermi function of the left (right) electrode.
Note that the Fermi functions and the transmission function
generally depend on the applied bias. Because tunneling

behavior is reasonably insensitive to temperature, it is
convenient to work in the limit of zero temperature, where
the Fermi functions become step functions. Then,
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where EF is the Fermi energy of the electrode−molecule−
electrode junction. Finally, we obtain an expression for the
differential conductance by combining its definition with eq 1,
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Equations 1 and 2 show how to calculate electron transport
properties through an electrode−molecule−electrode junction,
up to obtaining the transmission function. There are three key
components that lead to T(E): (i) the Hamiltonian of the
isolated molecule (channel), H; (ii) a self-energy, ΣL(E),
describing how the isolated molecule couples to the left
electrode; and (iii) a similar self-energy, ΣR(E), for the right
electrode. Note that the self-energies are non-Hermitian
operators that essentially encapsulate open-system boundary
conditions. From these,3

Γ Γ= †T E E E E EG G( ) Tr[ ( ) ( ) ( ) ( )]L R (3a)

where

Σ Σ= − − − −E E E EG I H( ) [ ( ) ( )]L R
1

(3b)

is the molecular Green function71 (as modified by the
electrodes), I is the identity operator, and

Γ Σ Σ= − †E i E E( ) [ ( ) ( )]L/R L/R L/R (3c)

is the spectral density for coupling to the left/right electrode.
We write all of these operators as matrices in the following
discussion, where, for simplicity, we assume an orthonormal
basis set.
Our model junction consists of a single channel that couples

asymmetrically to the electrodes and drops bias. The bias drop
is reflected in the bias-dependent level energy. Mathematically,
H = [ε + aeV], ΣL(E) = [−iΓL/2 ], and ΣR(E) = [−iΓR/2 ],
where ε is the channel’s energy level, a is the strength of the
bias drop across the channel, ΓL > 0 is the channel-left
electrode coupling element, and likewise for ΓR > 0. Using eq 3,

ε
=

Γ Γ
− − + Γ + Γ

T E
E aeV

( )
4

4( ) ( )
L R

2
L R

2
(4a)

is Lorentzian, as expected. Then, from eqs 1 and 2,
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is the current and
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is the differential conductance. Note that this model is closely
related to that of ref 24; we consider the single-channel
equivalent of that two-channel model. Finally, we use the ratio

ξ ≡
Γ Γ
Γ Γ

max( , )
min( , )

L R

L R

to quantify the degree of asymmetric coupling.
2.2. Conductance Histograms as Probability Density

Functions. Our theory for conductance histograms begins
with the idea that the various model parameters (e.g., ε, a, ΓL,
and ΓR) behind electron transport are random variables.64,65,67

Figure 1 depicts this concept for a generic model junction. In

essence, we equate the experimental irreproducibility when
measuring conductance with stochasticity; each parameter has
an underlying probability distribution and every measurement
samples from these distributions. The conductance histogram
therefore reports the probability density function72 for the
conductance observable, which is directly determined by the
distributions of the model parameters.65

This realization facilitates the simulation of conductance
histograms. Simply put, we emulate each conductance
measurement by using a random number generator to sample
from the model parameters’ distributions (and then compute
conductance as described in section 2.1). Unless otherwise
specified, we use normal distributions for each parameter.
Mimicking experiment, we then compile many simulated
conductance values into a histogram. By changing the
distributions of the parameters, we can investigate the
mechanism of molecular rectification. We implemented this
simulation framework for many model systems in C++11, and
our software, MolStat, is available open source.73 Specific
MolStat input files for reproducing the histograms in section 3
are presented in the Supporting Information.

3. RESULTS AND DISCUSSION

Equipped with a model system that includes both asymmetric
electrode couplings and a molecular bias drop, we proceed to
investigate which effect leads to molecular rectification and how
these effects manifest themselves in experimental data. We first
examine asymmetric electrode couplings and then discuss a
molecular bias drop.

3.1. Asymmetric Electrode Couplings. We start by
examining the simplest system, where the molecular channel
couples symmetrically to both electrodes (ξ = 1) and does not
drop bias (a = 0). Mirroring ref 24, the molecular channel level
is at −3 eV, the Fermi energy is 0 eV, and ΓL = ΓR = 0.1 eV.
The current−voltage profile for this junction is displayed in
Figure 2b and is symmetric about V = 0; there is no
rectification. If we make the couplings less symmetric (ξ = 2)
by increasing ΓR to 0.2 eV, we again observe a symmetric
current−voltage profile in Figure 2d. Finally, rectification
remains absent if the couplings are made even more
asymmetric, ΓR = 0.4 eV (hence ξ = 4), in Figure 2e.
It seems doubtful from these simulations that asymmetry in

the molecule−electrode couplings is, on its own, responsible for
rectification. Before exploring the effects of a molecular bias
drop, however, we show that coupling asymmetry is instead
encoded in the statistics of experimental measurements.
To see this, we first consider the transmission spectra of the

same three junctions, which are shown in Figure 2a. As
expected, each transmission spectrum exhibits the characteristic
Lorentzian line shape for transport through a single channel.
When the coupling is symmetric (red line), the Lorentzian
peaks at 1, indicating the channel’s resonance energy, and
asymptotically decays for energies away from the resonance. As
the coupling becomes more asymmetric (ξ = 2 in green and ξ =
4 in blue), the peak decreases in magnitude and the tails decay
less rapidly. In all, the transmission spectrum becomes flatter as
the couplings become more asymmetric.
It has previously been shown64,65 that the line shape of a

conductance histogram peak reflects the shape of the
transmission function near the Fermi energy. The argument
is as follows. The fluctuations inherent to each experimental
measurement cause us to sample different points on the
transmission spectrum near EF. For transport via nonresonant
tunneling (where EF is in the Lorentzian tails), T(E) rises with
E more quickly than it falls in this neighborhood.
Consequently, fluctuations are slightly more likely to increase
the transmission, resulting in a positively skewed histogram
peak.64 Transmission spectra with flatter tails will be more
insulated from this effect; larger fluctuations will be required to
noticeably change the observed transmission. We should,
therefore, expect that junctions with increasingly asymmetric
couplings will yield less skewed conductance histogram peaks.
Our conductance histogram simulation procedure (section

2.2) will now be used to demonstrate this effect. We assume ε,
ΓL, and ΓR are random variables with normal distributions and
proceed to simulate 1 million conductance “measurements” for
each system. The average values of each parameter are taken to
be the values used in the respective transmission spectra and
current−voltage profiles. Full details on simulating these
histograms can be found in the Supporting Information.
To start, Figure 2b shows a histogram where ΓL = ΓR in every

“measurement,” ensuring symmetric coupling. The histogram
has a bowl shape that is symmetric about V = 0 V, which is
consistent with ref 42. In contrast, Figure 2c shows a histogram

Figure 1. Schematic of our framework for simulating conductance
histograms. A model system is placed between two electrodes and a
bias (V) is applied across the junction. Our model system (blue)
depends on the channel energy (ε) and the bias drop (a). The
conduction channel in the model system couples to the left (right)
electrode with ΓL (ΓR), and the Fermi energies of the two electrodes
(dashed lines) are offset from the junction Fermi energy (EF) by the
bias. When constructing histograms, we assume that each of these
physical parameters is an independent random variable. As depicted by
the normal distributions, each conductance “measurement’ samples
from the probability distributions of these parameters.
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with the same average parameters, but where ΓL and ΓR are
independently chosen from the same distribution. The
couplings are the same, on average, but are likely to be slightly
different from each other in any particular “measurement.”
Most noticeably, the width of the histogram peak (at a given
bias) is considerably smaller than in Figure 2b. When ΓL = ΓR
for every “measurement,” smaller (larger) conductances
become more probable because the electrode couplings are
simultaneously small (large). The likelihood of having
simultaneously small (large) couplings decreases when the
two couplings are independent, resulting in a narrower
histogram peak.
We now increase the degree of asymmetry in the couplings

to ξ = 2 and ξ = 4 and show the resulting histograms in Figure

2d,e. When ξ = 2, asymmetric couplings are more prevalent in
any particular “measurement,” but there is still a reasonable
chance that ΓL ≈ ΓR for some samples. It is unlikely that ΓL ≈
ΓR when ξ = 4. Unsurprisingly, both histograms are
qualitatively similar to those already discussed.
Finally, Figure 3a shows the skewness of the histogram peaks

in Figure 2 as a function of the bias; that is, each skewness

reports the statistics from a vertical slice of a voltage-dependent
conductance histogram. As expected,64 the histogram peaks are
positively skewed. Although there is some fluctuation in the
skewness from one bias to another, it is apparent that the
skewness decreases, on average, as ξ increases. Coupling
asymmetry, while not responsible for rectification in the
current−voltage profiles, can be seen in the skewness of
conductance histogram peaks.

3.2. Molecular Bias Drop. We now turn to the impact of a
molecular bias drop (a ≠ 0) on the molecule’s electron
transport properties. Mirroring the previous discussion on
coupling asymmetry, Figure 4b shows the current−voltage
profile for a molecule that symmetrically couples to the
electrodes and drops bias (a = 0.15). Because both a > 0 and EF

> ε, positive biases move the molecular channel closer to
resonance, see Figure 4a, whereas negative biases push it further
away. Changing to either a < 0 or EF < ε would lead to the
opposite behavior. Consequently, the current increases more
rapidly for positive biases and rectification is observed (albeit
weak in this example system).
Our data suggests, therefore, that a molecular bias drop will

lead to rectification. Putting all of these results together, Figure
4d,e shows the current−voltage profiles for molecules that
couple asymmetrically to the electrodes and drop bias. As
observed in ref 24, these systems still exhibit rectification.
Finally, Figure 3b confirms that the skewnesses of the
associated histogram peaks also reflect the coupling asymmetry.

Figure 2. Electron transport properties for molecules that do not drop
bias (a = 0). (a) Transmission spectra of channels with ε = −3 eV and
varying degrees of coupling asymmetry. Red, ξ = 1; green, ξ = 2; blue,
ξ = 4. The vertical line shows the Fermi energy (EF = 0 eV) used for
calculating current and conductance. (b)−(e) Simulated current−
voltage profile (top) and conductance profile (black line, bottom) for
the above channels. The bottom panel also displays a simulated
conductance histogram for each channel. Red (blue) indicates a large
(small) probability of observing the conductance; the absolute scale is
arbitrary. In (b), ΓL = ΓR in every sample; in (c)−(e), ΓL and ΓR are
independently drawn from their distributions. In all cases, the
current−voltage profile is symmetric about V = 0 V; asymmetric
coupling does not result in rectification.

Figure 3. Skewness of the histogram peak as a function of the bias for
the conductance histograms in (a) Figure 2 and (b) Figure 4. In both
panels: blue is a junction where ΓL = ΓR for every sample [panel (b) in
Figures 2 and 4], green is ξ = 1, where ΓL and ΓR are the same, on
average [panel (c) in Figures 2 and 4]; yellow is ξ = 2 [panel (d) in
Figures 2 and 4]; and red is ξ = 4 [panel (e) in Figures 2 and 4]. As
coupling asymmetry increases (ξ → ∞), the skewness of the
histogram peak decreases (on average).
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4. CONCLUSIONS
In this work we investigated the cause of rectification in
molecular junctions. Previous works have suggested two
mechanisms: (i) a bias drop across the molecule and/or (ii)
asymmetric couplings between the molecule and the electrodes.
However, none of these studies examined the independent
effects of these mechanisms, making it difficult to conclusively
infer the cause of rectification. Our model, which is similar to
those used before, showed that a molecular bias drop, and not
asymmetry in the electrode couplings, is responsible for
rectification. Instead, asymmetric electrode couplings lead to
less positively skewed peaks in experimental conductance
histograms. This last point accentuates the high information
content of conductance histogram line shapes.
We end this discussion by noting that asymmetric electrode

couplings may indirectly lead to rectification, even though they
are not directly responsible for it. A bias drop across the

molecule can be attributed to a (permanent or induced) dipole
in the molecular junction. It is probable that the different linker
groups used to produce asymmetric couplings may also lead to
different induced dipoles with an applied bias. The change in
induced dipole from one system to the next might then change
the rectification ratio of the junction, giving the illusion that
asymmetric couplings lead to rectification.
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