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ABSTRACT
The theory of star cluster dynamics was a major topic in Hénon’s early research
career. Here we summarise his contributions under three headings: (i) the Monte Carlo
method, (ii) homological evolution of star clusters, and (iii) escape from star clusters.
In each case we also trace some aspects of how Hénon’s contributions have been
developed or applied in subsequent decades up to the present. We also propose that
Hénon’s work be commemorated by adopting the names “Hénon units” and “Hénon’s
Principle”.

1 INTRODUCTION

Hénon’s contributions to collisional stellar dynamics are
found in less than 20 papers1. All were published before
1976, but represent almost half of the output in that early
period of his research career. Though Hénon abandoned the
field thereafter, his contributions were taken up again in
subsequent decades by others, sometimes after a long gap.
Now they have become established as essential tools in the
current vigorous exploration of the dynamical evolution of
globular star clusters.

In this contribution we summarise Hénon’s research un-
der three headings, not in chronological order. The last in
chronological order was the invention of the Monte Carlo
method for the numerical simulation of the evolution, and
we discuss this first. It also involves a couple of ideas which
we recommend be used to commemorate Hénon’s contribu-
tions: “Hénon units” and “Hénon’s Principle”. Then we turn
to what was essentially Hénon’s thesis work, on self-similar
evolution. Besides the self-similar models themselves, it is
a seminal work, foreshadowing so much that was painfully
rediscovered or refined by others in subsequent decades. Fi-
nally we examine a topic to which Hénon returned from
time to time: the escape rate from a star cluster, especially
an isolated one. This was a natural conclusion to his earli-
est collisional research, on the evaluation of diffusion coef-
ficients, but that is the subject of another contribution in
this volume.

2 THE MONTE CARLO CODE (1967-1975)

This was a subject which occupied Hénon for about
ten years (Hénon 1967a,b, 1971a,b, 1972a,b; Hénon 1973;
Aarseth, Henon, & Wielen 1974; Hénon 1975)2. In fact
Monte Carlo codes were invented independently by Hénon,

1 We have used the bibliography of ADS in this paper
2 The two papers in Astrophysics and Space Science are reprints
of those in the Proceedings of IAU Colloquium No.10

on the one hand, and by Spitzer and his students on the
other, in the years around 1970, and their history is well
summarised in Vasiliev (2014). After Hénon himself appar-
ently stopped developing the method in the mid-1970s, there
was a gap before it was taken up again and further devel-
oped by J. Stodó"lkiewicz in the 1980s. Sadly Stodó"lkiewicz
died in 1988, but the ideas underlying his and Hénon’s codes
were faithfully developed from the 1990s by Stodó"lkiewicz’s
student M. Giersz, working at CAMK in Warsaw. The same
thread of ideas was also adopted by a group at Northwestern
University under the leadership of F. Rasio. This research
programme has been pursued actively by both the US and
the Polish group ever since, and now have reached a quite
comparable level of development. A version of Giersz’s code,
though by no means the latest, can be found in the AMUSE
software repository at amusecode.org, where it is referred to
as mmc.

2.1 Description of the basic Monte Carlo method

Once Hénon had thought of it, the basic idea of these Monte
Carlo codes is quite simple. Assuming that a stellar system is
spherical and non-rotating, the dynamics of each star is rep-
resented by its (specific) energy E and angular momentum
J . The values of E and J are given random adjustments with
the same statistical properties as those given by the theory
of two-body relaxation (including moments ⟨∆E⟩, ⟨(∆E)2⟩,
etc.)

In slightly greater detail, the structure of the code is
the following.

1 Select the overall time step dt, which for a code of
Hénon type is a fraction of a relaxation time;

2 From the initial model (King, Plummer, etc), for each
star assign radius r (distance from the cluster centre) and
E and J .

3 Begin:

I Order the stars by r and compute the potential
II For each successive pair of stars

c⃝ 2002 RAS



World’s Only DMP Parallel Monte Carlo Code 
CMC

Two-body relaxation (Joshi et al. 2000)

Strong interactions: physical collisions, binary-mediated 

interactions (Fregeau & Rasio 2007)

Galactic tidal stripping (Joshi et al. 2001; Chatterjee et al. 2010)

Stellar evolution using BSE (Hurley et al. 2000, 2002; Chatterjee et al. 2008, 2010)

Central IMBH with loss-cone physics (Umbreit et al. 2012)

Parallelized using MPI & CUDA (Pattabiraman et al. 2012)

Rate-based 3-Body binary formation (Morscher et al. 2015)

Up to 2.5 PN GR effects for all strong encounters (Rodriguez et al. 

2018; Antognini et al. 2014; Amaro-Seoane et al. 2016)
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Performance of Parallel CMC

The Astrophysical Journal Supplement Series, 204:15 (16pp), 2013 February Pattabiraman et al.

Figure 6. Scaling of the wall clock time with the number of processors, p, for a parallel simulation of up to 50 time steps. The various lines represent different particle
numbers (see the legend). We observe a near-linear scaling for up to 64 processors.
(A color version of this figure is available in the online journal.)

Figure 7. Speedup of our parallel code as a function of the number of processors, p. The various lines represent different particle numbers (see the legend). The straight
line represents the ideal speedup, which is the case when the speedup equals p. We observe that for all three cases, the speedup closely follows the ideal speedup line
for up to 64 processors.
(A color version of this figure is available in the online journal.)

profile. We used 1–1024 processors and measured the total
time taken, and time taken by various parts of the code for
up to 50 time steps. For the sample size s in the Sample Sort
algorithm, we chose 128, 256, and 1024, respectively, for the
three N values.

The timing results are shown in Figure 6 and a corresponding
plot of the speedups in Figure 7. These results do not include the
time taken for initialization. We can see that the speedup is nearly
linear up to 64 processors for all three runs, after which there is
a gradual decrease followed by saturation. For the N = 105 and
106 case, we also note a dip after the saturation, also expected
for the N = 107 case for a larger number of processors than
we consider here. We also see that the number of processors for
which the speedup peaks is different for each value of N, and

gradually increases with N. The peak is seen at 256 processors
for the N = 105 run, somewhere between 256 and 512 for the
N = 106 run, and 1024 for the N = 107 run. The maximum
speedups observed are around 60×, 100×, and 220× for the
three cases, respectively.

Figure 8 shows the scaling of the time taken by various
modules of our code for the N = 106 run. One can observe that
the dynamics, stellar evolution, and orbit calculation modules
achieve perfectly linear scaling. The ones that do not scale
as well are sorting and the “rest,” which includes diagnostics,
potential calculation, and time step calculation. As the number
of processors increase, the linear scaling of the former three
parts of the code reduces their time to very small values, in turn
letting the parts that do not scale well dominate the runtime. This

11
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Performance of Parallel CMC

The Astrophysical Journal Supplement Series, 204:15 (16pp), 2013 February Pattabiraman et al.

Figure 8. Time taken by the various parts of the code for a parallel run with N = 106 stars. The various lines represent the different modules of the algorithm (see the
legend). The module denoted by “Rest” is the cumulative time taken by diagnostics, potential calculation, and time step calculation steps. One can observe that the
dynamics, stellar evolution, and new orbits computation modules scale linearly whereas the other two exhibit relatively poor scaling beyond 64 processors.
(A color version of this figure is available in the online journal.)

Figure 9. Time taken by the sorting routine of the parallel code plotted against the theoretical time complexity of Sample Sort based on Equation (18) for various
values of N. Appropriate proportionality constants were used based on the data size transported during the all-to-all communication phase of Sample Sort (see
Section 3.4).
(A color version of this figure is available in the online journal.)

is the reason for the trend observed in the total execution time
and speedup plots. We can also particularly see that the time
taken by sorting starts to increase after reaching a minimum,
and this explains a similar observation in the previous plots
as well.

Figure 9 shows the experimental timing results of our sorting
step for the three N values plotted against the theoretical
values calculated using Equation (18). Since the entire star
data are communicated during the all-to-all communication
phase of the sort and not just the keys, and a data size of a
single star is 46 times greater than that of a single key in our
code, we multiply the O(N/p) term of Equation (18) with a
proportionality constant of 46. We see that for all three cases,
the expected time linearly decreases, reaching a minimum after
which it increases. This implies that for every data size, there
is a threshold for the number of processors that would achieve

optimal performance beyond which it will worsen. The main
reason is that, as the number of processors increases, smaller
amounts of data are distributed across many processors, which
makes the communication overhead dominant. In addition,
the number of samples to be accumulated and sorted on a
single node (Phases 2 and 3 of Sample Sort; see Section 3.4)
increases with the number of processors, and hence this phase
tends to become a bottleneck as well. From Figure 9, we also see
that our implementation very closely follows the trend predicted
by the theoretical complexity formula. In addition, the number
of processors at which maximum performance is attained match
fairly closely as well.

The other parts of the code that do not scale well in-
clude diagnostics, potential calculation, and time step calcula-
tion. The computation of diagnostics and program termination
related quantities require a number of collective communication

12
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Figure 1. The BH mass (top) and radial distributions (bottom) for BHs in both cluster models at 100 Myr (left) and 12 Gyr (right). On the top, the BH masses
for model MC are shown by the solid black line, and those for model NB are indicated by the dashed red line. Overall the number of retained BHs and the mass
distributions agree very well. There are a small number of BHs with masses between 30M� and 55M�, highlighted in the insert, which are only formed in the
NB model. The bottom panels show the radial distributions for the BHs (solid curves) and the non-BHs (dotted curves) separately, with model MC in black and
model NB in red. Each star is counted individually, regardless of whether it is a part of a binary (or an even higher-order system, which is possible in the direct
N-body simulation).

Figure 2. Comparison of the total number of BHs retained in each cluster
model as a function of time. Model MC is shown in black and model NB in
red. As already seen in Figure 3, both models forms and retains initially
(at 20 Myr, after BH formation) a roughly identical number of BHs. Over
time, BHs are slowly ejected in both models at a similar rate, with model
MC ejecting 336 BHs and model NB ejecting 400 BHs by 12 Gyr.

can be retained for many Gyr in old GCs. At the end of the simula-
tion, there are 1085 BHs remaining in model MC and 1036 in model
NB. Figure 1 shows the initial and final distributions of BHs masses
for the two models, which are in nearly perfect agreement. Dynami-
cally, the two models produce extremely similar results, with model
MC ejecting 336 BHs and model NB ejecting 400 BHs from the pop-
ulation that is retained initially, and, in agreement with MOR15,
ejecting the most massive BHs first. We do note that model NB con-
tains a handful of BHs with masses above 35 M�, whereas model
MC has none. These abnormally massive BHs are formed as a result
of a minor bug in the N-body treatment of merged stellar binaries,
which was discovered after the simulation had begun.

On the bottom panels in the same figure we show the cumula-
tive radial distributions of the BHs (solid curves) and the non-BHs
(dotted curves) after BH formation and at the end of the simulation
(solid curves). The two models show excellent agreement in the ra-
dial distributions of both star types, with only slight disagreement
growing in the outskirts of the cluster models for the non-BHs. The
crude tidal treatment in the MC code is not expected to reproduce
the more accurate three-dimensional treatment in the direct N-body
code. It is clear that the BHs, while more centrally concentrated

MNRAS 000, 1–9 (2016)
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 CMC and Direct N-body cluster 
models with N=106 

• NBODY6++GPU: about 0.5 
year on 160 CPUs & 16 K20m 
GPUs! 

• CMC: 2.5 days on 48 CPUs
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In the era of GAIA, LIGO, & LISA

Binary Black Hole Mergers from Globular Clusters: Implications for Advanced LIGO
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The predicted rate of binary black hole mergers from galactic fields can vary over several orders of
magnitude and is extremely sensitive to the assumptions of stellar evolution. But in dense stellar
environments such as globular clusters, binary black holes form by well-understood gravitational
interactions. In this Letter, we study the formation of black hole binaries in an extensive collection of
realistic globular cluster models. By comparing these models to observed Milky Way and extragalactic
globular clusters, we find that the mergers of dynamically formed binaries could be detected at a rate of
∼100 per year, potentially dominating the binary black hole merger rate. We also find that a majority of
cluster-formed binaries are more massive than their field-formed counterparts, suggesting that Advanced
LIGO could identify certain binaries as originating from dense stellar environments.

DOI: 10.1103/PhysRevLett.115.051101 PACS numbers: 04.30.Db, 98.20.-d

Introduction.—By the end of this decade, the Advanced
LIGO and Virgo detectors are expected to observe
gravitational waves (GWs), ushering in a new postelec-
tromagnetic era of astrophysics [1,2]. The most antici-
pated sources of observable GWs will be the signals
generated by mergers of binaries with compact object
components, such as binary neutron stars (NSs) or binary
black holes (BHs). While coalescence rates of NS-NS
or BH-NS systems can be constrained from observations,
it is not currently possible to produce observationally
motivated rate predictions for BH-BH mergers [3].
Typical detection rates of binary BH (BBH) mergers in
galaxies can span several orders of magnitude from 0.4 to
1000 yr−1 with a fiducial value of ∼20 yr−1 [4]; however,
these estimates typically ignore the large numbers of
BBHs that are formed through dynamical interactions in
dense star clusters [5,6].
The dynamical formation of BBHs is a probabilistic

process, requiring a very high stellar density. These con-
ditions are believed to exist within the cores of globular
clusters (GCs), very old systems of∼105–106 stars with radii
of a few parsecs. Approximately 10 Myr after the formation
of a GC, the most massive stars explode as supernovae,
forming a population of single and binary BHs with
individual masses from ∼5M⊙ to ∼25M⊙ [7]. The BHs,
being more massive than the average star in the cluster, sink
to the center of the GC via dynamical friction, until the
majority of the BHs reside in the cluster core [8]. After this
“mass segregation” is complete, the core becomes suffi-
ciently dense that three-body encounters can frequently
occur [9], producing BBHs at high rates. In effect, GCs
are dynamical factories for BBHs: producing large numbers

of binaries within their cores and ejecting them via energetic
dynamical encounters.
In this Letter, we use an extensive and diverse collection

of GC models to study the population of BBHs that
Advanced LIGO can detect from GCs. We explore how
the observed parameters of a present-day GC correlate with
the distribution of BBH inspirals it has produced over its
lifetime. We then compare our models to the observed
population of Milky Way GCs (MWGCs) and use recent
measurements of the GC luminosity function to determine a
mean number of BBH inspirals per GC. Finally, we combine
these estimates with an updated estimate of the spatial
density of GCs in the local universe [10] into a double
integral over comoving volume and inspiral masses to
compute the expected Advanced LIGO detection rate.
We assume cosmological parameters of ΩM ¼ 0.309,
ΩΛ ¼ 0.691, and h ¼ 0.677, consistent with the latest
combined Planck results [21].
Computing the rate.—We use a collection of 48 GC

models generated by our Cluster Monte Carlo (CMC)
code, an orbit-averaged Hénon-type Monte Carlo code for
collisional stellar dynamics [22]. The models span a range
of initial star numbers (2 × 105 to 1.6 × 106), initial virial
radii (0.5 to 4 pc), and consider low stellar metallicities
(Z ¼ 0.0005; 0.0001) and high stellar metallicities
(Z ¼ 0.005). In addition, the code implements dynamical
binary formation via three-body encounters, strong three-
and four-body binary interactions, and realistic single and
binary stellar evolution. See Ref. [23] for a complete
description of our code and the models used.
Previous studies have explored the contribution of BBHs

from GCs to the Advaned LIGO detection rate [34–39];

PRL 115, 051101 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending
31 JULY 2015
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In the era of GAIA, LIGO, & LISA

8 journal papers using CMC results since MODEST 17

Clusters affecting production of stellar exotica: E.g., merging BBHs, BH 

XRBs, LISA sources from GCs, MSPs, Subsubgiants, Blue Stragglers

Compact remnants affecting clusters:  E.g., effects of BH retention on 

cluster’s observable and dynamical properties, ways to detect BH retention

Critically question ‘standard assumptions:’ 

E.g., Assumptions on BH natal kicks, initial binary properties, IMF, etc. 

Metallicities and formation redshifts of massive clusters

Biggest source of uncertainty is from BH formation physics

Deviced ways to detect BH retention in today’s GCs

More BH observations needed to get meaningful constraints
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Results Insensitive to Model Assumptions
BH-BH binaries in the cluster

Initial fb, high-mass = 1
Initial fb, high-mass = 012 Chatterjee et al.

Figure 12. Evolution of the number of binary BHs bound
to the cluster for di↵erent assumed natal kick distributions
for BHs. Top and bottom panels show BH-BH and BH-
nBH binary numbers. Both NBH�BH and NBH�nBH show
large scatters over time. This is a direct consequence of the
continuous disruption and ejection of existing binaries and
dynamical formation of new ones at any given time in clus-
ters. To reduce scatter we have under-sampled and show
the mean (lines) and ± one standard deviation (shaded re-
gion). Black, red, blue, and green denote models S, K1, K2,
and K3, respectively (Table 2). Both NBH�BH and NBH�nBH

remain low independent of the assumed distribution of natal
kicks for BHs. This indicates that the softening of orbits
for massive binaries due to mass loss via winds and compact
object formation is responsible for dynamical disruption of
most primordial binary orbits, and that this process does not
depend on the natal kick distribution. Even with very low
adopted natal kicks for BHs, �BH = 2.65 km s�1, K3 contains
low numbers of binary BHs.

be detectable via electromagnetic signatures, the lack of
correlation between NBH and NBH�nBH poses a serious
challenge in inferring the number of total BHs in the
GC from the discovery of BH candidates in that GC.
Note, however, that creation of accreting BHs in

star clusters is likely a complex process which re-

quires that the binary is not disrupted for a suf-

ficient time to allow accretion. Even when this

is satisfied, the duty cycle may be low for such

accreting binaries (Kalogera et al. 2004). We en-

courage a more detailed study on this topic.

We now focus our attention on understanding the de-
tailed evolution of BBHs inside a cluster and the e↵ects
of various initial assumptions through selected example
models (Figs 12–15). Since we have shown that the as-
sumed BH natal-kick distribution can bring dramatic
changes to the overall cluster evolution, we first investi-
gate the e↵ects of BH formation kicks on the evolution
of BBHs that are retained in the cluster (Fig. 12). The
number of BBHs in the cluster is quite insensitive to
the details of the kick distribution except for the case
with �BH = �NS (e.g., model K1). In the high-kick
cases, the large formation kicks essentially eject most
of the BHs from the cluster during formation. The
natal kicks are also large enough to disrupt all bina-
ries during BH formation. Hence, not surprisingly, in
the high-kick models, the values for NBH�BH as well
as NBH�nBH are always low. Interestingly though, the

Figure 13. Same as Fig. 12 but showing a comparison be-
tween the evolution for two identical initial models di↵ering
only by the initial binary fraction in high-mass (> 15M�)
stars, fb,high. Black and red denote models F0 with initial
fb,high = 0 and F1 with initial fb,high = 1, respectively (Ta-
ble 2). In both cases, the overall binary fraction fb is kept
fixed at 0.05. Independent of the initial fb,high, the final re-
tained NBH�BH converge to a low value. The final retained
NBH�nBH depends on the e�ciency with which interactions
involving BHs and binaries with non-BH components can
produce BH-nBH binaries via exchange. The cluster with
fb,high = 1 has fewer low-mass binaries than the cluster with
fb,high = 0. As a result, BH-nBH binary formation is less
e↵ective in F1 compared to that in F0 at late times.

number of BBHs is low even in our lowest kick mod-
els. For example, S, which assumes a fallback-dependent
momentum-conserving kick prescription and K3, which
assumes that �BH = 2.65 km s�1, typically much lower
compared to orbital speeds of the massive binaries, both
show low numbers of BBHs. As discussed earlier, the
combined mass loss from stellar winds and compact ob-
ject formation for high-mass stars expands the binary
orbits and make them dynamically soft. Thus the ma-
jority of the high-mass binaries are disrupted indepen-
dent of the magnitude of the SN kicks. To further in-
vestigate this we compare two of our models that are
identical in all aspects except the fraction of high-mass
stars that are initially in binaries. To illustrate the lim-
iting cases, Fig. 13 shows the evolution of retained BBHs
for models F0 with initial fb,high = 0 and F1 with ini-
tial fb,high = 1 (§2.2; Table 2). Although initially the
values of NBH�BH are vastly di↵erent between the mod-
els, within about 3 Gyr, they converge to essentially the
same steady value in both models. This further high-

lights that the number and properties of BH-BH

binaries that would be retained in a cluster at

late times are set by the internal dynamics and

overall cluster properties, and not on the details

of the initial binary orbital properties, or binary

fraction in high-mass stars. The number of BH-nBH
binaries, NBH�nBH, for the model with initial fb,high = 1
is slightly lower compared to that in the model with ini-
tial fb,high = 0 for t > 5 Gyr. This is due to the fact that
to keep the overall fb fixed at 0.05, the fb,high = 1 case
started with fewer low-mass stars in binaries compared
to the fb,high = 0 case. At late times, all BH–nBH bi-

0.1 1 10

t (Gyr) Chatterjee+ 2017
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In the era of GAIA, LIGO, & LISA

8 journal papers using CMC results since MODEST 17

Clusters affecting production of stellar exotica: E.g., merging BBHs, BH 
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Compact remnants affecting clusters:  E.g., effects of BH retention on 

cluster’s observable and dynamical properties, ways to detect BH retention

Critically question ‘standard assumptions:’ 

E.g., Assumptions on BH natal kicks, initial binary properties, IMF, etc. 

Metallicities and formation redshifts of massive clusters

Biggest source of uncertainty is from BH formation physics

Deviced ways to detect BH retention in today’s GCs

More BH observations needed to get meaningful constraints
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Binary Black Holes in Dense Star Clusters 5

Table 1 (continued)

String Meaning for initial property variations

Is Steep power-law exponent is used (↵1 = 3) for the
IMF for stars more massive than 1M�.

If Flat power-law exponent is used (↵1 = 1.6) for the
IMF for stars more massive than M�.

W Weak winds (Vink et al. 2001) are assumed.

Note—We give informative names to our models. The names are
combinations of several strings where each string refers to partic-
ular initial assumptions. To aid the readers understand the initial
assumptions for particular models directly from the model’s name
we list specific strings in the names of our models and their cor-
responding meaning for the initial assumptions.

3. DERIVATION OF OBSERVED CLUSTER
PROPERTIES

The definitions for key structural properties in numer-
ical models are often di↵erent from those defined by ob-
servers for real clusters (e.g., Chatterjee et al. 2013b).
To be consistent, we “observe” our simulated models to
extract structural properties with definitions similar to
those used for real observations. We use the last snap-
shot from all our model clusters to extract the observ-
able structural properties. All relevant final structural
properties, measured both using theoretical definitions,
and observers’ definitions are listed in Table 3.

3.1. Estimation of “Observed” Structural Properties

We create two-dimensional projections for each model
assuming spherical symmetry. The half-light radius,
rhl,obs, is then estimated by finding the projected ra-
dius containing half of the total light. We obtain the
observed core radius, rc,obs, and the observed central
density, ⌃c,obs, by fitting an analytic King model to the
cumulative stellar luminosity at a given projected ra-
dius including stars within a projected distance of rhl,obs

from the center (King 1962, their Eq. 18). This method
was suggested earlier by Morscher et al. (2015). Since,
this approach avoids binning of data, this is more ro-
bust against statistical fluctuations, especially at low
projected distances compared to the often-used method
of fitting the King profile directly to the surface bright-
ness profile (SBP).

We estimate the observed central velocity dispersion
v�,c,obs by taking the standard deviation of the magni-
tudes of the three-dimensional velocities of all luminous
stars (excluding compact objects) within a projected dis-
tance of rc,obs. In case of binaries, we take into account
the center of mass velocities.

3.2. Estimation of Dissolution Times

Depending on initial assumptions, some of our clus-
ter models get tidally disrupted before the integra-
tion stopping time of 12Gyr. The basic assumptions
of our Monte Carlo approach are spherical symmetry,

Figure 1. Evolution of the core radius (rc) and the half-
mass radius (rh) for model S. The solid (black) and dashed
(blue) lines denote rc and rh, respectively. The spikes in rc
due to BH-driven core collapse continue until the end of the
simulation at 12Gyr. Both rc and rh expand all the way to
the end.

Figure 2. Comparison between the SBPs at two di↵er-
ent times, one corresponding to a core-collapsed state, seen
as the downward spikes in Fig. 1 (at t = 9.27Gyr; black),
and the other corresponding to a non-collapsed state (at
t = 9.29Gyr; red) for model S. The theoretically defined
core radius changes from rc ⇡ 0.4 during the collapsed state
to about 3 pc out of that collapse. However, the observable
SBP barely changes.

and a su�ciently large N to ensure that the relax-
ation timescale is significantly longer than the dynam-
ical timescale. Both assumptions break down for clus-
ters that have begun to tidally disrupt, since the tidal
boundary is not spherically symmetric, and a disrupt-
ing cluster can lose mass on a timescale << than the
relaxation time. To that end, once tr(t) > M(t)/Ṁ for
a cluster, where tr, and M denote relaxation time and
total cluster mass respectively, we consider the cluster
to have dissolved. For clusters that dissolve before 12
Gyr, we list the approximate dissolution times and mark
them as “Dissolved” in Table 3.

4. OVERALL CLUSTER EVOLUTION

Fig. 1 shows the evolution of the core radius (rc) and
the half-mass radius (rh) for our standard model S. As
expected, rc shows repeated downward spikes indicat-

Repeated BH-dr i ven 
collapse

Overall cluster expansion

r c
, r

h 
 (p

c)

L i t t l e o b s e r v a b l e 
di f ference in surface 
brightness profile in and 
out of collapse

Chatterjee+ 2017
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which of these 58 systems could be driven to RLO due to LK
oscillations during this triple phase, we use the Octupole-Level
Secular Perturbation Equations (OSPE) package (Naoz et al.
2011, 2013) to integrate each triple over tdyn. If at any point
during this integration, the eccentricity of the inner binary, einis
driven to a value satisfying

. -( ) ( )R e R1 , 4Lcomp in

the system will likely undergo mass transfer. Here, Rcomp is the
stellar radius of the BH’s companion star in the inner binary,
and RL is the Roche lobe of the companion, given by
Equation (1).

OSPE takes as input the masses of the three bodies; the
semimajor axis and eccentricity of the inner and outer binaries;
the mutual inclination, i, of the inner and outer binaries; and the
arguments of pericenter, g1 and g2, for the two non-central
(less-massive) bodies. Because we lack the values for the latter
three parameters, we sample the icos uniformly from -[ ]1, 1
and sample g1 and g2 uniformly from p[ ]0, 2 .

We model 10 independent integrations for each of our 58
triples to statistically determine which of these systems are
likely to be driven to mass transfer. Of the 580 total triples
integrated, 79 systems (~14%) are driven to RLO. The final
column of Table 3, MTfrac, gives the fraction of integrations
which resulted in RLO for each triple.

Twenty-six of the 58 total triples are driven to RLO in at
least one OSPE integration. Of these 26 systems, 23 have main
sequence donors, one has a giant donor, and two have WD
donors. These values are consistent with the relative values of
each donor type for the 17 MTBHBs produced through the
binary-mediated/dynamics channel (Table 2).

If a system is driven to mass transfer by LK oscillations, it is
unclear how long the system will remain in a mass-transferring
state. In particular, if a system begins mass transfer through a
triple-mediated event at a time earlier than ∼8 Gyr, it is not
certain that this system will still be mass-transferring at the
present age of the cluster. Of the 79 systems that are driven to
RLO during the OSPE integrations, 43 systems (or~7% of the
580 total) are driven to mass transfer after t=8 Gyr.

Applying the 7% and 14% cuts to the 58 triple systems
identified, we conclude that in our 50 GC models, 4–8
MTBHBs may exist which were formed through the LK-
oscillation/triple-mediated channel. We note that these num-
bers are small relative to the number of systems formed through
the binary-mediated/dynamics channel (17 systems).

Note that our treatment of triples does not consider the effect
of tidal interactions on the inner BH–non-BH binary. It is
possible that an eccentricity boost from LK oscillations may
initiate tidal decay within the inner BH–non-BH binary of the
triple, and ultimately drive that system to RLO before the
(eccentric) RLO condition (Equation (4)) is reached. This effect
could potentially slightly raise the upper limit of the population
of the triple-mediated MTBHBs.

4. Numbers of MTBHBs versus Retained BHs

We now investigate what finding a MTBHB in a cluster
indicates about the overall retained BH population in that
cluster. To explore the relation of the MTBHBs identified in
our models with the total number of BHs retained (NBH

tot ), we
group together those MTBHBs formed through both the
standard binary-mediated/dynamics channel (binaries in

Table 2) and the LK oscillations/triple-mediated channel
(binaries in Table 3).
Because the OSPE triple integrations are performed outside

of the CMC simulations, we cannot determine how long a
system which is driven to RLO through LK oscillations will
continue to mass transfer. Instead, we consider three possibi-
lities for the contribution of triples to the total number of
MTBHBs in our models. For Case1, we assume that any triple
which is driven to mass transfer in at least one of the 10 OSPE
integrations, independent of when RLO begins, is a MTBHB
and will remain a MTBHB from the time the triple is formed
until the present day (assuming the BH is not ejected from its
host cluster). Case2 is identical to the first case, with the
additional stipulation that the triple must have formed after
t=8 Gyr. For Case3, we neglect the contribution from the
triple-mediated channel entirely.
Figure 8 shows the relation between the number of

MTBHBs, NMTBHB, and the total number of BHs, NBH
tot , within

each of our models for the three cases described above. Here,
we simply count the total number of BHs retained within each
model in each snapshot in time. All our snapshots are roughly
equidistant in time, so we treat each snapshot at .t 8 Gyr as a
single observed cluster where MTBHBs may have been found.
As Figure 8 shows, the number of MTBHBs is uncorrelated

with the total number of BHs the cluster contains, regardless of
the details of the contribution from triple-mediated formation
channels. The Spearman correlation coefficient between the
NMTBHB and NBH

tot is 0.13, 0.05, and 0.03 for Cases 1, 2, and 3,
respectively. This result is in agreement with the result shown
in Chatterjee et al. (2017b), which used the total number of
BH–non-BH (BH–nBH) binaries as a proxy to the upper limit

Figure 8. Number of MTBHBs in each model vs. total number of BHs retained
in each model for all snapshots in time with .t 8 Gyr. Case1 includes the
contribution from any triple driven to mass transfer in at least one of the 10
OSPE integrations. Case2 is identical to the first case, with the additional
stipulation that the triple must have formed after t=8 Gyr. Case3 neglects the
contribution from the triple-mediated channel entirely.
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Challenges in Measuring BH Retention
no correlation between NBH and NBH-nonBH

BH

Mixing Zone

NBH !MZ

on the total number of MTBHBs and demonstrated a similar
lack of correlation.

The lack of correlation between NMTBHB and NBH
tot shown in

Figure 8 can be understood by a close inspection of the rate of
dynamical formation of BH–nBH binaries.

Because of mass segregation, the stars and binaries in the
cluster are segregated at cluster-centric distances based on their
mass. MTBHBs can dynamically form only in a region of the
cluster where BHs mix with potential mass-transferring
companion stars, such as main sequence (MS) stars, giants,
and WDs. We define this mixing zone as a radial shell whose
inner radius is determined by the radial position of the
innermost MS star, giant, or WD and whose outer radius is
determined by the radial position of the cluster’s outermost BH
that lies within the observed core radius of the cluster. Note that
as a result of recoil from scattering encounters, some BHs can
remain outside the core radius before it sinks to the core again
due to mass segregation. We ignore them because, the binary-
mediated interaction cross section involving BHs and non-BHs
is expected to be dominated by only the BHs within the core
where the stellar density is relatively high. Additionally, inside
the core the density is roughly constant and, as a result, the
calculation of interaction rates becomes simpler.

Single BHs can interact with non-BH–non-BH (nBH–nBH)
binaries to form new BH–nBH binaries via exchange. On the
other hand, single BHs can also interact with BH–nBH binaries
to destroy the BH–nBH binary and instead create a BH–BH
binary via exchange. The formation rate, Γ, of potential
MTBHBs within this mixing zone can be expressed as

sG = S- ( )n N B , 5vform nBH nBH BH ex

where -nnBH nBH is the number density of binaries in which
both components are non-BHs in the mixing zone; Σ is the
cross section for interaction between nBH–nBH binaries and
other BHs in the mixing zone; sv is the relative velocity
dispersion of nBH–nBH binaries and BHs; and NBH is the total
number of BHs in the mixing zone. Bex is the branching ratio
for exchange outcomes as a result of scattering encounters
between BHs and nBH–nBH binaries.

Of course, the larger the semimajor axis, a, of the nBH–nBH
binaries, the higher the interaction rate. As a result, binaries
near the hard-soft boundary given by

s
á ñ

= á ñ
-

( )G m

a
m

2
1
2

, 6v
nBH

2

h s

2

where, -ah s is the hard-soft boundary, are the ones that interact
most often. Here, á ñmnBH is the average mass of the components
of nBH–nBH binaries in the mixing zone, and á ñm is the
average mass of all stars in the mixing zone. Assuming that the
overall interaction rate is dominated by the binaries with a
semimajor axis ~ -a ah s and that S ~ -ah s

2 allows us to re-
write Equation (5) as

s
G µ
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where we have assumed Bex to be independent of NBH
tot , a

reasonable assumption. Similarly, the rate of destruction of

BH–nBH binaries can be expressed as

s
G µ

á ñ á ñ
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where -nBH nBH is the number density of BH–nBH binaries in
the mixing zone. Combining Equations (7) and (8), we obtain
the net rate of formation

s
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On the basis of the lack correlation between NMTBHB and NBH
tot

shown in Figure 8, one would expect that the net formation rate
of MTBHBs (Gtotal) within a cluster is independent of the total
number of BHs the cluster contains.
Figure 9 shows Gtotal plotted against NBH

tot for all snapshots in
time with .t 8 Gyr for all GC models. For our purposes, we
are only interested in the functional form, so we ignore the
constants (such as G, π, Bex , etc.). All masses are in :M ,
number densities are in -pc 3, and velocities are in -km s 1. The
spread in values for low NBH

tot is a consequence of the stochastic
nature of the process magnified by the low numbers of BHs in
the mixing zone, as well as varying initial cluster parameters
(e.g., concentration, N, rv) between our different models. The
width of the spread can be viewed as the error on the Gtotal
calculation. Clearly, the net rate of formation of potential
MTBHBs does not depend on the total number of retained BHs
for NBH

tot spanning four orders of magnitude.
Physically, this result can be explained as follows. When

large numbers of BHs are present in a GC, the core of the
cluster is dominated by the BHs due to mass segregation.
Therefore, while NBH

tot is large, the central high-density regions
are dominated primarily by single BHs, and the lower-mass
stars (potential donors) are driven out of the central regions.
Also, while a large number of BHs are still retained in the
cluster, the energy production due to BH dynamics keeps the
stellar density in the mixing zone, typically further away
from the center, low. Thus, the internal dynamics of such a

Figure 9. Total formation rate of BH–nBH binaries in the mixing zone, Gtotal
(Equation (9)), plotted vs. total number of BHs, NBH

tot . Each black circle
represents a different snapshot in time for each our GC models.

10

The Astrophysical Journal, 852:29 (12pp), 2018 January 1 Kremer et al.

Kremer+ 2018
�total ⌘ �form � �destruct



Measuring BH Retention
Dynamical Signature e.g., Mass Segregation (Δ)

Requirements:

• M u s t b e a b l e t o 
u n i q u e l y a n d 
consistently define 
groups in observed 
clusters and models

• Each group must have 
large memberships

• Need to be ve r y 
careful about biases 
and incompleteness 
differences

Weatherford+ 2017
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Upcoming Improvements to CMC

We are now getting ready to create a grid of simulations using up to 

PN 2.5 terms and all code improvements (~ few months)

State-of-the-art prescriptions for BHs, e.g., fallback modulated natal kicks, 

delayed supernova, Z-dependent maximum BH mass, etc.

Addition of octuple-order effects from hierarchical triples (~ this year)

Effects are expected to be small, but strange systems may form
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