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Abstract

This paper presents an approach to truth and the Liar paradox which com-
bines elements of context dependence and hierarchy. This approach is de-
veloped formally, using the techniques of model theory in admissible sets.
Special attention is paid to showing how starting with some ideas about
context drawn from linguistics and philosophy of language, we can see the
Liar sentence to be context dependent. Once this context dependence is
properly understood, it is argued, a hierarchical structure emerges which is
neither ad hoc nor unnatural.



Your bait of falsehood takes this carp of truth:
And thus do we of wisdom and of reach,

With windlasses, and with assays of bias,
By indirections find directions out:

Hamlet II.i.68–71

It is a perennial idea in the study of the Liar paradox, from Tarski [56]
onwards, that its solution requires some kind of hierarchy. More recent, but
also quite common, is the idea that the paradox is to be solved by some sort
of appeal to context dependence. Both ideas face a fundamental objection:
they appear to be ad hoc solutions, unmotivated by our prior understanding
of the concepts involved, and incompatible with the applications we make
of them. Hierarchical solutions appear to require multiple truth predicates,
which fragments what is intuitively one concept into many. Moreover, they
impose restrictions on the application of the truth predicate that are in-
compatible with many of its ordinary and apparently unproblematic uses
(as seminal work of Kripke [32] made abundantly clear). The idea of con-
text dependence appears to fare no better. It simply does not appear that
the sentences which generate the Liar paradox contain context-dependent
elements, nor do we have any clear idea what aspect of context might be
involved in the paradox.

In this essay, I shall attempt to show that a combination of the ideas of
context dependence and hierarchy can provide a non-ad hoc, well-motivated,
and intuitively attractive approach to the Liar paradox. I shall argue that
we really do have good reason, independent of the paradox itself, to see the
Liar sentence as context dependent. I shall also argue that once we have a
proper understanding of the nature of the context dependence involved, we
find that a hierarchical structure of semantic relations, including the truth
predicate, emerges. I shall thus argue that neither context dependence nor
hierarchy are ad hoc responses to the paradox, but genuine features of the
concepts involved. The hierarchy that so emerges is more liberal than the
sort suggested by Tarski (and so avoids the objections from Kripke), but is
able to resolve the paradoxes in an essentially hierarchical way.

Much of the work in this paper is directed towards identifying and ex-
plaining the context dependence that is at work in the Liar. Once we under-
stand it well enough, we can move on to explain how it leads to hierarchical
structures. The paper is divided into three parts. Part (1) will make heavy
use of concepts from linguistics, particularly the linguistics of context de-
pendence. It will identify the context-dependence phenomenon at work in
the Liar, and sketch out an account of how it can have the kinds of effects
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that lead to a resolution of the paradox. Part (2) will pursue a mathemat-
ical model of the theory developed from empirical considerations in Part
(1). Taken together, Parts (1) and (2) do the heavy lifting: they explain
the basic phenomena that underly the Liar, and show why the apparently
intractable paradox is not intractable after all. Part (3) focuses on the role
of hierarchies. It returns to some of the details of the Liar that are discussed
in the beginning of Part (1), and shows how they can be resolved by further
developing the the apparatus provided by Part (2). This will show how the
hierarchies that emerge from context dependence can be used resolve the
problem of the Liar.

1 Context

In this part, I shall offer an informal explanation of the context-dependent
nature of the Liar. In the first Section (1.1), I shall argue that a highly un-
usual sort of context dependence—which I shall dub ‘extraordinary context
dependence’—is at work. In the next Section (1.2), I shall sketch an account
of this phenomenon. I shall argue that though extraordinary, the context
dependence involved does find motivation in the linguistics of context de-
pendence. I shall hence argue it is not an ad hoc posit. I shall then outline
an explanation of how it can have the drastic effects we see with the Liar
paradox. In the next Part (2), I shall provide a detailed formal development
of the claims I motivate and outline here.

1.1 Context Dependence and the Liar

Why would anyone think there is any context dependence involved in the
Liar paradox? The basic reason is what is known as the Strengthened Liar
paradox. Consider a Liar sentence: for the moment, let us take a sentence ls
which says ls is not true. (‘ls’ for ‘sentential’.) We can, informally, reason as
follows. First, we observe that ls is true just in case it is not true. Hence, it
is tempting to say, ls must lack a truth value altogether. Gap theorists may
find this appealing, but it is no safe haven. For from this it follows that ls
is not true. Observe, our last conclusion was just ls itself. This is a correct
conclusion, hence true, contra our prior claim. Indeed, we can infer that ls is
true after all. We are back in paradox. This is called the Strengthened Liar
paradox, as it shows that our initial attempt to avoid the Liar by declaring
the Liar sentence to lack a truth value ultimately fails to avoid paradox.

The strengthened paradox stems from two conclusions made in succes-
sion:
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1. ls is not true.

2. ls is true.

How could one avoid such a clear contradiction?1 One strategy is to observe
that in fact these are two distinct utterances. If we could argue that there
is a shift in context between them, we could argue that there is only an
appearance of contradiction. A sentence is used in one utterance, and the
negation of that sentence is used in another. But because there is a difference
in context, this does not mean there is in fact a contradiction. Compare two
other utterances, made as we point to cars passing by us:

1. That is loud.

2. That is not loud.

There need be no contradiction here, if we are pointing to different cars as
we say each of these. This would be a difference in context. The hope is
that something similar might get us out of the Strengthened Liar.

Demonstrative expressions like ‘that’, as well as indexicals like ‘I’, ‘here’,
etc., are well-known to induce context dependence. Unfortunately, there is
little intuitive reason to suppose that any such expression appears in ls. Is
there then any hope of context-based resolution of the Strengthened Liar?

1.1.1 Linguistic Context Dependence

I believe there is. Before investigating the Liar sentence in particular, let me
begin by noting that the linguistic phenomenon of context dependence goes
well beyond the classes of indexicals and demonstratives. We see context
dependence, for instance, in gradable adjectives like ‘tall’. Roughly, tall
seems to mean something like ‘tall for an X’, where X is a comparison
class. This can be provided by context, so saying ‘John is tall’ can roughly
mean tall for a basketball player, or tall for a jockey. We also see context
dependence in some complex constructions, such as genitives. ‘John’s team’
can mean, depending on the context, the team John likes, the team John
hates, the team John owns, etc.

1I believe the term ‘Strengthened Liar’ is due to van Fraassen [60]. It is often presented
as a separate problem from the Liar, or as a kind of ‘revenge paradox’, but I take it to
be the fundamental issue, as do, for instance, Burge [3], Gaifman [10, 11], and Parsons
[43]. Gaifman [12] notes that the term ‘Strengthened Liar’ has been applied to a number
of different phenomena. The version I discuss starting in Section (1.1.3) below, and take
to be the fundamental issue, is in essence what he calls the ‘unable-to-say’ paradox.
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One sort of context dependence will be of particular importance for what
follows: the phenomenon of contextual quantifier domain restriction. Con-
sider the claim ‘Everything was destroyed by the fire’. In spite of there
being no overt restriction on the quantifier ‘everything’, an utterance of this
normally only claims that some restricted domain of things were destroyed—
those in the house, for instance. The domain is set by context.2

But even with this expanded list of context-dependence phenomena from
natural language, we are left stymied. It seems evident that the Liar sen-
tence ls contains no indexicals, no demonstratives, no genitives, no gradable
adjectives, and no quantifiers. It seems that there is just no context depen-
dence in the Liar, whether or not that would provide a happy solution to
the puzzle. And, we might add, there is little reason to see an appropriate
context shift between the utterances (1) and (2) in the Strengthened Liar.
The is nothing in it comparable to the introduction of a salient object, as
there was in passing from (1) to (2) in the ‘That is loud’ case. What hope
have we of using context dependence at all?

A number of proposals have been made for why the Liar sentence is
context dependent after all, in spite of appearances to the contrary. With
Parsons [43], I shall ultimately propose that there is a quantifier domain
restriction phenomenon at work, though an extraordinary one. A more
common idea [3, 30, 48, 49] is to suppose that the truth predicate itself
contains a hidden indexical component.3 Let me briefly note that I do not
think this is a promising option. It is a commonly voiced objection to it that
we simply do not intuitively see such an indexical element in our ordinary
truth predicate, expressed by the ordinary term ‘true’. I believe this line of
argument can be bolstered. If there were such a hidden indexical, it would
behave as other implicit parameters do. In the case of a gradable adjective,
for instance, we can see the hidden comparison class at work when we bind
the hidden variable, as in:

2The literature on quantifier domain restriction is quite large. Two useful starting
places are Stanley and Szabó [55] and von Fintel [62].

3Koons [30] and Simmons [48, 49] build upon the work of Burge [3], but make some
significant departures. How far their commitments to an index on the truth predicate
go is not entirely easy to judge. For instance, the object language in some of the formal
discussion of Simmons [48] does not contain an indexed truth predicate, though indexed
sentences are evaluated and indexed truth predicates are introduced. In later work [49],
Simmons does appear to more thoroughly rely upon an indexed truth predicate.

In locating context dependence in the Liar sentence in a quantifier domain restriction,
I take my motivations from natural-language semantics. Another approach that avoids
positing an index on the truth predicate is that of Gaifman [10, 11, 12], which takes its
motivations from the semantics of programming languages.
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Most species S have members that are small for S.

We see no such behavior with the truth predicate.4

1.1.2 Expression and Quantifier Domains

Where then should we look for context dependence in the Liar? Perhaps we
should return to basics. A general description of the phenomenon of con-
text dependence can be given if we help ourself to some familiar apparatus.
Roughly, context-dependent sentences ‘say’ different things upon different
occasions of use. Let us introduce propositions as the contents expressed
by utterances in contexts. A sentence is then context dependent if it ex-
presses different propositions in different contexts. As we saw a moment ago,
there is a large range of constituents of sentences that can induce context
dependence.

With this in mind, let us return to the truth predicate itself. Above, I
applied it to the sentence ls, which seemed fine for the application at hand.
But in the presence of context dependence at large, it is well-know that this
cannot be exactly right; for the same sentence could be both true and false
(depending on the context)! Given we have the apparatus of propositions
available, they are the obvious candidates to be truth bearers. Now, the
question of what the fundamental bearers of truth are, and whether propo-
sitions have the right nature to be them, is a much-debated philosophical
puzzle. I shall say as little about this matter here as I can get away with.
I shall assume propositions somehow encapsulate truth conditions, as any-
thing that provides the content of an utterance should. As all that concerns
us here is truth and related concepts, I shall therefore work as if propositions
are simply sets of truth conditions, though I do not want to take a stand on
whether this is a simplifying assumption, or a correct analysis. But once we
have propositions as truth conditions, then it is entirely natural to see them
as bearers of truth.5

4The use of this sort of test for implicit parameters is discussed by Stanley [54] and
Stanley and Szabó [55]. Stanley mentions the problem for Burge’s theory, though I take
the discussion to follow to show it is not a problem for all context-dependence approaches.
For some alternative diagnostics, see Larson [33] and Ludlow [36].

5The claim that propositions are unstructured sets of possible worlds is defended by
Stalnaker [52]. Arguments that propositions must be structured abound. See, for instance,
Soames [50]. Very little in my discussion hangs on the nature of propositions. For the
most part, interpreted sentence tokens, or utterances, would work just as well, so long
as we take these things to be within the ranges of appropriate quantifiers. Some ways to
develop proposals similar to mine without the use of propositions are discussed in Parsons
[43].

5



This does not yet make much difference. If there is no context depen-
dence, then the difference between applying truth to the sentence ls, or
the proposition it invariably expresses, is of no consequence. But it will
help to reveal a source of additional context dependence. Actually, the real
source is in a related notion. If we apply truth to propositions, then for
most applications of the truth predicate we will make, we will have to work
with a proposition presented via a sentence that expresses it. Though we
might sometimes manage to name a proposition in some more or less direct
way, we usually wind up saying something like ‘the proposition expressed
by sentence s is true’, or more informally, ‘what she said when he said s is
true’.

It is this relation which introduces an additional source of context de-
pendence. Most predications of truth, including those relevant to the Liar,
work through the expression relation. As such, they contain a tacit existen-
tial quantifier. To say ‘the proposition expressed by s in context c is true’
is to say

∃p(Expresses(s, p, c) ∧ True(p)).

Like all quantifiers, this one can have its domain contextually restricted.
Suppose we have a specific domain of proposition in mind: say, those that
some particular person might say. Then we can use ‘Every proposition is
true’ to mean that every proposition in the domain is true, just as we can
use ‘Everything was destroyed by the fire’ to mean everything in a particular
house was destroyed.

This reveals an element that can support context dependence in the
apparatus of truth predication. It does not show that any particular use
of it is context dependent. (Indeed, the example I just gave is somewhat
contrived.) Nor does it show that a contextual domain restriction is at work
in the Liar. But it opens the door to just this idea.

1.1.3 Ordinary and Extraordinary Context Dependence

We now have a quantifier over propositions at work in predications of truth,
and so in the Liar sentence. We thus have an opening for context depen-
dence. The problem we face is that it is still hard to see any restriction on
the domain of this quantifier. Unlike my example above, we cannot sim-
ply appeal to speakers’ intentions to explain how its domain is restricted.
If anything, we would expect speakers intentions to make this quantifier
unrestricted. Where then lies the context dependence? Moreover, it is not
yet clear why such a domain restriction would matter. As we noted, the Liar
sentence still contains no indexicals, or any of the other devices of context
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dependence we canvassed. If this implies that there is a unique proposition
expressed by the Liar sentence, contextual domain restriction would become
virtually irrelevant.

To settle on some terminology, I shall say that the argument just given
shows that there is no ordinary context dependence involved in the Liar.
There are none of the common effects of indexicals or the ordinary sorts
of contextual domain restrictions we have considered, etc. I shall argue
that nonetheless there is context dependence at work, which must be an
extraordinary context dependence.

To see what extraordinary context dependence might be, it will be helpful
to regiment the Liar sentence more precisely. As I mentioned, predications
of truth will go via the expression relation. Normally, this is a three-place
relation between a sentence, a proposition, and a context. However, the
accepted lack of ordinary context dependence in the Liar will allow us to
make a simplification and work with a two-place expression relation Exp(s, p)
between a sentence and a proposition. For the example at hand, the only
potential source of context dependence is the propositional quantifier, which
will be explicitly represented in the logical form of the sentence. So we will
have no need to make use of the third argument of the expression relation,
and can safely ignore it.6

To present the logical form of the Liar sentence, we will also need a truth
predicate of propositions, which I shall write Tr(p). Now, we may consider
the Liar sentence. It is a sentence which ‘says’ of itself that it is not true.
This is a sentence l which is:

¬∃p(Exp(�l�, p) ∧ Tr(p)).7

This formulation displays the lack of ordinary context dependence we saw
above. There is no potentially context-dependent element except the quan-
tifier ∃p. It is natural to presume this quantifier has no ordinary restriction
either. Under its most natural interpretation, we do not expect speakers to
mean there is no true proposition expressed by l in some specific domain—we
expect them to mean there is no proposition, period. Hence, this formula-
tion presumes that there is no ordinary context dependence at work in the
Liar.

6I have discussed this issue at greater length in [14].
7To minimize the use of quotation marks, when I introduce syntactic items I often put

them in sans serif and their interpretations in italics. I shall assume we have some device
of sentence naming, indicated by �corners�. In Part (2), this will be a Gödel coding.
Where it can be done without confusion, I often suppress quotation marks. I shall hence
often write s instead of �s�.
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I take the the Strengthened Liar reasoning to show that there must be
some context dependence in the Liar nonetheless, and thus that there must
be extraordinary context dependence. To reproduce the Strengthened Liar,
I shall rely on three natural assumptions about Tr and Exp. One is a basic
principle about truth:

(T-Exp) Exp(�σ�, p) → (Tr(p) ↔ σ).

Another reflects the idea that an utterance expresses a unique proposition.
As we are assuming no ordinary context dependence, this is:

(U-Exp) (Exp(s, p) ∧ Exp(s, q)) → p = q.

The final one is an instance of a law of identity which marks that truth is
an extensional property of propositions:

(T-Id) p = q → (Tr(p) ↔ Tr(q)).

We may now produce a version of the Liar paradox. First, suppose l
expresses a proposition, say q. We then have Exp(�l�, q). We can argue that
q is true just in case it is not true.

1. Suppose Exp(�l�, q).

2. Suppose Tr(q).

(a) By (T-Exp), ¬∃p(Exp(�l�, p) ∧ Tr(p)).

(b) Hence, ¬Tr(q).

3. Conversely, suppose ¬Tr(q).

(a) Then again by (T-Exp), ∃p(Exp(�l�, p) ∧ Tr(p)).

(b) By (U-Exp), p = q and Tr(p).

(c) Hence, by (T-Id), Tr(q).

We thus have Tr(q) ↔ ¬Tr(q). This is not yet a paradox, of course, for it is
reached under the assumption Exp(�l�, q). What we have is a proof of:

¬∃pExp(�l�, p).

But a paradox does follow. From this conclusion, by logic, we may
conclude:

¬∃p(Exp(�l�, p) ∧ Tr(p)).
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Observe, this is just l. Now, we have proved l, so it had better be true. But
to be true is to express a true proposition. So we have in fact shown:

∃pExp(�l�, p).

This does indeed put us in paradox.
Let us call this reasoning the Liar inference. In the course of it, we make

two crucial assertions:

¬∃p(Exp(�l�, p).(A)
l.(B)

As both are the results of sound proofs, they must both be true. But the
truth of the first requires that there be no proposition for l to express, while
the truth of the second requires that there be one. Hence the paradox.

I maintain we have to see a context shift between (A) and (B) affecting l.
We have a proof, based on solid principles, so its conclusions had better be
correct. If there is no context shift, then we have a genuine contradiction.
As we have already ruled out any ordinary context dependence in l, this
shows there must be some extraordinary context dependence.

The only locus for context dependence, ordinary or extraordinary, is the
domain of the quantifier ∃p. We can now see what context dependence must
provide. This domain must expand between (A) and (B). If this is occurs,
both claims can be correct. The first claim (A) may be true, as relative to
the domain of propositions available from its context, there is no proposition
for l to express. The second claim (B) may express a true proposition, as
relative to the expanded domain of propositions available from its context,
there is one.

This is indeed an extraordinary demand. It is clear that in the course of
the proof, speakers intentions and other ordinary sources of context depen-
dence do not restrict the domain of ∃p. The conclusion at (A) is that there is
no such p, not that there is no such p in some specifically restricted domain.
We have a proof, carried out in full generality. Even so, I shall argue this
does not preclude extraordinary context dependence. In particular, I shall
argue that we have good reason to see the maximal domain over which ∃p
can range in a given context as apt to expand as context shifts, and that
this induces just the kind of extraordinary context dependence we need.

1.1.4 The Expansion Problem

I have labeled the problem of explaining this sort of extraordinary context
dependence the expansion problem. Solving the expansion problem confronts
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us with two distinct tasks.
First, we have to explain how we can have an expansion of the maximal

domain over which the quantifier ∃p can range in a given context. As I men-
tioned above, in a discussion of truth and the Liar paradox, it is harmless to
identify propositions with sets of truth conditions: something like sets of pos-
sible worlds, or whatever else we use to model individual truth-supporting
circumstances. For the maximal domain of ∃p to expand is precisely for the
background domain of truth conditions from which propositions are formed
to expand. The contextual expansion of the maximal domain of the propo-
sitional quantifier reduces to the expansion of the background domain of
truth conditions.

But second, we must not lose sight of the problem of explaining just what
the shift in context between (A) and (B) is, and how that particular change
can lead to this sort of domain expansion. Indeed, as I have discussed at
length elsewhere [14], it is not at all obvious that there is any shift in context
between (A) and (B). After all, these are merely two points in an inference,
marked by no changes in the immediate environment of the speakers of the
kind that were so evident in the ‘That is loud’ example at the beginning of
Section (1.1).

1.1.5 Constraints on a Solution

Before confronting these tasks, let me pause to make one comment on the
way I shall approach them. There is a relatively direct way to address the
issues I have raised, very closely related to the situation-based proposal of
Barwise and Etchemendy [2]. I shall not take the direct route. But to
motivate the route I shall take, and to explain why I think it offers a viable
solution, I shall begin by discussing the direct route, and what I think is
attractive and unattractive about it.

In a spirit similar to that of Barwise and Etchemendy, let us start with
the idea that instead of being a possible world, an individual truth condition
is a situation. The situation theory of Barwise and Etchemendy is quite
specific, but for this discussion, let us take a situation to be a partial and
structured representation of some part of a possible world. The situation
of a being F can be the structure 〈a, F, 1〉. The situation of a not being F
would then be 〈a, F, 0〉.

Because situations are structured and partial, we can easily make sense of
the expansion of a background domain of situations available in a context.
Suppose that a context somehow hands us the materials—the properties
and objects—from which situations may be constructed. Suppose that in
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our initial context, we have only non-semantic properties: some range of
properties excluding the expression relation and the truth predicate. If in
a subsequent context, these semantic relations become available, we can
use them to construct new situations, distinct from any of the situations
available in the previous context. We will have new situations of the form
〈. . . ,Exp, . . .〉 and 〈. . . ,Tr, . . .〉. As situations are structured entities, we
can be certain that these situations are distinct from any available in the
previous context. Expansion problem solved.8

As we will see, I shall ultimately argue in favor of a view that has many
features in common with this idea. But as a starting point, I find it is unap-
pealing. It appears to simply insist that truth conditions or situations with
truth predicates tacked on are different from those without. No explanation
of this has been given, and indeed, the way in which truth-supporting cir-
cumstances are supposed to determine what is true in them may well make
us wonder if this is even a correct picture.9 As Barwise and Etchemendy
note, this proposal has a Tarskian air. And presented as I did, it may well
appear just as ad hoc as Tarski’s did. At the very least, it does not yet
constitute an adequate rejoinder to the objection that context-dependent

8In detail, the proposal of Barwise and Etchemendy [2] is somewhat different. What I
glossed as situations are closer to their states of affairs. Their situations are sets of states
of affairs. A proposition is a pair of a situation and a situation type (built from states
of affairs by closure under conjunction and disjunction). For instance, a proposition of
the form {s; [σ]} is true iff σ ∈ s. Relative to an initial situation s, they produce a Liar
proposition fs = {s; [Tr, fs; 0]}. This is a proposition fs which says that it does not hold
in s. There is a sense in which this proposition cannot be expressed . In particular, the
state of affairs 〈Tr, fs; 0〉 cannot be in s. (Actually, Barwise and Etchemendy say that
the proposition is expressible, but give up on what they call the F -closure of s. But there
is a core observation in common between these two points, and the details do not matter
for our purposes here.) There is then a distinct situation s′ = s ∪ {〈Tr, fs; 0〉}, and the
proposition {s′; [Tr, fs; 0]} relative to this new situation—this new ‘context’—is true.

We can bring this closer to the idea I have just sketched by noting that the truth-making
situation for fs contains the state of affairs 〈Tr, fs; 0〉. It is adding this explicitly semantic
state of affairs to the initial situation that allows for the truth of the Liar proposition. This
state of affairs cannot be in the initial situation. Hence, we start with some situation, and
add a semantic state of affairs to it, resulting in a genuine expansion of the situation. This
is a close analog to the kind of expansion I propose. (Barwise and Etchemendy discuss
relations between their situation-based and a more traditional approach in [2, Ch. 11].
For a detailed match-up between the Barwise and Etchemendy framework and a Burgean
framework of indexed truth predicates, see Koons [30].)

9This is often glossed as the supervenience of the semantic upon the non-semantic.
(I find this issue less straightforward than it may appear. See my [15].) It makes
the difference between situations like s and s ∪ {〈Tr, fs; 0〉} hard to understand from a
truth-conditional perspective, and makes it equally hard to understand just what (truth-
conditional) content is given by a proposition represented as {s′; [Tr, fs; 0]}.
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and hierarchical approaches are intolerably ad hoc.
I do not have any quarrel with the use of situations per se, which has

become increasingly common in linguistics.10 But I am not a partisan of
situation theory as a general framework for semantics, and have expressed
some misgivings about offering them as a replacement for more standard
notions of truth conditions. Hence, what I am asking for is a well-motivated
theory which gets similar results, in a more conventional framework. Can we
explain, starting from ideas of a more conventional nature from linguistics
and philosophy of language, how the domain of truth conditions expands as
context shifts?

In asking for this, I am asking as much as is possible to smoothly inte-
grate what we say about the expansion problem, and extraordinary context
dependence, into linguistic theory. Though I granted that extraordinary
context dependence is extraordinary, it is still context dependence. To un-
derstand it, we need to explain how it fits into our understanding of the rest
of how language works. No doubt to address a paradox as recalcitrant as
the Liar, we will have to say something which goes beyond standard the-
orizing in linguistics and the philosophy of language. I doubt there would
be a recognizable paradox if we did not. But to defend a solution to the
paradox that is immune to the objection of being ad hoc, we need to build
up as much as we can from more standard ideas.

1.2 Solving the Expansion Problem

My strategy for solving the expansion problem is thus to build up to it from
some ideas from linguistic theory. These will provide an account of what
sort of context shift takes place with in the Liar inference between (A) and
(B) of Section (1.1.3). Some general ideas about truth conditions from the
philosophy of language will then explain how this context shift leads to the
expansion of the domain of truth conditions. Once these ideas are sketched
in this section, I shall turn to a more formal model in Part (2).

1.2.1 Context in the Liar Inference

To explain extraordinary context dependence, as a species of context depen-
dence, we need to start by looking a little more closely at context itself.

10A notable example is Kratzer [31], as well as von Fintel [62]. Other theories in
semantics prefer events to situations, but either is usually offered as part of an overall
truth-conditional framework, rather than as a replacement for truth conditions.
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The basic idea that I shall make use of is that context provides a running
record of information available at a given point in a discourse. This idea
appears in a number of ways in recent thinking about context, but the one
that will be important here is that context provides a running record of what
is salient ; particularly, what is salient in a discourse at a particular point.11

This idea has played a significant role in some recent work on (ordinary)
context dependence. Let me briefly mention a couple of examples, to make
the idea clearer. One important example comes from work on the referents of
definite noun phrases, starting with Karttunen [27] and developed by Heim
[23] and Kamp [26].12 To use an example from Heim, suppose I say ‘I broke
a wine glass last night. It was expensive’. Here, the indefinite ‘a glass’ sets
up a contextually salient discourse referent, which ‘it’ is then able to refer
back to. The context provides the salient discourse referent, to which the
definite noun phrase then refers. Note, it is the use of the indefinite in the
discourse that makes a particular glass salient for the discourse. It would
still be so, for instance, even if the conversation were taking place in a glass
store.

The application of salience I shall make goes well beyond that of the
referents of definites. But the literature already points to a much wider area
of application. To mention one more example, consider the following dialogs
(from Büring [5]):

1. Q: What did you buy on 59th Street?

A: On 59th Street, I bought the shoes.

2. Q: Where did you buy the shoes?

A: #On 59th Street, I bought the shoes.

These are naturally read with a rising pitch contour on the fronted preposi-
tional phrase ‘on 59th Street’ and a falling one on ‘the shoes’. In its normal
reading, the second is infelicitous (hence the ‘#’ marking). Why? Very, very
roughly, because the context, fixed by the initial question, fails to make what
happened on 59th Street appropriately salient in the discourse. The fronted
constituent, marked by syntactically by fronting and prosodically by pitch

11The idea that context is a running record of information is central to the presup-
position theory of context, articulated in Stalnaker [51], and appears as the notion of
conversational record in Lewis [34]. Stalnaker’s theory shows how the context set—the
set of presupposed propositions—is updated as a discourse progresses. I have no quarrel
with taking the context set to be part of context, but I have argued in [14] that it cannot
help in accounting for the Liar, and so we must look to other aspects of context.

12For more recent references see [59].
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accent, is marked as a topic: what the claim is about. Generally, these need
to refer to entities that have the right sort of salience properties in the dis-
course. In this case, the topic-marked constituent is a prepositional phrase,
taking us beyond the realm of definite noun phrases.

The role of topic in context has been pursued at great length, not only
by Büring, but by such authors as Portner and Yabushita [44], Reinhart
[45], Roberts [46] , Vallduv́ı [58], van Kuppevelt [61], and von Fintel [62].
A related notion is basic to centering theory [19], applied to some linguistic
issues related to topic by Ward [64].13 Remarkably similar ideas have been
applied to issues in natural language processing, as the focus spaces of Grosz
[18] and the focusing structures of Grosz and Sidner [20].14

I have rushed over a rather large area, and I should note that there are
important differences between the semantics of topic and of definite noun
phrases. But I hope to have made clear, both from a couple of examples,
and from reference to the linguistics and natural language processing lit-
erature, that taking context to include a running list of salient items is
well-motivated. Moreover, I hope to have made equally clear that this needs
to be taken quite widely: we need to keep track not only of salient discourse
referents for noun phrases, but of a wide range of salient items of all sorts.

Given the richness of natural language—syntactic and semantic—it is
not easy to give a linguistically accurate assessment of just what we need
to keep track. But for our purposes, we may abstract away from some
of this complexity. Thinking about the structure of formal languages, we
should expect context to provide a running list of salient properties and
individuals. As we expect to have quantifiers in our language, we should
also include salient domains of quantification. Again simplifying somewhat,
and prescinding from philosophical worries about the intensional nature of
properties, this means that we may take this aspect of context to be given
by a structure in the usual logician’s sense. Context provides a structure

13The linguistics of topic is a messy and controversial subject, and there are important
differences among the theories I have cited. Perhaps most important, some take topics
to be questions under discussion rather than as salient items per se. I have argued that
there are close connections between these ideas in my [16]. Elements of both appear in
van Kuppevelt’s work [61]. For some comparisons between these kinds of approaches, see
McNally [39].

14I hasten to note some significant complications I am glossing over. The notion of
focus space is somewhat more complicated than that of a list of salient entities. Focus
spaces are intended to organize complex data structures. Grosz [18], in particular, starts
with a ‘semantic network’ represented by a directed graph, and sees a focus space as a
partition of it. Once one sees data structures as basic, for instance, one has the possibility
of nesting focus spaces.
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which reflects salient domains, individuals, and relations at a given point in
a discourse. Call this structure the salience structure.

Salience structure is a component of context. I have in rather cursory
fashion suggested there is good linguistic support for this claim. I have
argued this more fully elsewhere [16].15 Though the notion of salience struc-
ture abstracts from a good deal of linguistic complexity, I do wish to stress
that the idea of salience structure as a component of context is linguistically
well-motivated. This is important for my purposes here, as the linguistic
motivation is entirely independent of any considerations of the Liar para-
dox. This will help to counter the objection that the contextual approach
is ad hoc or unmotivated.

One of the crucial features of salience structure as an aspect of context is
the way it changes as a discourse progresses. This is evident in the wine glass
example above, for instance. At the beginning of the discourse, it is unlikely
the pronoun ‘it’ could refer to a wine glass. It does after the indefinite ‘a
wine glass’ makes it salient. To stress, the notion of salience here is salience
at a point in a discourse: what we are generally talking about at that point.
As a discourse progresses, this tends to change. Even in a discourse on a
single topic, speakers move from subtopic to subtopic. One way to introduce
a new subtopic is to introduce a new term into a discourse, in such a way
as to mark its interpretation as salient for the discourse. Any time this is
done, it induces a change in what is salient at that point in the discourse. In
particular, it introduces a new salient item. The result is that the salience
structure expands.16

This is the feature that makes salience structure the right aspect of
context for addressing the Liar paradox. In the Liar inference of Section
(1.1.3), two assertions (A) and (B) were identified, and I argued there must

15In [16] I call salience structure by the name ‘topic structure’. My primary aim there
is to show that the information involved in this aspect of context is information about the
global structure of the discourse in which an utterance takes place. Hence, insofar as the
structure is of salient items, it is salience for a discourse organized a particular way that
is at issue, rather than salience in the immediate environment of an utterance. None of
this conflicts with the applications of the notion I make here. The shift in terminology is
to be as ecumenical as possible about the linguistic motivations for this aspect of context,
and to mark idealization for purposes of application in a more formal setting.

16Of course, I am again abstracting away from a great deal of linguistic detail. I discuss
at length how topics may change in discourse in [16]. I am further simplifying by ignoring
the fact that in many discourses, salient items may be removed as well as added. It is not
relevant to the application to the paradox I shall make.

Some computational linguists see networks of salient items (focus spaces) as kept on a
stack. This is clear in Grosz and Sidner [20]. Walker [63] argues that a cache model is in
order instead.
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be a context shift between them. Attention to salience shows us what it
is. The first context involves an assertion of ¬∃pExp(�l�, p). Moreover, this
assertion corresponds to the first point in the proof above where there are no
undischarged premises. Hence, I suggest, it is the point where the relation
Exp (which interprets Exp) is accepted as salient in the discourse.17 But
then, with the assertion (A), the salience structure is expanded to include
Exp. The context thus shifts, by expanding its salience structure, so we have
a genuine difference in context between (A) and (B), just as the paradox
requires.

In what follows, I shall assume that a null context includes in its salience
structure some minimal information about the language being spoken, in-
cluding some syntactic information. Hence, again abstracting from a great
deal of linguistic complication, we may take a null context to have a salience
structure suitable for doing Gödel coding. We may assume such a structure
is something like the natural numbers N . At the crucial step (A) of the Liar
inference, the relation Exp becomes salient, and so the salience structure
shifts to 〈N ,Exp〉 at (B). According to the theory I shall develop, Exp is
significantly more complex than anything in N , so this is a genuine change
of context. I shall show how this change can lead to an expansion of the
domain of truth conditions for the expanded context, thus solving the ex-
pansion problem. This in turn, will lead to a context-based resolution of the
paradox.

So far, I have suggested that there is good linguistic reason to take
salience structure to be part of context, and to see salience structure as
changing as the discourse progresses. I have thus argued that we should see
salience structure as playing a role in ordinary context dependence. I have
also argued salience structure changes in the course of the Liar inference. I
shall argue in a moment that together with the semantics of expressions like
Exp, it provides the resources for understanding the extraordinary context
shifts involved in the Liar.

1.2.2 Truth Conditions and Context

Recall from Section (1.1.4), the expansion problem presented us with two
tasks. We have now done the second: explaining how there can be a context
shift between steps (A) and (B) in the Liar inference. This leaves the first:
explaining how this context shift can induce an expansion of the background
domain of truth conditions from which propositions are constructed. Once

17Of course, I am idealizing away from the many difficulties involved in applying ideas
about ordinary discourse to proofs.
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this is done, we will have explained the extraordinary context dependence of
the propositional quantifier ∃p. This in turn will show how the Liar sentence
is context dependent, in the right way to resolve the paradox.

Before turning to the remaining task, it will be useful to make one pre-
liminary point about the aspect of context I identified in Section (1.2.1).
Salience structures, it should be noted, display much of the behavior of sit-
uations I mentioned in Section (1.1.5). Salience structures are structured
and partial, and provide a representation of a part of the actual world of
utterance (or at least, how speakers take the world of utterance to be). Like
the situation-theoretic approach had it, salience structures expand in a very
simple way in the course of the Liar inference, by adding the relation Exp.

In section (1.1.5), I rejected a direct approach to solving the expansion
problem based on situations. In light of this, I should stress that salience
structures, as I see them, are a representation of a very particular aspect of
context. They provide a running list of items salient in a discourse at a given
point. As an aspect of context, this information helps to determine what
truth conditions are expressed by an utterance. But contexts in general,
and salience structures in particular, are not truth conditions themselves.
Thus, the situation-like behavior we have observed is has not been offered
as behavior of the domain of truth conditions. One way to put the problem
we now face is to explain why the domain of truth conditions really does
inherit some expandability from this situation-like behavior of context.18

To this end, let us look at a domain of truth conditions, say W (for
worlds). The usual custom in formal semantics is to take W to be a set of
indices, assumed to be rich enough to do whatever is needed to accurately
model truth conditions. Though it is usually assumed to be infinite, the
extent of W is usually left undescribed, as it is usually not an issue. In
practice, we usually just use W to specify something like {w ∈ W | ϕ(w)},
and say no more. Or, we work with toy examples, such as we generate
when we say, for instance, ‘consider two worlds: in w1 A happens and in
w2, B happens’. For most purposes, this is fine. But if we are to investigate
the extraordinary context dependence of this domain, we cannot leave the
matter in this state.

18The situation-theoretic approach of Barwise and Etchemendy merges aspects of con-
text and content in a way that makes comparisons difficult. In a situation-theoretic
proposition of the form {s; [σ]}, the situation s plays the role of ‘what the utterance is
about’. This may be similar to the notion of topic which motivates salience structure.
But the motivations from topic are not directed towards a constituent of a proposition,
but rather the discourse setting in which the utterance appears. Hence, it by no means
clear that their notion is the same as mine, or even a notion of context at all.
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There are some ideas available about what a domain of worlds W should
look like. For instance, recall from the early days of modal logic the idea that
a possible world be thought of as a maximal-consistent set of sentences.19

Now, as a philosophical thesis, this idea has been subjected to some rather
harsh criticism. But it does have one nice technical feature. If we wish to use
possible worlds to do semantics, the maximal consistent sets of sentences give
us precisely the right distribution of worlds. First of all, it gives us enough
worlds. For any distinct things speakers can express, there are worlds to
mark the difference. Moreover, there are no extra worlds, in that there are
no worlds that cannot be distinguished by what speakers can say.

These days, the maximal-consistent set of sentences approach to possible
worlds is not very widely accepted. But I believe the point about the distri-
bution of worlds with respect to what speakers can say carries over to any
approach to possible worlds that makes them appropriate for comprising the
contents of utterances—any approach to truth conditions. This is suggested
by some fundamental ideas about assertion and content.

It is a familiar idea that in expressing a proposition in a context, a
speaker fundamentally divides possibilities. The content of the speaker’s
assertion—the proposition expressed—precisely reflects this division. The
possibilities are divided into the class of those in which the claim is true,
and the class in which it is not true. The proposition expressed is the
former class.20 But asserting a proposition is not by any means a matter of
surveying a fixed and independently given domain of options, and indicating
which are in the proposition and which are out. Outside of philosophy
examples, we almost never do this. When we wish to specify the worlds in
the proposition expressed by, say, ‘Grass is green’, we can do little except
say that they are the worlds in which grass is green. Even when we do have
some specified list of possibilities to chose from, making arbitrary choices

19Carnap [6] makes use of ‘state descriptions’: maximal-consistent sets of atomic and
negated atomic sentences. A standard example of the straightforward maximal-consistent
set of sentences view is Jeffrey [25].

20This idea is given elegant expression in Stalnaker [51]. Once again, it is worth noting
that as the relevant issue here is only one of truth conditions, I am acquiescing to the view
that contents of utterances are truth conditions. Nothing about the arguments I present
here would be affected by viewing contents as more fine-grained, or by issues about the
contents of other speech acts than assertion.

I have also (sometimes) acquiesced to the widely held view that individual truth con-
ditions are possible worlds. Precisely what objects truth conditions are does not matter
for my arguments here, nor does it matter if exactly the same notion is used to explain
modality and content. What does matter is that truth conditions, whatever they are,
must be part of an accurate theory of content.
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among them does not constitute making a normal assertion—expressing a
proposition through the use of language. We are often hard-pressed to come
up with a sentence which expresses the division of possibilities we have made
in such an exercise.

In expressing propositions, speakers rely on linguistic resources to effect
a division of worlds. But regardless of what we think the right theory of
possible worlds, they do so without the benefit of a fixed menu of worlds
from which to make choices. Rather, they rely on linguistic resources both
to identify worlds and mark them as either in or out of a proposition. This
is not really so surprising. But if it is right, then we should not expect
the worlds involved in any expressed proposition to go beyond those which
can be differentiated by linguistic means. We thus come to expect the same
distribution of worlds as we saw with the maximal-consistent set of sentences
view. We should not expect to have more worlds involved in propositions
than can be distinguished by what speakers can say. And of course, we must
have at least as many worlds as can be so distinguished.

We must thus see the domain of truth conditions—worlds—as con-
strained by the resources speakers have for expressing propositions. These
resources may change as context changes. Hence, we must always see the
domain of truth conditions available for the construction of contents in a
given context as restricted by what speakers can express in that context. In
light of what we just observed about assertion, this may have the ring of a
truism. I do not think it is such a surprising claim, but it is not a truism;
for the claim is not just that what speakers do express is limited by what
they can express. Rather, the claim is that the domain of truth conditions
available in a context at all, from which any propositions expressed must be
constructed, is so limited. Hence, the quantifier ∃p winds up being implicitly
restricted by context.21

We now have some idea what the extraordinary context dependence
involved in the Liar is. It is the dependence of the background domain
of truth conditions upon context. This is not ordinary context dependence,
as it is the context dependence of the background domain, the maximal
domain of truth conditions with which speakers may form propositions. It
markedly does not behave like other forms of context dependence. But it is
a form of context dependence nonetheless.

This shows how there can be extraordinary context dependence at work
in the Liar. But to resolve the paradox, we need more. We need to show that
the background domain of truth conditions is not only context dependent,

21An alternative argument for a view like this can be found in Stalnaker [52].

19



but that it can expand as context shifts. Especially, it must expand as a
salience structure expands by the addition of certain semantic relations.

To fully address this, I shall have to turn to some formal apparatus,
which will be discussed at length in a Part (2). But first, let me give a brief
informal sketch of why this is the result we should expect.

Speakers can describe and individuate very complicated truth conditions.
This is especially true in languages which include semantic predicates, like
truth or expression. As is well-known, in these languages, speakers can
simulate infinitely long sentences. Recall, for instance, the oft-noted example
of the doctrine of Papal infallibility: ‘Everything the pope says is true’
amounts to the (potentially) infinitary conjunction

∧
s PopeSays(�s�) → s.

Hence, speakers can make claims and individuate worlds in ways whose
complexity mimics such infinitary claims.

It is because of this that extraordinary context dependence really mat-
ters. When asking about which such infinitely complex claims speakers can
use to individuate worlds, we have to pay attention to the complexity of the
infinite sets involved. In the Papal infallibility example, for instance, speak-
ers crucially rely upon the predicate PopeSays to specify the collection to
be conjoined. We should expect that if context itself provides more com-
plex concepts, say through a salience structure, speakers will be able to use
these to formulate more complex infinitary descriptions. If the descriptions
get complex enough, they will lead to a genuine expansion of the expressive
resources speakers can bring to bear in a context. As these resources de-
termine the extend of the background domain of worlds, such an expansion
of expressive resources can amount to a genuine expansion of the domain of
truth conditions they can use to express propositions.

Though I do not want to endorse the maximal-consistent set of sentences
view of possible worlds, this situation is made vivid by it. Suppose, at least,
that the distribution of worlds looks like the maximal-consistent set view has
it. When the language involves semantic expressions, I have been arguing,
we in effect have to deal with something like infinitary sentences. Which
infinitary sentences? Those in which the infinitary operations correspond
to resources speakers have available in a context. Which are those? Con-
text will have to tell us. Some contexts will provide resources for far more
complex infinitary operations than others. These contexts will allow for sig-
nificantly more infinitary sentences to go into maximal-consistent sets, and
so allow speakers to describe significantly more complicated circumstances.
I shall show below in Part (2) that we really do get genuinely new possibili-
ties out of these expanded sets of sentences. Though not all that surprising,
this result is not entirely trivial either.
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To explore the details of this idea, we will have to turn to some more
sophisticated formal apparatus, to be developed in Part (2). But let me
first review what this tells us about extraordinary context dependence and
the expansion problem. I have argued that we can see the Liar sentence as
exhibiting extraordinary context dependence in the domain of the quanti-
fier ∃p, which in turn amounts to extraordinary context dependence of the
background domain of truth conditions available to speakers to construct
propositions in a given context. I isolated a shift in context in the Liar
inference: a shift in salience structure. The salience structure shifts by the
addition of a semantic relation to it. This, I have argued, leads to an ex-
pansion of the background domain of truth conditions. It does so, as this
domain is dependent upon speakers’ resources for describing or individuating
truth conditions. As is illustrated by the maximal-consistent set of sentences
idea, if context provides complex enough semantic relations, these resources
expand, allowing for an expansion of the domain of truth conditions.

This expansion allows for the coherence of the claims made at the crucial
points in the Liar inference. At (A) of Section (1.1.3), it is claimed there is
no proposition for the Liar sentence l to express. Relative to the background
domain of this context, this claim is true. But this induces an expansion of
the salience structure, which in turn induces an expansion of the background
domain of truth conditions. The result is there are more propositions avail-
able. Thus, there is a proposition for the l to express, making the claim at
(B) true.

2 A Formal Model of Expansion

We now have a rough sketch of how the expansion problem may be ap-
proached. We have some good linguistic and philosophical motivations for
seeing extraordinary context dependence in the Liar sentence, and we have
a rough-and-ready sketch of how it works. But we are lacking in details.
The details are especially important, as we still have not really seen why the
kind of change in expressive resources I discussed in Section (1.2.2) really
does lead to an expansion of the domain of truth conditions.

In this part, I shall fill in the details by developing a formal model of
extraordinary context dependence and expansion. In Section (2.1) I shall
briefly provide some background. I shall then introduce the formal machin-
ery for working with salience structures as contexts in Section (2.2). An
account of what domain of truth conditions should be attached to a salience
structure will be provided in Section (2.3). My goal is then to show that
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as context changes in the course of the Liar inference, this domain of truth
conditions expands. This will be done in Section (2.5). But before it can
be accomplished, the sorts of semantic relations involved in the Liar must
be given reasonable semantic values. This will be the task of Section (2.4).
Section (2.6) will explain more formally the role of infinitary languages I
mentioned above in Section (1.2.2). Finally, in Section (2.7) I shall review
how the formal model developed solves the expansion problem.

I should stress that what I am about to do is work out formally the details
of one relatively simple case. This will not be a fully general theory of context
dependence, or even of all aspects of extraordinary context dependence.
Such a general theory would be a massive undertaking, and beyond the
scope of this paper, if not our current state of knowledge. But in working
out a simple case in full detail, I hope to give some more substance to the
rather vague sketch I gave above, as well as illustrate how the development
of a more comprehensive theory may proceed. I shall offer, as they say,
‘proof of concept’, even if not the full production model.

2.1 Some Background

In this part of the paper, I shall switch attention from motivations in lin-
guistics to mathematical logic. As the informal discussion of Part (1) shows,
we need to explain what speakers can express in a given context. I shall do
so by way of the tools of definability theory, in particular, the theory of
admissible sets with urelements of Barwise [1]. We want some uniform ex-
planation of what set of worlds a given salience structure determines. The
answer will be provided by identifying the right admissible set construction
over an arbitrary structure, and then applying it to the salience structures
context provides. In fact, I shall argue that for a given salience structure
M, the right domain is the one provided by the next admissible HYPM.
This will play the role of fixing ‘expressive resources available to speakers’
in a context. What speakers can express is limited by what can be done in
HYPM. What worlds are available to form propositions corresponds to the
structures in HYPM.

In the course of demonstrating how the domain of worlds expands as
M expands, I shall need to make use of some fairly fine-grained complexity
measures. I shall not rely upon the maximal-consistent set of sentences ap-
proach to possible worlds I mentioned in Section (1.2.2). In what follows,
worlds will be represented by structures in the usual model-theoretic sense.
Even so, infinitary logic will provide some of the tools for making complexity
measurements and describing structures. Technically, other tools of defin-
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ability theory can do this job just as well. But there are two reasons for using
infinitary logic. One purely technical reason is that infinitary logic makes
for some reasonably elegant results, and allows me to borrow some impor-
tant results from model theory without modification. On the philosophical
side, however, I have already noted in Section (1.2.2) the rough match-up
between languages containing semantic expressions and infinitary languages.
This rough match-up will help to make more vivid how to understand the
technical apparatus I shall develop below, and will provide a guide for identi-
fying domains of truth conditions. In Theorem (2.6.1) and Remark (3.3.12),
I shall show that this match-up is more than a rough intuitive guide: it can
be given precise content.

In the following, I shall assume familiarity with the fundamental works
of Barwise [1] and Moschovakis [40]. I shall try as much as possible to follow
the notation of Barwise. A couple of specific points are worth mentioning.
The universe of a structure M is written M . Admissible sets are denoted by
blackboard Bold characters. AM is an admissible over M, i.e. a structure
〈M, A,∈, . . .〉 with M∪A transitive which models KPU. The most important
admissibles we shall encounter below are of the form HYPM: the smallest
admissible AM containing M . As blackboard bold letters are taken, N de-
notes the natural numbers. I shall continue the practice of writing syntactic
items in sans serif, and their interpretations in italics. When introducing a
term which defines a relation already given, I shall follow the usual custom
of putting a dot over it. Gödel codes for formulas are written �ϕ�, though I
shall continue the practice of suppressing quotation marks where possible. I
should also mention the terminological conventions of generalized recursion
theory that a relation is A-recursive if it is ∆1 on A, A-r.e. if it is Σ1 on A,
and A-finite if it is in A. A function is A-recursive if it has an A-r.e. graph.

2.2 Context and HYPM

A context, I argued in Section (1.2.1), provides a salience structure. I have
also argued that as our concern is a specific sort of extraordinary context
dependence, we may ignore other aspects of context. Hence, from now on,
I shall take a context simply to be a salience structure.

I have already noted that we should assume salience structures—
contexts—contain basic syntactic resources. They should thus resemble
closely enough the natural numbers. But, we cannot restrict our atten-
tion to N , as we need to allow contexts to change. We need to be able to
consider many distinct structures, each of which is ‘close enough’ to N .

The notion of ‘close enough to the natural numbers’ is given by
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Moschovakis’s notion of an acceptable structure [40, 5A]. M is acceptable
if it contains elementary operations for coding finite sequences from M ,
including an elementary ordering NM isomorphic to the natural numbers.
Recall that for acceptable M, the relations on M in HYPM are exactly the
hyperelementary relations. For the case of the natural numbers N , these
are the hyperarithmetic relations.

Let L be the language of an acceptable M. Assuming L has a countable
signature, it can be coded up in NM. It will be useful to make the stronger
assumption that K = L∪{ṁ | m ∈ M} can be coded in NM. This amounts
to assuming that M can be coded in NM. We need not require this coding
to be elementary—hyperelementary suffices.

Definition 2.2.1. A structure M is strongly acceptable if it is acceptable
and there is a hyperelementary coding of M in NM.

Observe that strong acceptability implies countability.
From now on, I shall assume a context is a strongly acceptable structure,

with finitely many relations. For our intended application to the Liar, we
need only structures like N , 〈N , Exp〉, . . ., all of which meet these conditions.
(For most of what follows, we could have allowed the coding apparatus to
be only hyperelementary: what Moschovakis calls ‘almost acceptability’. As
as our intended examples are acceptable, however, we may use the stronger
condition.) Where convenient, I shall also assume that contexts do not
contain functions, though this will not really matter much.

The utility of strong acceptability flows from the following lemma.

Lemma 2.2.2. Suppose M is strongly acceptable.

1. HYPM is projectible into NM by a univalent notation system.

2. (Selection.) If R(x, y) is a HYPM-recursive relation, there is a HYPM-
recursive function

f(x) = µπyR(x, y)

which returns the y with least code in 〈NM,≤M〉.
Sketch of proof. For (1), the standard proof of the projectibility of HYPM

into M given in [1, VI.4.12] nearly suffices. We just observe that strong
acceptability allows us to choose codes in NM. Let π be the notation system
so given. Then we may define π′(x) = the least y such that y ∈ π(x). As the
ordering of the coding structure is elementary, π′ is still HYPM-recursive.

(2) follows immediately from (1). �
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It follows from Lemma (2.2.2) that for a strongly acceptable M, HYPM

has most of the nice properties of HYPN . It is countable, locally countable,
resolvable, recursively listed, and projectible into NM.

2.3 Truth Conditions in HYPM

Now, that we have contexts in hand, I need to show how to construct an
appropriate domain of truth conditions relative to a context. I shall show
how given a context M, HYPM provides a good model of the expressive re-
sources speakers can bring to bear in that context. In particular, it provides
the domain WM of truth conditions or worlds available in M.

Following the usual practice, I shall identify truth conditions with struc-
tures. We could of course use any number of devices instead (Hintikka sets,
for instance), but this convention allows us to make use of some results from
model theory.

We do need to be a bit careful about languages. Let us fix an initial
context: a strongly acceptable structure M with language L. Let us assume
that L contains no semantic vocabulary. In a moment, we will augment L
to an L+ which contains appropriate semantic terms. L is the language of
the context M, and we should generally expect this to be a proper subset of
the language available to speakers. L’s signature is the salient expressions
only. However, in what follows, the interesting distinction will be between
whatever language speakers may employ without semantic terms, and that
with semantic terms. With this in mind, it will be a useful simplification to
identify the language of the initial context with the non-semantic component
of the language available to speakers. Thus, the relevant ‘worlds’ are L-
structures.

In Section (1.2.2), I proposed we think of the truth conditions available
in a context as corresponding to what speakers can describe or individuate.
As I mentioned there, there is a rough match-up between the expressive
capacities of speakers of languages with semantic relations and infinitary
languages, and that it is up to context to fix the strength of the appropriate
infinitary language. As I mentioned, this will be made more precise in
Theorem (2.6.1) and Remark (3.3.12), but before this can be done, we need
to investigate these languages and their models in more detail. The infinitary
languages we need will be fragments of the infinitary language L∞ω, which
allows arbitrary conjunctions and disjunctions, but only finite quantifier
prefixes. Recall, a fragment is basically a subset of L∞ω which contains all
finitary formulas, and is closed under substitutions of terms, subformulas,
and finitary operators. Nice fragments of L∞ω are admissible fragments. An
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admissible fragment LA = {ϕ ∈ L∞ω | ϕ ∈ A}. (See [1] or [28] for details.)
The basic idea is to use HYPM to capture the expressive resources avail-

able in M. Thus, when looking for infinitary languages speakers can use
to describe worlds, we should ask about fragments LB that are in HYPM.
Worlds should then correspond to complete consistent theories that can be
formulated in these fragments. We need to show that structures in HYPM

correspond appropriately to these theories.
The essential result which allows this project to go forward is due to

Nadel, and it tells us that in fact any such theory has a model in HYPM.

Theorem 2.3.1 (Nadel [41]). Let LB be a countable fragment of L∞ω.
Suppose A is admissible and LB ∈ A is countable in the sense of A. Let
T ∈ A be a complete consistent LB-theory. Then T has a model in A.

Remark 2.3.2.

1. The local countability of HYPM for strongly acceptable M means we
may consider any LB ∈ HYPM.

2. The assumption of completeness cannot be removed, even for the spe-
cial case of HYPN . (See the discussion of Nadel [42].)

3. The proof of Theorem (2.3.1) proceeds by showing that a reasonably
careful version of a canonical model construction can be carried out
in A. In fact, some more complex constructions, such as the proof
of the M-completeness theorem or the forcing proof of the omitting
types theorem of [29] can be carried out within A. Thus, if we thought
that ‘genuine worlds’ should have a standard part, we could still find
as many as we may need in HYPM.

Now, this gives us good reason to think that HYPM contains enough
structures to reflect what speakers can express in context M. In Section
(1.2.2) I also suggested that an appropriate domain of truth conditions for
a given context should not contain too many truth conditions. Any differ-
ence in worlds in the domain should correspond to something speakers can
express. This is indeed what we find, as is shown by another result of Nadel.

Theorem 2.3.3 (Nadel Basis Theorem [42]). Let B and C be structures
in an admissible A. Then B ≡ C(LA) implies B ≡∞ω C.

By a well-known theorem of Karp (see, e.g. [1]), B ≡∞ω C iff B and C

are partially isomorphic (have the back-and-forth property). For countable
structures, partial isomorphism implies isomorphism, so we have
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Corollary 2.3.4. Let countable structures B and C be elements of an ad-
missible A. Then B ≡ C(LA) implies B ∼= C.

The countability of HYPM for strongly acceptable M ensures that for
B, C ∈ HYPM, B ≡ C(LHYPM

) implies B ∼= C.
It follows that for any distinct structures in HYPM, there is something

that speakers can express in M that marks the difference. Any two non-
isomorphic structures do not make all the same LHYPM

-sentences true. For
any sentence ϕ on which they differ, we can construct a fragment LA in
HYPM which contains ϕ. As |= is ∆ in KPU, the LA-theories of the struc-
tures are in HYPM. These LA-theories differ, as one contains ϕ and the
other ¬ϕ. Hence they provide something in HYPM, something speakers
in the context can express, which witnesses the difference between the two
structures.

HYPM thus recommends itself as the domain from which to draw truth
conditions. There are enough structures in HYPM to model what speakers
can express in context M, and not too many. It provides just the right
truth conditions. We might wonder if we really do need all of HYPM to
do the job, or if some piece of it might suffice. We do need all of it, as
I shall show in Section (2.5). As I mentioned, the question of how closely
languages with semantic expressions match up to the infinitary fragments
I have used in discussing HYPM will be addressed in Theorem (2.6.1) and
Remark (3.3.12).

Let me end this section with one useful technical point. Above, we looked
at structures in HYPM. The strong acceptability of M allows us to assume
that these structures in fact live on M , the domain of M. This fact will
make it more convenient to invoke the machinery of inductive definitions on
M in what follows.

Lemma 2.3.5. Let A = 〈A, R1, . . . , Rn〉 be a structure in HYPM. Then
there is a structure B ∈ HYPM such that B ⊆ M and A ∼= B. Moreover,
there is an isomorphism f : A ∼= B in HYPM.

Proof. The structure B is essentially the structure generated by the codes
of elements of A. Let π be a univalent notation system for HYPM. Then
let B = {π(a) | a ∈ A}, Si = {〈π(x), π(y)〉 | Ri(x, y)}. Clearly π induces an
isomorphism π̄ : A ∼= B.

It remains to be shown that each of B, Si and π̄ is in HYPM. Observe
that each A and Ri is in HYPM as A is. As π is a total recursive function,
it has a ∆ graph. Hence, B is ∆ in HYPM on M , and each Si is ∆ on the
relevant Mk. Thus, by ∆-separation, each component of B is in HYPM, so
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by closure under pairing, B is. Finally, as A×B is in HYPM, so is π̄, again
by ∆-separation. �

Finally, recall that in looking at the dynamics of context, we will look
at sequences of salience structures like M, 〈M,Exp〉, . . .. It will be useful at
some points to also consider structures like 〈B,Exp〉 for a given B ∈ HYPM.
This only makes sense if B includes in its domain the relevant codes for
sentences and worlds. Remark (2.3.2) shows this can be arranged. However,
to simplify matters somewhat, I shall assume where necessary that we are
talking only about structures with domain M . |B| = M is hyperelementary,
so this does not change any complexity issues. Assuming this is essentially
to make the assumption one often sees in discussions of quantified modal
logic, that there are no contingent domains. This assumption is in some
ways inaccurate, but none of the reasons it is are relevant here. Hence,
without comment, I shall assume it where necessary.

2.4 A Parameterized Kripke Construction

We now have at our disposal a context, given by a strongly acceptable M.
HYPM models the expressive resources of M, and provides a domain of
truth conditions for the context, given by the structures in HYPM. This
gives us a basic formal model of the extraordinary context dependence of
the domain of truth conditions upon context.

We need to show that as the context changes by adding a semantic
relation like Exp to the salience structure, we genuinely expand the domain
of truth conditions. This requires showing that the universe HYP〈M,Exp〉 is
indeed larger than HYPM, and most importantly, that it is larger in such a
way as to include genuinely more models—more truth conditions. This will
essentially solve the expansion problem.

To do this, we need to say something about the semantics of the appro-
priate semantic relations. Before turning to this, we should look once more
at what semantic relations are relevant.

In the discussion of Part (1), I used a unary truth predicate of proposi-
tions Tr(p) and the expression relation Exp. We observed there that because
ordinary context dependence is not at issue, we could take Exp to be the two-
place Exp(s, p). We also saw that, for the extraordinary context dependence
of the Liar, the relevant aspect of context is given by a salience structure M,
and the only relevant effect of context is to fix a domain of truth conditions
WM, which we now have identified as the domain of structures in HYPM.

Under these assumptions, we can make a further simplification in our
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semantic relations. Consider the binary relation Tr(w, s) which holds iff
sentence s is true in world w. Given our assumptions, once a domain WM

is fixed, this relation suffices to fix Exp as well.

Remark 2.4.1. For context M with domain of truth conditions WM,
Exp(s, p) ↔ p = {w ∈ WM | Tr(w, s)}.

(I shall return to the issue of how to recover Exp from Tr in Section
(3.4).) In light of this, in what follows, I shall work exclusively with the
binary Tr . Tr(w, s) may be thought of as a parameterized version of Exp.
Technically, it is convenient to make use of the parameterized version, as we
have no hope of coding up all sets of structures on a countable M.

Now, let us fix some some syntax to go along with this observation. As
we have been doing, fix a strongly acceptable M with language L. Again
let K = L ∪ {ṁ | m ∈ M}. (We may treat M as a K-structure as well.)
The assumption that every element of M has a name smoothes over some
technicalities, so I shall restrict attention to K, and note the assumption that
structures in HYPM are taken to have domain M . As I noted in Section
(2.3), what is of importance here is not so much the language with which we
start as what happens when semantic relations are added to it. Hence, we
will be concerned with the language K+ that extends K by adding a binary
relation symbol Tr. On its intended interpretation, Tr(x, y) holds if y is a
sentence of K+ and x is a a structure in HYPM and y is true in x. Our task
is to build an appropriate Tr to interpret Tr for context M.

A couple of coding devices will be necessary. I shall make use of the
elementary function ˙̄x which returns the term ṁ for m. Conversely, I shall
make use of the elementary function Den, which takes a closed term of K
and returns the object it denotes. Den(ṁ) = m. As Den is elementary,
there is a K-expression ˙Den which represents it. (For the proof that Den is
elementary, and a nice survey of Tarski-type results, see McGee [38].)

Aside from syntax coding, we will need notations for elements of HYPM

in M. Lemma (2.2.2) guarantees that for a strongly acceptable M, HYPM

has a univalent notation system. This will always be denoted π. The set
of notations is Dπ, and notation y codes |y|π. Using the notation system,
we can code structures in HYPM. It is easy to see that the predicate ‘is a
structure’ is inductive on M. ‘Is a structure’ is ∆ in KPU. Set Str(x) ↔
(Dπ(x)∧ |x|π is a structure). Dπ is Σ1 on HYPM, so Str is inductive on M.

Using Str , we can carry out a version of the familiar construction of
Kripke [32] for Tr. In Kripke’s original presentation, and in many oth-
ers, a partial predicate is constructed; that is, a pair 〈E, A〉 consisting
of an extension and an anti-extension. In many cases this is more in-
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formation than we need. If we are after the minimal fixed point of the
original Kripke construction, for example, the anti-extension A is just
{�ϕ� | �¬ϕ� ∈ E} ∪ {nonsentences}. As we shall not make use of un-
usual fixed points, we can avoid the added nuisance of keeping track of both
extensions and anti-extensions altogether, so long as the difference between
the negation of a sentence being in an extension and the sentence not be-
ing in the extension is respected. To help do this, we may use a trick due
to Gilmore [13] and Feferman [9]. For a formula ϕ in the language K+,
write ϕ∗ for the result of replacing each negative occurrence of Tr(x, y) by

˙Sent(y) ∧ ¬Tr(x, ¬̇(y)). Tr always occurs positively in ϕ∗. Hence, as long as
we evaluate ϕ∗ for truth in a structure rather than ϕ, we will respect the
difference we need to.

What should the extension of Tr be? Following Kripke, we can build up
a relation in stages.

Definition 2.4.2. Let:

Tr0 = {〈x, y〉 | Str(x) ∧ Sent(y) ∧ 〈x, ∅〉 |= y∗}
Trα+1 = {〈x, y〉 | Str(x) ∧ Sent(y) ∧ 〈x,Trα〉 |= y∗}

(I have suppressed some coding details to keep these readable.) To see
that the ∗ trick works, note that 〈x,Trα〉 |= (¬Tr(z, y))∗ just in case either
¬Sent(y) or 〈z, ¬̇(y)〉 ∈ Trα. Hence, we have the same effect as a par-
tial interpretation with its anti-extension consisting of non-sentences and
sentences whose negations are in the extension, evaluated according to the
strong Kleene rules.

We wind up getting all of Str at the first stage, as any valid sentence of
K is true in each structure. We also get at the first stage all the sentences
we ever get from K.

This definition provides us with a monotone operator, which has a least
fixed point. Let us call this Tr . One of the important consequences of Tr
being a fixed point is given by the following.

Lemma 2.4.3 (The Weak T Property). For any K+-sentence ϕ:

(Tr(x, �ϕ�) ∨ Tr(x, �¬ϕ�)) → (Tr(x, �ϕ�) ↔ 〈x,Tr〉 |= ϕ).

This property makes Tr a plausible interpretation of Tr. As with Kripke-
style fixed points generally, it makes Tr come reasonably close to expressing
the corresponding genuine semantic notion, |=. In particular, it does so
allowing a fair bit of self-application of the predicate Tr. It is, I suggest, a
plausible starting place for interpreting this expression.
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Even so, I should pause to comment on my use of the minimal fixed point
to interpret Tr. As it is a fixed point, it satisfies the Weak T Property, and
so has a reasonable claim to model semantic phenomena with some degree
of accuracy. Of course, there are lots of other fixed points, and many have
wondered what reasons there might be to choose one over another (cf. Gupta
[22]). I do not intend to take a stand on this issue here. The minimal fixed
point is good enough to pursue the formal development of my approach,
and that is all I really require. Indeed, the contextual approach minimizes
the need for a position on this matter. Semantic expressions can have many
different extensions in different contexts, so there is no need to declare in
advance of a thorough investigation of various contexts that one extension
is the right one. If in some particular sort of context, there was good reason
to take some other fixed point, that would be fine. For the context shift
in the Liar inference, where there is little additional contextual information
involved, the minimal fixed point provides an adequate model. That is all
we need.

Now, we have an interpretation of the semantic expression Tr of K+. At
the crucial point in the Liar inference, the semantic relation Tr is added to
an initial salience structure M (as I shall discuss further in Section (3.4)).
I claim that this will induce an expanded domain of structures W〈M,Tr〉
in HYP〈M,Tr〉. To show this, we need to know a little more about the
complexity of Tr .

It is a standard result for the usual Kripke construction that its least fixed
point is inductive non-hyperelementary (as in Burgess [4] or McGee [38]).
The same holds for Tr , but the situation is somewhat more complicated. It
is clear from Definition (2.4.2) that Tr is inductive, but the presence of Str
requires a little more effort to show that it is inductive on M.

Lemma 2.4.4. Tr is inductive on M.

Proof. It is well-known that satisfaction is hyperelementary on M, and in
particular that A |= ϕ is ∆ in KPU in parameter A. Thus, there is an
inductive relation ˙|= on M such that:

c ˙|=d iff Str(c) ∧ SentK(d) ∧ ∃ϕ ∈ K(d = �ϕ� ∧ |c| |= ϕ).

We also know that Str is inductive on M.
We now need to write out a (Tr, ˙Str, ˙|=)-positive definition of Tr(x, y),
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which can be done as follows (taking a hint from McGee [38]):

˙Str(x) ∧ ˙Sent(y)∧( ˙SentK(y) ∧ x ˙|=y

∨ ∃t∃u[ ˙Term(t) ∧ ˙Term(u) ∧ y
.= �Tr(t, u)� ∧ Tr( ˙Den(t), ˙Den(u))]

∨ ∃t∃u[ ˙Term(t) ∧ ˙Term(u) ∧ y
.= �¬Tr(t, u)� ∧ Tr( ˙Den(t), ¬̇ ˙Den(u))]

∨ ∃v∃w[y .= (v∨̇w) ∧ (Tr(x, v) ∨ Tr(x, w))]
∨ ∃v∃w[y .= ¬̇(v∨̇w) ∧ Tr(x, ¬̇v) ∧ Tr(x, ¬̇w)]
∨ ∃v[y .= ¬̇¬̇v ∧ Tr(x, v)]

∨ ∃v∃w[ ˙Var(v) ∧ y
.= ∃̇v(w) ∧ ∃z(Tr(x, w(v/ ˙̄z)))]

∨ ∃v∃w[ ˙Var(v) ∧ y
.= ¬̇∃̇v(w) ∧ ∀z(Tr(x, ¬̇w(v/ ˙̄z)))]

)
This shows Tr to be inductive on 〈M,Str , |=〉. ˙Str and ˙|= appear only
positively in the above formula, and are inductive themselves, so we can
appeal to the Moschovakis Piggyback Lemma [40, 1.C.1] to conclude that
Tr is in fact inductive on M. �

It is clear that Tr cannot be elementary, but we have not yet seen that it
cannot be hyperelementary. The normal Kripke truth predicate is shown to
be non-hyperelementary by showing it to be complete for hyperelementary
relations. The problem here is that Tr does not directly provide information
about M. It may be helpful to think about the intended interpretations of
these items. M is the context. Tr provides information about the domain
of truth conditions, which is fixed by the context. But we need to do a little
work to extract information about the context from Tr .

What we need to do is say enough about what the context M is like
to use what Tr tells us about circumstances. This is easy. There is a K-
formula δ(x) which holds just of the atomic or negated atomic sentences of
K true in M. We give δ basically by listing the relations of K, as Tarski and
commentators after him have much discussed. Suppose they are R0, . . . ,Rn
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(here invoking my assumption that there are no functions). Then set:

δ(x) ↔ ˙SentK(x)∧(∃y1 . . .∃yj( ˙Term(y1) ∧ . . . ∧ ˙Term(yj)

∧ x
.= �R0(y1, . . . , yj)� ∧ R0( ˙Den(y1), . . . , ˙Den(yj)))

∨
...
∨

∃y1 . . .∃yk( ˙Term(y1) ∧ . . . ∧ ˙Term(yk)

∧ x
.= �Rn(y1, . . . , yk)� ∧ Rn( ˙Den(y1), . . . , ˙Den(yk)))

∨
∃y1 . . .∃yj( ˙Term(y1) ∧ . . . ∧ ˙Term(yj)

∧ x
.= �¬R0(y1, . . . , yj)� ∧ ¬R0( ˙Den(y1), . . . , ˙Den(yj)))

∨
...
∨

∃y1 . . .∃yk( ˙Term(y1) ∧ . . . ∧ ˙Term(yk)

∧ x
.= �¬Rn(y1, . . . , yk)� ∧ ¬Rn( ˙Den(y1), . . . , ˙Den(yk)))

)
δ holds in M just of the members of the diagram of M. A glance at the
proof of Lemma (2.4.4) reveals that what is true in a structure according
to Tr is determined entirely by its diagram. Hence we have the following
lemma.

Lemma 2.4.5. If Diag(A) = Diag(B) then:

∀s(Tr(π(A), s) ↔ Tr(π(B), s)).

Indeed, so long we we assume A and B have the same universe M , then
construed as K-structures AM and BM , the antecedent is enough to ensure
they are isomorphic. As M itself is in HYPM, we can express the Kripke
truth predicate over M by using our parameterized truth predicate. Write:

TM(x) ↔ ∀y[∀z(δ(z) → Tr(y, z)) → Tr(y, x)].
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We can then write TM for the extension of TM in 〈M, T r〉. Lemma (2.4.5)
guarantees that TM is essentially the traditional Kripke truth predicate for
M. It differs in having sentences containing Tr as well as those containing
TM, but so long as it has the latter, passing from Tr to TM allows us to
recover all the classical results about Kripke truth predicates. In particular,
we have the result essentially stated by Kripke [32].

Theorem 2.4.6 (Kripke). TM is complete for inductive sets on M, and
hence is not coinductive on M.

This has the immediate corollary we need.

Corollary 2.4.7. Tr is not coinductive, and hence not hyperelementary.

2.5 Expansions

So far, we have identified, for context M, a universe of truth conditions
in HYPM. We have also identified the relevant semantic relation Tr , and
provided a reasonable semantics for it relative to this universe. We also
gained some insight into the complexity of Tr . This will now allow us to
look at what happens to the domain of truth conditions (structures) as
context (salience structure) shifts from M to 〈M,Tr〉. We need to show
that this expands HYPM in a way that genuinely adds more structures.
This will resolve the expansion problem, which in turn will substantiate the
claim that there is extraordinary context dependence in the Liar sentence.

Lemma (2.4.4) and Corollary (2.4.7) show Tr to be inductive non-
hyperelementary. The basis for expansion is the well-known effect on HYPM

of adding such a relation. The result, due to Moschovakis [40], is a general-
ization of a result of Spector.

Theorem 2.5.1 (Spector-Moschovakis). Let M be acceptable.

1. If P is hyperelementary on M then M and 〈M, P 〉 have the same
inductive and hyperelementary relations, and HYPM and HYP〈M,P 〉
have the same universe of sets.

2. If P and S are inductive non-hyperelementary, then 〈M, P 〉 and
〈M, S〉 have the same inductive and hyperelementary relations, and
HYP〈M,P 〉 and HYP〈M,S〉 have the same universe of sets.

This shows that adding Tr to the context induces a genuine expansion
of HYPM. It still needs to be verified that this in fact produces more truth
conditions—more structures—in HYP〈M,Tr〉. We can observe immediately
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that for any ordinal α in HYP〈M,Tr〉 but not in HYPM, there is an order-
ing 〈M,≤〉 in HYP〈M,Tr〉 which is not order-isomorphic to any ordering in
HYPM. To do full justice to the promise made in Section (1.2.2), however,
we need to do more. We need to make clear how the resources of HYP〈M,Tr〉
allow speakers to express more in the expanded context. In particular, we
need to find a natural way to build structures in HYP〈M,Tr〉 whose theories
differ from those of all structures in HYPM.

I shall show this for the right infinitary languages. It is not so for finitary
languages. Take any structure A ∈ HYP〈M,Tr〉 and consider ThL(A), the
finitary L-theory of A. By Lemma (2.3.5) and the transitivity of inductive
definitions [40, 1.C.3], we may treat A as a Π1

1 set on M. As x /∈ ThL(A) ↔
¬SentL(x) ∨ A |= ¬̇x, this shows ThL(A) to be in HYPM. For strongly
acceptable M, this is enough to show that ThL(A) has a model in HYPM,
by a theorem of Cutland [7]. For a structure A with domain M , the same
holds for its finitary K-theory. Hence, we do not add structures with new
finitary theories when we expand from HYPM to HYP〈M,Tr〉.

The main result of this section is that using infinitary theories, we may
distinguish some structures in HYP〈M,Tr〉 from all those in HYPM. I shall
show this by showing that we really need all of LHYPM

to define the sets
in HYPM. We thus find models with distinct infinitary theories all through
HYPM. This, combined with Theorem (2.5.1), will provide the needed re-
sult. This result is the most technical of the paper. Those willing to take
my word for it may want to skip to Theorem (2.5.14).

For those interested in the technical details, the approach taken here is
to adapt the classical technique of forcing up the ramified analytic hierarchy
of Feferman [8]. We may mimic the ramified second-order version of L
by thinking of a second-order quantifier ∃Xα of rank α as an infinitary
disjunction of formulas of ‘lower rank’. Recall that o(A) is the least ordinal
not in A, and O(M) = o(HYPM).

Definition 2.5.2. Let A be admissible, o(A) > ω, and let L ∈ A. For a
fragment LB, let DEL(LB) be the smallest fragment LC such that {∨ Φ |
Φ ⊆ LB ∧ Φ ∈ A} ⊆ LC . Now let:

L0 = Lωω

Lα+1 = DEL(Lα)

Lλ =
⋃
σ<λ

Lσ for limit λ

We always have
∨Lα ∈ Lα+1. Thus, Lα+1 provides something roughly

like existential quantification over sets of rank α in the ramified analytic
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hierarchy. Alternatively, we can see the requirement of membership in A as
building in something like the strength of ∆1

1-comprehension.
It is clear that the operation α �→ Lα is a Σ-operation in KPU with

infinity. Applying Σ-replacement gives:

Lemma 2.5.3. For admissible A with o(A) > ω and L ∈ A, if α < o(A)
then Lα ∈ A.

In particular, as O(M) > ω, for σ < O(M), Lσ ∈ HYPM. The resolv-
ability of HYPM allows for something like a converse.

Lemma 2.5.4. For α = O(M), Lα = LHYPM
.

Proof. One direction is trivial. I showed above that for σ < α, Lσ ∈ HYPM.
By the transitivity of HYPM, we then have Lα =

⋃
σ<α Lσ ⊆ HYPM, and

so Lα ⊆ LHYPM
.

The other direction not much more difficult. LHYPM
=

⋃
σ<α(L(M, σ)∩

L∞ω). We have (L(M, ω) ∩ L∞ω) ⊆ L0 = Lωω. Moreover, if (L∞ω ∩
L(M, σ)) ⊆ Lγ , then (L∞ω ∩ L(M, σ + 1)) ⊆ Lγ+1. By induction we thus
have LHYPM

⊆ Lα. �

The same clearly holds for the language with constants K.
There is a simple relation between Kα+1 and HYPM. Relying on Lemma

(2.3.5) we may restrict our attention to relations on M in HYPM, and make
use of the theory of inductive definitions of Moschovakis [40]. Recall that an
R-positive ϕ induces an inductive operator Γϕ with iterates Iα

ϕ , least fixed
point Iϕ, and closure ordinal ‖Γϕ‖.
Theorem 2.5.5. Let S ⊆ M , S ∈ HYPM. Then S is definable on M by a
Kα+1 formula for some α < O(M).

Proof. Recall that for each S ∈ HYPM, there is some R-positive formula
ϕ(x1, . . . , xk, y1, . . . , yn) and q1, . . . , qn ∈ M such that S = Iϕ(�x, q1, . . . , qn)
and ‖Γϕ‖ = α < O(M). Recall also:

(†) Iα
ϕ = {〈�x, �y〉 | 〈M, I<α

ϕ 〉 |= ϕ(�x, �y)}.
Now, we may build up the stages of Iϕ using Kα. (This is essentially the
argument of [1, VI.5.10].) For stage 0, we need to stipulate that R be empty.
Let ϕ(�x, �y, R/⊥) be the result of replacing each occurrence of R(t1, . . . , tk)
in ϕ by

∧
(ti ˙�=ti). We can define:

ψ0 = ϕ(�x, �y, R/⊥)

ψβ = ϕ(�x, �y, R/
∨
γ<β

ψγ)
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Using (†), it can easily be proved by induction that

(�x, �y) ∈ Iβ
ϕ ↔ M |= ψβ(�x, �y)

and
(�x, �y) ∈ Iϕ ↔ M |=

∨
β<α

ψβ(�x, �y).

Finally, we have S(�x) iff M |= ∨
β<α ψβ(�x, q̇1, . . . q̇n).

We now must show that
∨

β<α ψβ(�x, q̇1, . . . q̇n) is a formula of Kα+1. It
clearly suffice to show that

∨
β<α ψβ ∈ Lα+1. We proceed by induction.

ψ0 is clearly in L0 = Lωω, and so also in L1.
Suppose for each γ < β ≤ α, ψγ ∈ Lγ+1. We need to show that both ψβ

and
∨

γ<β ψγ are in Lβ+1. Observe that the second implies the first. From
the induction hypothesis, {ψγ | γ < β} ⊆ Lσ, where σ = sup{γ +1 | γ < β}.
σ ≤ β, so {ψγ | γ < β} ⊆ Lβ . Then as α < O(M), for β ≤ α {ψγ | γ < β} ∈
HYPM. Hence, from the definition of the Lα-hierarchy,

∨
γ<β ψγ is in Lβ+1.

By induction, we thus have
∨

β<α ψβ ∈ Lα+1. �

I shall now show that for any α < O(M), there is an S hyperelementary
on M that cannot be defined in Kα+1, and hence cannot be projected from a
fixed point Iα

ϕ . This will show that we find non-trivial definability properties
throughout all of HYPM.

This will be done by an analog of Cohen forcing up the ramified analytic
hierarchy, with Kα playing the role of the ramified analytic hierarchy. The
classical version of these ideas was developed by Feferman [8]. My presenta-
tion in part borrows from Sacks [47]. Let S be a new predicate symbol, and
let Kα(S) be the smallest fragment containing both Kα and S. Thus, S fig-
ures into no infinitary combinations. (In the ramified second-order case, we
add a new constant to a language which already has (ranked and unranked)
second-order variables.)

Define a forcing condition to be a finite consistent sets of sentences of
the form S(ṁ) or ¬S(ṁ). The forcing conditions form a partial order 〈P,≥〉
under the inclusion relation ⊆. The notion of consistency for such simple
sets is entirely syntactic: p is consistent if for no ṁ is both S(ṁ) and ¬S(ṁ)
in p. Hence, the partial order 〈P,≥〉 ∈ HYPM.

A forcing relation is defined as usual.

Definition 2.5.6. The forcing relation between conditions and sentences
of Kα(S) is defined as follows.

1. p � Ri(ṁ1, . . . , ṁn) iff M |= Ri(ṁ1, . . . , ṁn), for atomic
Ri(ṁ1, . . . , ṁn) in K.
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2. p � S(ṁ) iff S(ṁ) ∈ p.

3. p � ϕ ∨ ψ iff p � ϕ or p � ψ.

4. p � ¬ϕ iff for all q ≤ p, q � ϕ.

5. p � ∃v ϕ iff for some m, p � ϕ(ṁ).

6. p �
∨

Φ iff for some ϕ ∈ Φ, p � ϕ, where
∨

Φ ∈ DEL(Kβ) for
some β < α.

As M will remain fixed throughout, let us write X |= ϕ for 〈M, X〉 |= ϕ.
We may say S ∈ p if S |= ∧

p, i.e. S satisfies each member of p.
In some applications of forcing in recursion theory, such as Hinman [24],

it is useful to define a restricted notion of genericity. We do the same thing
here.

Definition 2.5.7. A predicate S on M is α-generic if for each sentence ϕ
of Kα(S) there is a condition p such that S ∈ p and p � ϕ or p � ¬ϕ.

Many of the usual facts about generics and forcing carry over to our
setting. The usual definability of forcing shows in this setting that for α <
O(M), the forcing relation for Kα(S) is in HYPM. Most importantly, we
have versions of the truth lemma and the existence of generics.

Lemma 2.5.8. If S is α-generic then for each Kα(S)-sentence ϕ,

S |= ϕ iff ∃p(S ∈ p ∧ p � ϕ).

The proof is nearly the same as the one for ramified analysis, as in [47,
IV.3.5]. Modifying familiar proofs also gives us the following.

Lemma 2.5.9. For M strongly acceptable and α < O(M), there are α-
generics in HYPM.

There is an important connection between definability and α-genericity.

Theorem 2.5.10. If S is α-generic, then S cannot be defined by a Kα-
formula.

To prove this, it will be helpful to have a technical lemma.

Definition 2.5.11. Fix some d ∈ M .
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1. For a condition p, define a condition p	 which disagrees with p on d
by:

S(ṁ) ∈ p	 iff

{
m �= d and S(ṁ) ∈ p

m = d and ¬S(ṁ) ∈ p

¬S(ṁ) ∈ p	 iff

{
m �= d and ¬S(ṁ) ∈ p

m = d and S(ṁ) ∈ p

2. For a formula ϕ, ϕ	 is the formula that results from substituting [(t ˙�=ḋ∧
S(t)) ∨ (t .= ḋ ∧ ¬S(t))] for each occurrence of S(t).

Lemma 2.5.12 (Feferman). p � ϕ iff p	 � ϕ	.

The proof is essentially that given in Feferman [8]. We may now give:

Proof of (2.5.10). For contradiction, suppose S is α-generic and S is defined
by a Kα-formula ϕ. We then have S |= ∀v(ϕ(v) ↔ S(v)). As ∀v(ϕ(v) ↔
S(v)) is a Kα(S)-sentence, and S is generic, by Lemma (2.5.8), there must
be some p such that S ∈ p and p � ∀v(ϕ(v) ↔ S(v)).

Fix such a p. p is a finite set of conditions, so there must be some d
such that neither S(ḋ) nor ¬S(ḋ) is in p. Fix some such d. Relative to this
d, observe that p	 = p. Hence, by the last Lemma (2.5.12), p � [∀v(ϕ(v) ↔
S(v))]	. By our choice of ϕ, this means p � ∀v(ϕ(v) ↔ (S(v))	). By Lemma
(2.5.8), we thus have S |= ∀v(ϕ(v) ↔ (S(v))	). For the d instance, unpacking
the definition of �, this implies S |= ϕ(ḋ) ↔ ¬S(ḋ). This contradicts our
assumption that ϕ defines S, so we are done. �

Combining Theorem (2.5.10) with (the proof of) Theorem (2.5.5) we see:

Corollary 2.5.13. If S ∈ HYPM is α-generic and S = Iϕ(m1, . . . , mk),
then ‖Γϕ‖ ≥ α.

These results show that for each level α of HYPM, we can find sets
that we need to go as high as α to build, and we need as much as Kα

to describe. We thus really do use all of HYPM to model the expressive
resources provided by context M. As a result, when we expand HYPM to
HYP〈M,Tr〉, we get genuinely new structures.

Theorem 2.5.14. Let α = O(M). Let P be inductive non-hyperelementary
on M. There is a structure A in HYP〈M,P 〉 such that no structure in HYPM

models ThKα(A) (= ThKHYPM
(A) ∈ HYP〈M,P 〉). Hence, no structure in

HYPM models ThKHYP〈M,P 〉
(A) as well.
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Proof. First, recall that α ∈ HYP〈M,P 〉. Hence there is an α-generic S in
HYP〈M,P 〉, and a structure 〈M, S〉 ∈ HYP〈M,P 〉. From Corollary (2.5.13),
we know that S /∈ HYPM, and so 〈M, S〉 �∈ HYPM. Moreover,

ThKα(S)(〈M, S〉) = {ϕ ∈ Kα(S) | ∃p(S ∈ p ∧ p � ϕ)}

by Lemma (2.5.8).
Suppose (〈B, Q〉, bm)m∈M |= ThKα(S)(〈M, S〉) and (〈B, Q〉, bm)m∈M ∈

HYPM. Let Q′ = {m | (〈B, Q〉, bm)m∈M |= S(ṁ)}. Q′ is in HYPM if Q is,
as satisfaction is ∆ in KPU. Thus the K(S)-structure 〈M, Q′〉 is in HYPM.
I claim Q′ is α-generic. As S is α-generic, for any Kα(S)-sentence ϕ, there
is condition p such that S ∈ p and p decides ϕ. We need to show that
Q′ ∈ p, i.e. Q′ |= ∧

p. By the definition of Q′, we see that Q′ |= ±S(ṁ)
iff (〈B, Q〉, bm) |= ±S(ṁ). But 〈B, Q〉 is chosen to agree with 〈M, S〉 on
Kα(S), so (〈B, Q〉, bm) |= ∧

p iff S |= ∧
p. Thus Q′ |= ∧

p iff S |= ∧
p, and

so Q′ ∈ p.
Finally, we observe that as Q′ is α-generic, by Corollary (2.5.13) Q′

cannot be in HYPM. This is a contradiction, so the result is proved for
K(S).

To see that this works for K as well, let R be some predicate symbol
in K interpreted by R in M. (For simplicity, we may suppose R to be
unary.) Using the acceptability of M, we may define a new predicate R̄ =
{x | ∃y[(x = 〈0, y〉 ∧ R(y)) ∨ (x = 〈1, y〉 ∧ S(y))]}. Let M be M with R̄
substituted for R. Clearly M is in HYP〈M,P 〉 but not in HYPM.

We now proceed pretty much as before. We may introduce a defined
symbol Ṡ by Ṡ(v) ↔ ∃w(R(w) ∧ w = 〈1, v〉). Suppose there is some B ∈
HYPM such that (B, bm)m∈M |= ThKα(M). We define Q̄ much like Q′,
using the defined Ṡ. Q̄ = {m | (B, bm) |= Ṡ(ṁ)}. If B is in HYPM, Q̄ is
as well. However, an easy calculation, similar to the one above, shows that
this implies S is in HYPM. As S is α-generic, this is a contradiction, so we
are done. �

This solves the expansion problem. There are more structures—more
truth conditions—in HYP〈M,Tr〉 than there are in HYPM; more structures
that can be distinguished by resources available in HYP〈M,Tr〉.

2.6 Infinitary Languages and Semantic Relations

There is one loose end that can now be (partially) tied up. My formal model
of the expressive resources speakers can bring to bear in a context M has
been HYPM. In particular, in Theorem (2.5.14) I worked with the language
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KHYPM
. But as I mentioned, we expect the resources speakers can bring

to bear to be given in part by the language they use, which is much more
directly modeled by the language K+ containing a semantic relation. In
Section (1.2.2) I suggested that we can see a match-up between the language
with semantic relations and the right sort of infinitary language, and have
been proceeding on that assumption.

We can now make this match-up more precise.

Theorem 2.6.1. Distinct structures in HYPM can be distinguished by sen-
tences of K+.

Proof. Let A and B be distinct structures in HYPM. From Corollary (2.3.4),
there is some sentence ψ of KHYPM

, indeed of LHYPM
, such that A |= ψ while

B |= ¬ψ. We need to find a sentence ψ′ of K+ that expresses this. ψ′ is built
up inductively. For atomic ψ, we want ψ′ = Tr( ˙π(A), �ψ�)∧Tr( ˙π(B), �¬ψ�).
The interesting induction step is for ψ =

∨
Φ. As ψ ∈ LHYPM

, Φ is in
HYPM. Now, relying upon Theorem (2.4.6), we may invoke a classic result
(as in [38, 5.21]), that for S ∈ HYPM, S is fully definable by a formula
of K+ (i.e. there is some formula γ such that m ∈ S iff TM(�γ(ṁ)�) iff
¬TM(�¬γ(ṁ)�)). Hence, there is a formula γ′ of K+ that defines the set
{�ϕ′� | ϕ ∈ Φ} on 〈M,Tr〉. We then let ψ′ = ∃v(γ′(v) ∧ (Tr( ˙π(A), v) ∧
Tr( ˙π(B), ¬̇v))). We always have 〈M,Tr〉 |= ψ′. �

We are thus safe in saying that indeed speakers in a context M can
distinguish the structures in HYPM using K+. As the relation Tr relies on
the domain of structures in HYPM for its interpretation, it displays the same
extraordinary context dependence as ∃p. The theorem shows that relative
to a given context M, the expressive resources of KHYPM

are no stronger
than those of K+. We will see in Remark (3.3.12) of Section (3.3) that
this relation goes the other way as well. But the direction established by
Theorem (2.6.1) is already enough to justify the use I have made of infinitary
languages, for it guarantees that having found new structures in HYP〈M,Tr〉
by lights of KHYP〈M,Tr〉 is enough to have found new structures by lights of
K+ in context 〈M,Tr〉.

2.7 The Formal Model of Extraordinary Context Depen-
dence

We have now gone a long way towards making the behavior of the Liar much
more tractable. I suggest that the expansion problem has been resolved; and
with it, the basic mysteries of extraordinary context dependence.
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There were two crucial things that needed to be explained, as I mentioned
in Section (1.1.4). First, we needed to explain how there is any context shift
in the Liar inference, between contexts (A) and (B) in section (1.1.3). We
have seen that part of context is described by a salience structure, and that
in this crucial step, the salience structure expands by adding a semantic
relation, given by Tr in the formal model. The formal model captures this
step in the shift from M to 〈M,Tr〉. Second, we needed to explain how this
can effect an expansion of the background domain of truth conditions. We
have seen that the truth conditions available for constructing propositions
relative to a context are constrained by the expressive resources speakers
can bring to bear in that context. I have suggested this is well-modeled by
the structure HYPM. The truth conditions available are modeled by the
structures in HYPM. The results of Section (2.3) support this. As we have
seen in Theorem (2.5.14), there are genuinely more structures in HYP〈M,Tr〉
than there were in HYPM. Thus, the context shift really does lead to an
expansion of the background domain of truth conditions.

In Section (1.1.5) I compared this sort of expansiveness with the behavior
of situations. I think we can see in the results of Section (2.5) a more satisfy-
ing theory. The structures in HYP〈M,Tr〉 are still L-structures, just as those
in the initial HYPM were. But they are structures that code up much more
complex relations than those in HYPM, reflecting the expanded expressive
resources provided by the expanded context 〈M,Tr〉. Rather than simply
throwing extra semantic relations onto structured truth conditions, which
I rejected in Section (1.1.5), we can now see that a semantic relation does
genuinely become salient in the Liar inference. This expands the salience
structure, and that in turn allow for greater complexity in truth conditions.
The result is expansion. I shall show in Section (3.3) how this greater com-
plexity can be used to reconstruct some more situation-like structure in truth
conditions, but for the moment, it should be stressed that it is complexity
that is doing the important work.

This expansiveness is the basis of the context dependence in the Liar,
as I argued in Section (1.1.3). The Liar sentence contains a tacit quantifier
over the domain of truth conditions, or the domain of propositions that can
be build from it. Though this domain is not in an ordinary way contextu-
ally restricted, we have seen that it can shift as context shifts. Hence, we
have a phenomenon of extraordinary context dependence. The particular
dependence we have observed opens the way for resolving the Liar paradox.
Relative to the initial context, with the smaller domain of truth conditions,
there is no proposition for the Liar sentence to express. Relative to the ex-
panded domain of the shifted context, there is. Hence, our two apparently

42



paradoxical conclusions at (A) and (B) need not be paradoxical at all.

3 Hierarchy

So far, we have addressed what I take to be the basic phenomenon under-
lying the Liar paradox. In investigating extraordinary context dependence,
we have seen how the Liar sentence can be context dependent. We have seen
that there is a context shift in the Liar inference, and that it leads to an
expansion of the background domain of truth conditions to which the Liar
sentence is sensitive. This does the heavy lifting of resolving the paradox.
As there is the right kind of context shift, and the right kind of context de-
pendence, the apparently intractable pair of conclusions we reach in the Liar
inference are no longer intractable. They can both be correct, as the very
same sentence can in the first context be unable to express a proposition,
and then express one in the second.

Though the heavy lifting has been done, the detail work has not. Bitter
experience with the paradox has shown that the devil really can be lurking
in the details. Though in solving the resolution problem, I have shown
that it is coherent for the Liar sentence to express a proposition in some
contexts, I have not yet fully explained what that proposition is, or how the
Liar sentence expresses it. Indeed it is not yet clear why, in spite of the
expansion of the domain of truth conditions, the Liar sentence does not just
continue in its previous semantic status.

In this part, I shall turn to the detail work. I shall argue that the
hierarchical structure implicit in the context-based solution to the expansion
problem I have offered helps us to address these remaining issues. In the
first Section (3.1), I shall show how a hierarchical structure emerges from
the phenomenon of extraordinary context dependence. I shall then show
that this hierarchy has a role to play in answering the remaining questions
about the Liar inference in Section (3.2). I shall show in detail how it plays
this role in Section (3.3), by further developing the formal model of Part
(2). With the tools provided by this development in hand, I shall return in
Section (3.4) to the Liar inference as originally presented in Section (1.1.3),
and show in detail how the paradox is avoided. I shall conclude the paper by
examining the nature of the hierarchy that emerges from context dependence
in Section (3.5), and finally by showing how it relates to an important more
general idea about hierarchies in Section (3.6).

43



3.1 The Emergent Hierarchy

Out of the resolution of the expansion problem, a hierarchy emerges. Fun-
damentally, we have a hierarchy of contexts and domains of truth conditions
determined by those contexts. For any context M, we can find a distinct
context 〈M,Tr〉. The domains associated with these contexts form a hier-
archical structure, as we know {A | A ∈ HYPM} � {A | A ∈ HYP〈M,Tr〉}.
If we like, we could count this as two hierarchies, one of contexts and one of
domains of truth conditions. But the two hierarchies are intimately related,
and generated by the same underlying phenomenon of extraordinary context
dependence. I think it is better to describe what we have as one basic under-
lying hierarchy with several aspects. Indeed, we can identify a third aspect
of this basic hierarchy, as the distinct domains of truth conditions induce
distinct semantic relations TrM and Tr 〈M,Tr〉. Each of these aspects—each
hierarchical structure—is open-ended. The step from M to 〈M,Tr〉 can be
repeated, giving a context 〈M,TrM,Tr 〈M,Tr〉〉, and so on. We likewise have
open-ended sequences of expanded domains of truth conditions, and seman-
tic relations. It is not obvious that these need to be linearly ordered. But as
I shall discuss in Section (3.5), the sequence of domains of truth conditions,
and hence the sequence of semantic relations, are predicted to be linearly
ordered by the mathematics I have used to analyze the situation.

As I promised, this hierarchy, in all its aspects, has emerged from the un-
derlying phenomenon of extraordinary context dependence. We worked out
what aspects of context are involved in the Liar, and how the Liar sentence
is dependent upon them, and found the phenomenon of domain expansion.
This can be repeated, to induce a fundamental hierarchical structure with
several different aspects. It is clearly a more liberal hierarchy than the one
originally suggested by Tarski. It does not place any syntactic restrictions
on the semantic relations, and the Kripke-inspired semantics of Tr allows
for a great deal of semantic closure. But it does fundamentally divide basic
semantic apparatus into levels, and so is essentially hierarchical.

To some extent, the hierarchy may appear epiphenomenal, as emergent
structure often is. But we will see in the following sections that is is useful in
addressing the yet-unanswered questions about the propositions expressed
by the Liar sentence.22

22Most context-based approaches to the paradox, including those of Barwise and
Etchemendy [2], Burge [3], Gaifman [10, 11], Koons [30], and Parsons [43], wind up with
some aspects of hierarchy, though these authors differ on the nature of the hierarchy and
the amount of emphasis they place upon it. A more difficult case to classify is Simmons
[48, 49]. He comes to some conclusions that seem to me to be hierarchical, but explicitly
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3.2 Reasoning Across Contexts

The role for the hierarchy derives from one more consideration of context de-
pendence. Generally, the presence of context dependence makes reasoning—
or rather, stating ones reasoning—a more difficult task. As sentences can
shift what they express across contexts, the correctness of an inferential step
across context can be a delicate matter. We see this in a dramatic way in
the Liar inference.

First, consider a simpler example. We are at the aquarium. Demonstrat-
ing a whale, you say ‘That is a whale’. A few moments later, demonstrating
an eel, you cannot correctly draw the conclusion expressed by ‘That is a
mammal’. The reason is not anything mysterious about the entailment from
being a whale to being a mammal. That still holds. The problem is simply
one of what is expressed by the second utterance ‘That is a mammal’, and
particularly that the referent of ‘that’ has changed with the context. Espe-
cially in reporting reasoning across contexts, speakers have to be careful to
express their claims correctly. In this case, the correct report for the second
step is something like ‘The previously demonstrated animal is a mammal’.

Here we see speakers making a claim that depends upon a prior claim.
When they do, they need to make sure they express the right content, the
content correctly related to the prior claim.

With this in mind, let us look back once more at the crucial steps in the
Liar inference:

¬∃p(Exp(�l�, p).(A)
l.(B)

In the first, we conclude l does not express a proposition. We then reasoned
by logic, that it therefore does not express a true proposition. This was
the assertion of l at (B). We could go on to conclude l expresses a true
proposition after all.

As with the ‘whale’ example, we need to be careful about this sort of
reasoning across the context shift from (A) to (B). Now, there is no real
worry about the referent of l, which is the same sentence in both contexts.
But we do have to worry about the domain of ∃p. The trivial step from

¬∃p(Exp(�l�, p)

to
¬∃p(Exp(�l�, p) ∧ Tr(p))

rejects hierarchies per se. I suggest below that perhaps some of his objections are targeted
at a more traditional, Tarskian hierarchy than the one I propose here.
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is only trivial if the domain of ∃p has not expanded during it. And of course,
it has. Just as with the ‘whale’ case, where the correct step was reported
by ‘the previously demonstrated mammal’, here the trivial step is one which
would roughly be reported as ‘As used in context (A), l does not express
a true proposition’. We thus find ourselves needing to make reference to
the semantics potentials of sentences in context, in order to clearly state
the logically trivial inference. To introduce some terminology, I shall say
we make reference to the semantics of a context when we make reference
to the semantic properties of sentences in the context. To state the trivial
inference properly, we need to make reference to the semantics of the initial
context (A).

It is tempting to conclude that in the Liar case, this is easy. After all,
at (B) the context looks like 〈M,Tr〉, so speakers have readily salient and
available the relation Tr . With it they can recover the predicate Str (and
indeed HYPM ∈ HYP〈M,Tr〉), so they can easily reconstruct the domain of
∃p in the initial context (A). With that, the can describe the semantics of
(A) well enough to express the right proposition.

This is to some extent right, but it under-estimates the task speakers
face. In the salience structure 〈M,Tr〉, Tr is just another salient relation. I
showed in Part (2) that because of its complexity relative to M, its presence
has important consequences. But as an element of the salience structure, it
is still just one of many salient relations. In particular, it is not singled out as
a semantic relation of the previous context. Likewise Str (or HYPM) is not
singled out as giving the domain of truth conditions of the previous context.
Thus, the path from the availability of these relations to the reconstruction
of the semantics of the previous context is not so direct.

Let us return to the‘whale’ example once more. There, the task speakers
face is not simply to re-identify an animal across time. Rather, they need
to identify something in the second context as the referent of an utterance
in the first context. They need to identify an object with respect to the
semantics of the previous context. Likewise, in the Liar inference, speakers
need not just identify the relation Tr ; they must identify it as the semantic
relation of that context.

How do they do this? I shall present a formal model continuing the work
of Part (2) below. But first, let me informally sketch what will be involved.
As in the ‘whale’ case, speakers need to identify features of the prior context,
and on the basis of them work out how to express aspects of its semantics
from their new context. First, they identify the prior context itself, or at
least its salience structure. From 〈M,Tr〉, it is easy enough to identify M.
They then start rebuilding the semantic relation TrM of M. They rebuild it

46



within HYP〈M,Tr〉, but as the semantic relation of M. I shall suggest they
may do this piecewise. With the resources of HYP〈M,Tr〉, they can come to
see each truth condition in HYPM as implicitly coding up its contribution
to the semantics of M. In HYP〈M,Tr〉, they can extract this information,
and use it to reconstruct the semantic relation Tr of M. This displays Tr
as the semantics of M within HYP〈M,Tr〉.

The emergent hierarchy I discussed in the previous section is important
for enabling speakers to do this. They need the expanded resources of the
new context to reconstruct the semantics of the prior context. But we will
also see that in reconstructing the semantic relations of the prior context,
speakers are led to a more traditional aspect of hierarchy. Within the new
context they have available multiple semantic relations: the proper one of
the context, and the one that reconstructs the semantics of the prior context.

3.3 Internal Truth Relations

We now need to see some more details of how the process of reconstructing
the semantic relation of the prior context may proceed. Continuing the
project of Part (2), my goal here is to work a simplified example in detail,
by spelling it out in the terms of the formal model I proposed there. As we
will now be looking at the truth relations of several contexts at once, some
notation is in order. Write TrM for the truth relation relative to context
M. As usual, we think of M as the context, and HYPM as providing the
resources that can be brought to bear in that context.

The crucial informal idea is that from the perspective of the expanded
context, i.e. in HYP〈M,Tr〉, some structures implicitly give information about
the semantics of the prior context, which can be extracted. This is spelled
out in the following definition. By virtue of Corollary (2.3.4), each structure
in HYPM can be thought of as given by its KHYPM

-theory. A structure
implicitly codes up information about a set S relative to HYPM if we can
move from its KHYPM

-theory to S within HYPM.

Definition 3.3.1. Let A be in HYPM. A articulates a set S in HYPM if
there is a subset of its KHYPM

-theory in HYPM and a mapping in HYPM

of that subset onto S.

We want to say that structures in HYPM articulate their contributions
to the parameterized truth relation TrM relative to the expanded context
〈M,Tr〉. To see the contribution of a structure to Tr , we simply restrict our
attention to that structure in the definition.
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Definition 3.3.2. Define A ↑ Tr , the A-section of Tr , by:

A ↑ Tr0 = {〈x, y〉 | x = π(A) ∧ Sent(y) ∧ 〈x, ∅〉 |= y∗}
A ↑ Trσ+1 = {〈x, y〉 | x = π(A) ∧ Sent(y) ∧ 〈x,A ↑ Trσ〉 |= y∗}

A ↑ Tr = ∪σA ↑ Trσ

We know that ‖A ↑ Tr‖ ≤ O(M) for each A ∈ HYPM.
For sentences in an A-section, the only structure term that makes any

difference is ˙π(A). Thus, quantification into the first argument place of
Tr is essentially the same as having ˙π(A) in that position. For instance,
〈π(A), �∃wTr(w, �ṁ

.= ṁ�)�〉 ∈ A ↑ Tr1, but only because 〈π(A), �ṁ
.=

ṁ�〉 ∈ A ↑ Tr0.
We can thus essentially think of an A-section as involving only sentences

containing a unary predicate TA. We may make this precise by considering
a language KTA which extends K by adding the symbol TA. For KTA , we
can carry out the Kripke construction in its usual form.

Definition 3.3.3.

TA,0 = {�ϕ� | SentKTA (ϕ) ∧ 〈A, ∅〉 |= ϕ∗}.
TA,σ+1 = {�ϕ� | SentKTA (ϕ) ∧ 〈A,TA,σ〉 |= ϕ∗}

TA =
⋃
σ

TA,σ

TA is essentially the A-section A ↑ Tr of Tr , cutting out essentially
vacuous quantification into the structure position of Tr. To make this more
precise, for a fixed A, we may define a map Υ: K+ → KTA which replaces
each occurrence of Tr(x, y) with TA(y). Such an Υ may be extended to a
map on Tr by setting Ῡ(〈π(B), �ϕ�〉) = �Υ(ϕ)�. Ῡ is truth preserving on
the A-section of Tr , and matches up elements of A ↑ Tr with those of TA.
It does so in a way that preserves levels, as the following lemma shows.

Lemma 3.3.4. Ῡ maps A ↑ Trα onto TA,α.

Proof. The proof is by induction on α and then on formulas. For the latter,
take the base case to be atomic and negated atomic sentences, treating
¬Tr separately, and observe that we may assume for sentences appearing in
A ↑ Tr that:

Υ(Tr(x, ˙�ϕ�)) = TA( ˙�Υ(ϕ)�).

To see that the map is onto, define a map Υ−1 from formulas of KTA to
K+ by replacing each occurrence of TA(x) by Tr( ˙π(A), x). �
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This shows that we can think of each TA as a kind of cleaned-up version
of the corresponding A-section of Tr . TA is much nicer to work with than Tr ,
as Definition (3.3.3) builds it up out of hyperelementary levels (it induces
an inductive norm on TA). The basic facts about TA are what we should
expect.

Lemma 3.3.5. Let A ∈ HYPM.

1. TA is inductive on M.

2. For σ < O(M), TA,σ is hyperelementary.

3. (The Weak T Property.) (TA(�ϕ�) ∨ TA(�¬ϕ�)) → (TA(�ϕ�) ↔
〈A, TA〉 |= ϕ).

Note we do not know that TA is non-hyperelementary if A �= M. This
will depend on the particular structure A. For extremely simple structures,
like 〈M〉 (or more properly 〈M, Mk1 , . . . , Mkn〉), every inductive relation is
elementary, and so TA will be in HYPM.

Now, we want to investigate how a structure codes up its own contri-
bution to the truth relation, by examining how a structure A articulates
TA.

Theorem 3.3.6. Let η = O(M).

1. A structure A ∈ HYPM articulates TA,α in HYPM for α < η.

2. No structure in HYPM with ‖TA‖ = η articulates TA in HYPM. In
particular, M does not articulate TM in HYPM.

3. There are structures in HYP〈M,Tr〉 that articulate their TA,η in
HYP〈M,Tr〉.

4. In particular, any structure A in HYPM articulates its TA in
HYP〈M,Tr〉.

One way to prove this is by a lemma which is of some interest in its own
right. It tells us that we can map sentences in TA into KHYPM

in a way that
respects levels.

Definition 3.3.7. Let �ϕ� ∈ TA. The rank |ϕ| of ϕ is the least α such that
�ϕ� ∈ TA,α.

We can map sentences of rank α into sentences of Kα true in A.
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Lemma 3.3.8. Let A ∈ HYPM. There is a HYPM-recursive 1 − 1 map
� : TA → KHYPM

such that for each ϕ, A |= ϕ�. Furthermore, if |ϕ| = α then
ϕ� ∈ Kα.

Proof. We define � by recursion on α = |ϕ|. For |ϕ| = 0, 〈A, ∅〉 |= ϕ∗, which
implies that ϕ contains no occurrences of TA. Set ϕ� = ϕ = ϕ∗ ∈ Kωω = K0.
Then clearly A |= ϕ�. Observe also that as TA,0 is hyperelementary, so is its
image under �.

Suppose the result for sentences of rank α < O(M). Let Sα = {ψ� |
|ψ| ≤ α} = �[TA,α]. We may suppose Sα is a hyperelementary subset of
Kα. Thus,

∨{v .= ˙�ψ� | ψ ∈ Sα} is a formula of Kα+1. For each ϕ of
rank α + 1, let ϕ� be the result of replacing each occurrence of TA in ϕ∗

by
∨{v .= ˙�ψ� | ψ ∈ Sα}. The result is a sentence of Kα+1. As TA,α+1 is

hyperelementary by Lemma (3.3.5), so is its image �[TA,α+1].
Induction on formulas shows that each ϕ� is true in A. It is clear from the

construction that � is 1−1 and defined by Σ recursion on HYPM, making it
HYPM-recursive. Indeed, the operations involved in defining � are syntactic,
so with care, it can be defined by ∆ recursion. �

From the lemma, the proof of Theorem (3.3.6) follows.

Proof of Theorem (3.3.6). � can be inverted in HYPM on any hyperelemen-
tary subset of its codomain, so Lemmas (3.3.5) and (3.3.8) guarantee that
each A articulates TA,α.

The rest of the theorem follows easily. �

Theorem (3.3.6) shows how from the perspective of 〈M,Tr〉, we can
think of each structure A in HYPM as implicitly containing the predicate
TA, or (relying on Lemma 3.3.4) its A-section of Tr . From 〈M,Tr〉, we can
thus think of each such A as really looking like 〈A, TA〉. The information that
each structure gives can be combined, to reconstruct an internal version of
a truth relation within a context.

Definition 3.3.9. Let A ∈ HYPM be a set of structures in HYPM that
articulate their TA in HYPM. Let the internal A-truth relation of M, T̃ r

A

M =∐
A∈A TA = {〈π(A), �ϕ�〉 | A ∈ A ∧ �ϕ� ∈ TA}.
Any context M has a maximal internal truth relation. But of particular

interest to us is the case where the context is 〈M,Tr〉 and A = HYPM: the

internal HYPM-truth relation of 〈M,Tr〉. Call this relation T̃ r
M

〈M,Tr〉 (the
internal version of the truth relation for M from the perspective of 〈M,Tr〉).
From Theorem (3.3.6) we have:
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Corollary 3.3.10. T̃ r
M

〈M,Tr〉 is well-defined, and is in HYP〈M,Tr〉, but not
in HYPM.

Remark 3.3.11.

1. It is clear from Theorem (2.5.14) that:

T̃ r
M

〈M,Tr〉 �
∐

A∈HYP〈M,Tr〉

TA.

We may embed an internal truth relation T̃ r into the correspond-
ing genuine Tr by using the second translation of the proof of Lemma
(3.3.4), which replaces each occurrence of TA(x) with Tr( ˙π(A), x). Un-
der this embedding, we have:

T̃ r
M

〈M,Tr〉 � Tr 〈M,Tr〉.

2. Technically speaking, T̃ r
M

〈M,Tr〉 is not the same as TrM. However,
the difference is incidental. For any element of TrM, we may identify
a set of elements of A-sections which witnesses its truth in T̃ r

M

〈M,Tr〉.
Observe that cross-world comparisons of truth reduce to world-specific
ones. For instance, suppose we have 〈π(A), �Tr(π(B), �ϕ�)�〉 ∈ TrM.
This holds because 〈π(B), �ϕ�〉 ∈ TrM. Similarly, quantification into
the structure position of Tr reduces to a set of instances. The proof
of Lemma (2.4.4) shows how to extend this procedure by recursion on
O(M). This can be carried out entirely within HYP〈M,Tr〉. Hence,
at least from the perspective of 〈M,Tr〉, we may safely ignore the

differences between T̃ r
A

〈M,Tr〉 and TrM.

Remark 3.3.12. In Section (2.6) I defended the use of infinitary languages as
a way to invoke definability theory which is faithful to what we can expect
of speakers’ expressive resources in a context. In particular, I noted that the
infinitary language KHYPM

is no stronger than K+. The proof of Theorem
(2.6.1) showed this by constructing a map from KHYPM

to K+.
Lemma (3.3.8) provides a kind of converse to this. For each A ∈ HYPM,

� : TA → KHYPM
. Together, these induces a map on T̃ r

M

〈M,Tr〉. The map is

truth preserving, in that for 〈π(A), �ϕ�〉 ∈ T̃ r
M

〈M,Tr〉, A |= ϕ�.
Relying on the identification of Remark (3.3.11.2), we may take this to

show that the expressive resources of K+ in HYPM are no stronger than
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those of KHYPM
. (At least, this can be seen to be so from the expanded

context 〈M,Tr〉.) Maps directly defined on K+ can be generated from the
maps Υ of Lemma (3.3.4). For each A ∈ HYPM, �◦Υ: K+ → KHYPM

. Each
such map is likewise truth preserving on the corresponding A-section of Tr .

Together with Theorem (2.6.1), these mappings give fairly precise form
to the idea that the right infinitary language and the language with semantic
relations have the same expressive power.

T̃ r
M

〈M,Tr〉 provides the needed reconstruction from context 〈M,Tr〉 of
the semantic relation of the prior context M. Its construction goes along
the lines I sketched informally in Section (3.2). Putting aside incidental
syntactic matters (relying on Lemma (3.3.4) and Remark (3.3.11)), the con-
struction starts with each structure from HYPM, and finds an articulation of
its A-section. This identifies the semantic contribution of each structure, as
implicitly given by the structure. Indeed, from HYP〈M,Tr〉, we can see each
structure A in HYPM as looking essentially like 〈A, A ↑ Tr〉. The semantic
contributions provided by each structure in HYPM are combined to build
T̃ r

M

〈M,Tr〉 as a reconstruction of the semantic relation TrM of context M.
Speakers in context 〈M,Tr〉 can use this to identify the contents of claims
made in the prior context M. This is just what we need to get a better
understanding of the Liar inference, and the conclusion l at (B).

3.4 The Paradox Revisited

Now that we have the internal truth relation T̃ r
M

〈M,Tr〉, we can go back and
describe what happens in the Liar inference. But first, there is one more
loose end that needs to be tie up. In the discussion of Part (1), I used the
relation Exp, while in Part (2) I switched to the parameterized version Tr .
As I explained there, the difference is primarily technical, and we can think
of Tr as parameterizing Exp. But we should make sure that the formal
developments I have offered really to relate back to the original formulation.
This will be important for finishing our assessment of the Liar inference as
presented in Section (1.1.4), as it will allow us to apply the formal apparatus
of Parts (2) and (3) to it.

We can recover the idea of expressing a proposition, by noting that rel-
ative to a fixed context M, a sentence expresses a proposition just in case it
divides the structures in HYPM into two classes: those in which the sentence
holds, and those in which it does not hold. Insofar as we want Tr to express
the semantic relation of the context, we thus want to say that ϕ expresses
a proposition just in case ∀x(Str(x) → (Tr(x, �ϕ�) ∨ Tr(x, �¬ϕ�))). Let us

52



introduce some abbreviations. Say ϕ is determinate at w if it has a truth
value there according to Tr , i.e. D(w, �ϕ�) ↔ (Tr(w, �ϕ�) ∨ Tr(w, �¬ϕ�)).
ϕ expresses a proposition if it is determinate in all worlds: E(�ϕ�) ↔
∀x(Str(x) → D(x, �ϕ�)).

When directly quantifying over propositions, we had as a Liar Sentence
the sentence l = ¬∃p(Exp(�l�, p)∧Tr(p)). We may put this in parameterized
form, using Ė and the binary Tr. By the usual diagonal methods, we may
obtain a fixed point of the predicate Ė(v) → ¬Tr( ˙π(M), v): a sentence λ
such that 〈M,Tr〉 |= λ ↔ (Ė(�λ�) → ¬Tr( ˙π(M), �λ�)). Note that Ė con-
tains a suppressed quantifier over truth conditions (structures), giving us
the quantifier made explicit as ∃p in l.

Now, let us return to the Liar inference of Section (1.1.4). First, a
calculation following the first part of the Liar inference verifies that in our
initial context M, λ cannot express a proposition, i.e. 〈M,Tr〉 |= ¬Ė(�λ�).

The theory predicts that there is now a context shift to a new context
〈M,Tr〉, with an expanded domain of truth conditions given by HYP〈M,Tr〉.
Relative to this new context, one can argue that the Liar sentence λ is
true. After all, we have ¬Ė(�λ�), so we have ¬(Ė(�λ�)∧Tr( ˙π(M), �λ�)), i.e.
Ė(�λ�) → ¬Tr( ˙π(M), �λ�). But this just λ.

This conclusion is made in the expanded context 〈M,Tr〉. But crucially,
it draws on the conclusion ¬Ė(�λ�) made in the previous context M. For
this reasoning to be valid, it must keep the interpretation of the semantic
expressions Ė and Tr fixed as the context shifts. To do this, speakers need to
be able to make sense from 〈M,Tr〉 of the semantic relations Ė and Tr as they
were interpreted in the prior context M. They may do so within HYP〈M,Tr〉
by constructing the internal truth relation T̃ r

M

〈M,Tr〉. By Remark (3.3.11),
we may treat this as an internal reconstruction of TrM. Let us simplify the
notation and write T̃ r for the internal reconstruction of TrM. We also have
an internal Ẽ(�ϕ�) ↔ ∀A ∈ HYPM(T̃ r(π(A), �ϕ�)∨T̃ r(π(A), �¬ϕ�)). Using
these, we can construct an internal interpretation of λ as it was interpreted
in M. Write this as λ̃.

It should be stressed, this is not to suggest that there are distinct sen-
tences λ and λ̃. The same syntactic item Tr appears in both. Rather, it is
only to mark how the same sentence is being interpreted across shifting con-
texts. (Speakers could introduce defined symbols for the internal semantic
relations, but that is not what is under interpretation in the Liar inference.)
In the expanded context 〈M,Tr〉, to preserve the interpretation of λ as it
was used in M, it must be interpreted as λ̃.

Now, the correct observation to be made in context 〈M,Tr〉 is that in
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context M, we had ¬Ė(�λ�). In the expanded context, this says ¬Ẽ(�λ�).
It follows that ¬(Ẽ(�λ�) ∧ T̃ r( ˙π(M), �λ�)). Hence, λ̃.

This conclusion may be correct because T̃ r is no longer the semantic
relation of the expanded context 〈M,Tr〉. As Corollary (3.3.10) makes clear,
it is an ordinary definable relation. Both T̃ r and Ẽ are relations on M that
are elements of HYP〈M,Tr〉. Working in HYP〈M,Tr〉, we may simply observe
that �λ� /∈ Ẽ. We may reach this conclusion by following the paradox, or we
may directly inspect the construction of the A-sections of Tr . This reveals
that, for instance, that we cannot have 〈π(M), �λ�〉 or 〈π(M), �¬λ�〉 in the
M-section of Tr , and hence (relying on Lemma (3.3.4)), they cannot be in
T̃ r. We thus witness ¬Ẽ(�λ�). It follow by logic ¬(Ẽ(�λ�)∧T̃ r( ˙π(M), �λ�)).

As elements of HYP〈M,Tr〉, T̃ r and Ẽ are relations on M definable by
formulas of KHYP〈M,Tr〉 . (This is implicit in the proof of Theorem (2.5.5).
Since Tr is inductive on M, it is definable in KHYP〈M,Tr〉 , which allows us
to then define other elements of HYP〈M,Tr〉. Cf. [1, VI.5.10].) Hence, if we
like, we can conclude M |= λ̃. Likewise, elements of HYP〈M,Tr〉 are fully
definable by formulas of K+ over 〈M,Tr 〈M,Tr〉〉 (that is, both them and their
complements are definable), by (2.4.6) and a theorem of McGee [38, 5.21].
Hence, if we think of the internal semantic relations as defined this way,
we can conclude 〈M,Tr 〈M,Tr〉〉 |= λ̃, where, importantly, Tr 〈M,Tr〉 is the
interpretation of Tr in context 〈M,Tr〉. This is not paradoxical, as I said,
because T̃ r is not the truth relation of this context. Hence, we no longer
have the fixed-point property for T̃ r. We have the fixed-point property for
the real truth relation of this context, Tr 〈M,Tr〉, but we have already seen
in Remark (3.3.11.1) that this is a distinct relation from T̃ r.

Because the internal semantic relations are in HYP〈M,Tr〉, and so avail-
able to speakers in 〈M,Tr〉 while not being the genuine semantic properties
of 〈M,Tr〉, the Liar sentence can express a true proposition in the expanded
context 〈M,Tr〉. What proposition is this truth? The apparatus of internal
truth predicates allows us a transparent statement. The true proposition is
the one expressed by interpreting the Liar sentence as λ̃ in context 〈M,Tr〉.
This says that that the Liar sentence did not express a true proposition in
M. This is just what we should have for reasoning across contexts. We start
with a claim in context M, and hold its interpretation constant across the
context shift to draw a conclusion from it. This is just like what we did in
the ‘whale’ example of Section (3.2).

What truth conditions go with this claim? First, let us look at this
informally. Sentences that make semantic claims, like the Liar sentence
or the sentence Ė(�λ�), make claims about a range of worlds, or about a

54



specific world. As such, their truth values will generally be independent of
the world of evaluation. With this in mind, let us look again at the Liar
inference. First, ¬Ė(�λ�) is asserted in M (corresponding to context (A)
from Sections (1.1.3) repeated in Section (3.2)). We have seen this is true
relative to M. Hence, it is true in all worlds available in M. It thus expresses
the proposition whose truth conditions are {A | A ∈ HYPM}. In context
M, the truth conditions of ¬Ė(�λ�) are the set of all available worlds.

This tells us what is expressed by λ in 〈M,Tr〉 (corresponding to context
(B)), i.e. the truth conditions of λ̃. The conclusion λ̃ follows from the
conclusion expressed by ¬Ė(�λ�) in context M, and so will be true in just
the same worlds. Hence, in 〈M,Tr〉, λ expresses the proposition whose truth
conditions are {A | A ∈ HYPM}. This is what we should expect from λ̃. It
says that λ did not express a true proposition according to the semantics
of context M. It is HYPM, and the structures in it, that tell us about the
semantics of M. The claim is thus true in all the worlds available there.

This analysis of the truth conditions of λ̃ could be presented more for-
mally. We have already seen that �λ� /∈ Ẽ, and hence, with the definability
resources of HYP〈M,Tr〉, M |= λ̃. We could follow out the algorithm for
cross-world comparisons suggested in Remark (3.3.11.2) to conclude that
λ̃ is true in each A ∈ HYPM, more or less tracking the informal analy-
sis just presented. But the apparatus of internal truth relations offers us
a way to make the conclusion much more vivid. I noted above that the
internal truth relation is build by looking at the contribution of each struc-
ture individually, and that from the perspective of 〈M,Tr〉, we can see each
structure in HYPM as looking like 〈A, A ↑ Tr〉 for purposes of internal in-
terpretation. With this in mind, we can observe that for no A ∈ HYPM

do we have 〈π(A), �λ�〉 ∈ A ↑ Tr or 〈π(A), �¬λ�〉 ∈ A ↑ Tr . Hence, our
internal interpretation shows us that for each A, 〈A, A ↑ Tr〉 |= ¬Ė(�λ�).
This implies that under the internal interpretation, 〈A, A ↑ Tr〉 |= λ for
each A ∈ HYPM. The internal interpretation thus shows us that λ̃ holds in
each world available in the initial context M, just as our informal analysis
suggested.

It worth remarking upon the sense in which λ̃ is a new proposition. After
all, its truth conditions are {A | A ∈ HYPM}. This is coextensive with the
necessary proposition of context M. But observe, it is not the necessary
proposition of the expanded 〈M,Tr〉, and indeed, relative to this context,
we can see it as expressing information about the previous context. This
proposition, as such, is not available in the previous context. Hence, the
paradox is resolved much as I proposed in Part (1).
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3.5 The Nature of the Hierarchy

We can now see better the role hierarchy plays in the theory I have proposed.
As I mentioned, context, in the guise of extraordinary context dependence,
does the heavy lifting. It is context dependence that makes a difference
between utterances (A) and (B). It is context that makes it the case that
there are more truth conditions available at (B), and so there is something
for the Liar sentence to express there. On the other hand, as I discussed
in Section (3.1), this already implicates a kind of emergent hierarchy. This
hierarchy gets put to use when we come to explain what proposition λ
expresses in the new (B) context 〈M,Tr〉. For to figure this out, we have to
consider reasoning across a context shift. To do this, we have to reconstruct
the semantics of the (A) context M in the expanded context. This leads us
to build the internal truth relation T̃ r, to use to interpret λ. Using it, we can
correctly come to the conclusion that the true assertion in 〈M,Tr〉 has the
content that in the (A) context M, λ does not express a true proposition.
This has truth conditions the set of worlds available in the (A) context.

The emergent hierarchy is essential to enabling us to do this. It provides
the extra worlds needed for there to be a proposition for λ to express in
the expanded 〈M,Tr〉. But furthermore, we require the extra strength of
HYP〈M,Tr〉 to develop the internal semantic relations. The same reasons
there are more truth conditions at all in the expanded context 〈M,Tr〉
enables us to build the internal interpretation of λ.

I shall devote the rest of this section to some comments on the nature
of the emergent hierarchy and the role it plays in my proposed resolution of
the paradox.

In some ways, the account of λ̃ I have offered is quite traditional. We
wind up, in context 〈M,Tr〉, with two truth relations at work: the genuine
semantics of the context Tr 〈M,Tr〉, and the internal reconstruction of the se-
mantics of the prior context T̃ r. The non-paradoxical conclusion is one that
makes reference to the lower-level truth relation: the internal reconstruction
of the semantics of the prior context.

On the other hand, I do want to stress that we arrive at this by non-
traditional means. We do not start by positing a hierarchy of truth relations,
as some hierarchical approaches do. Nor do we posit an index on the truth
relation (an approach I rejected in Section (1.1)). Rather, we arrive at the
hierarchy by meeting demands placed upon us by context dependence, and
exploiting resources made available by extraordinary context dependence.
It is only the demands of reasoning across context that lead us to interpret
the Liar sentence in any other way than via the semantic relations of the

56



current context. It is the expanded expressive resources of the expanded
context which make it possible to formulate the internal truth relation, and
it is the expanded domain of truth conditions of the context which provides
a proposition for the Liar sentence to express. Hence, I maintain, the hier-
archy arises naturally, given the rather drastic pressures put upon context
by paradoxical reasoning.

As it is driven by context dependence, the hierarchy I propose does
not posit a lexical ambiguity of the truth relation. Though ultimately an
internal truth relation is used in interpretation, this no more indicates a
lexical ambiguity of the truth relation than the ‘whale’ example of Section
(3.2) indicates a lexical ambiguity of the demonstrative ‘that’. The meaning
of the truth relation remains constant, just as the meaning of ‘that’ remains
constant. But in both cases, when looking across context shifts, we have to
be careful to reconstruct the right context-dependent value.

Outside of reasoning across context shifts, the expression Tr should have
the interpretation assigned to it by the current context. In the context
〈M,Tr〉, this is simply Tr 〈M,Tr〉. We depart from this, by appealing to
an internal truth relation, only because of the demands of reasoning across
context. In this situation, the internal semantic relation T̃ r is no longer the
genuine semantic relation of 〈M,Tr〉. If it were, we would simply have the
paradox back. But as with any hierarchy, this opens up the possibility of
further steps. In the expanded context 〈M,Tr〉, we have a truth relation
Tr 〈M,Tr〉, which is the real semantic relation of the context. With it, we
can simply repeat the process of generating a step in the hierarchy, leading
to a new context, a newly expanded domain of truth conditions, and new
internal truth relations. The hierarchy is open-ended.

It should be also stressed that the hierarchy which emerges, in all its
aspects, is one which allows a great deal of self-application of semantic re-
lations within levels. This is clear from the development of Part (2), which
used Kripkean techniques to ensure a great amount of self-application.

When we look at the basic idea of a hierarchy generated by context de-
pendence, it may well appear that we should expect incomparable contexts,
and so not have a proper, linearly ordered hierarchy. It is a striking con-
sequence of the machinery developed here that it predicts a linear ordering
of domains of truth conditions. This follows from Theorem (2.5.1), which
tell us that we get the same effect on HYPM by adding any inductive non-
hyperelementary relation to M. I believe this is the right result. What
leads to the expansion of a domain of truth conditions, as I see it, is brute
expansion in the complexity of resources context provides to speakers. It
does not matter precisely which more complex expression is made salient.
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It may well be possible to find mathematics to provide non-linear orderings
of domains. Perhaps one could make use of incomparable hyperdegrees over
the natural numbers to do so. But I do not see any natural interpretation
of the combinatorial subtlety involved. Rather, it appears to me that the
mathematics I have made use of here correctly models the phenomena, and
linearity should be accepted as a consequence.

To conclude this section, it will be useful to look back once more to
the situation-based proposal of Barwise and Etchemendy [2] I discussed in
Section (1.1.5). As I said before, there are a number of similarities between
their proposal and mine. As we have already seen in Section (1.2.2), salience
structures are structured entities that bear important similarities to situa-
tions in their role as contexts. Moreover, in Section (3.3), I observed that
from the expanded context 〈M,Tr〉, we could see each world of the pre-
vious context as looking like 〈A, A ↑ Tr〉. This looks very much like the
situation-based idea of expanding a situation by adding a semantic property
to it, leading to an expanded domain of truth conditions relative to which
an appropriate Liar sentence can be true.

In Section (1.1.5) and (2.7), I considered and rejected the situation-based
approach as a starting point. In starting with situations and then tacking
on semantic relations, it seemed to me too much like simply assuming a
Tarskian division into levels to begin with. As I have stressing, a hierar-
chical structure emerges in my view, and what emerges does have these
features in common with the situation-based approach. But rather than
simply postulating that we can non-trivially append semantic relations to
some situations, I hope I have explained how this sort of structure emerges
from the workings of language. I did not assume any situation-theoretic ap-
paratus: truth conditions are taken to be structures that reasonably model
possible worlds. But once we see that this does not preclude extraordinary
context dependence, we can see that we still can have domains of truth con-
ditions expanding as context shifts. This means speakers can in fact have
increased expressive resources in some contexts. In the face of reasoning
across a context shift in the Strengthened Liar, they are faced with a task of
reconstructing the semantics of the previous context. Along the way, they
need to identify the contributions of individual worlds in the previous con-
text to the semantics, and this is what allows them to think of those worlds
as having situation-like structure in the expanded context. Thus, speak-
ers wind up discerning semantic structure in some truth conditions. They
do this by way of the additional expressive resources the expanded context
provides. In contrast to the situation-based theory, the additional structure
discerned is in the truth conditions originally available. It is not the basis
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for the expansion of the domain of truth conditions; rather, it is an aspect of
how speakers in the expanded domain may make sense of the prior domain.
But nonetheless, it is fair to say that what speakers are enabled to discern
in the expanded context is situation-like structure. But we need not start
with a situation-based theory to understand how and why speakers do this.

The hierarchy I propose is primarily a hierarchy of contexts, which in-
duces a hierarchy of domains of truth conditions, which in turn induces a
hierarchy of semantic relations. Reasoning across the shifts in context the
hierarchy provides leads to the introduction of internal truth relations in
some contexts, and hence to a more traditional hierarchical feature of multi-
ple interpretations of the truth relation, as well as to some similarities with
situation-based theories.23

3.6 Reflection and Hierarchies

Many hierarchical proposals have taken their cue from the idea that the
second conclusion of the Liar inference is somehow made by way of reflecting
upon a previous conclusion or a previous context. Stepping into a position
of reflection is stepping up a level in a hierarchy. I basically agree. In other
work [17], I have argued that this sort of phenomenon is widespread, and
does not lead to an objectionable fragmentation of a concept. I thus have
tried to argue that there mere fact that we encounter a hierarchy of this sort
is not an objection per se. I shall conclude by addressing how the specific
proposal I have advanced here relates to the general idea of reflection.24

It is clear that in some respects, the hierarchical proposal I have offered
captures some kinds of reflection. The conclusion at (B) is made by way of an
internal truth relation, which reconstructs the semantics of the prior context
(A). This is a kind of reflection on the semantic potentials of sentences in
context (A). The proposition expressed at (B) bears this out, as it winds

23A number of criticisms of hierarchical approaches assume a much more traditional
hierarchy than the one I have developed. This is clear for the classical objections of Kripke
[32], as I have build into the hierarchy as much self-application of the truth relation as
Kripke himself provides. I also believe it holds for some more recent criticisms, such as
those of Simmons [48, 49], though a more thorough discussion of this will have to wait for
another occasion.

24The theme of reflection appears in a number of works, including the classic papers
of Kripke [32] and Parsons [43]. It also appears in more recent work, such as Simmons
[48, 49]. As I already mentioned, Simmons’ work embraces some aspects of hierarchy,
while rejecting others. I have argued in [17] that reflection is the core of the hierarchy.
For this reason, as well as those mentioned in Footnote (23), I emphasize the hierarchical
aspects more than Simmons does; though as I mentioned in that note, a more thorough
discussion will have to wait for another occasion.
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up ‘saying’ that the Liar sentence cannot express a true proposition in the
(A) context.

But this fails to address some aspects of the Liar inference as natural-
language phenomena, as we have been considering it here. We simply do
not seem to see any sort of explicit reflection on the status of a previous
context. Speakers following the Liar inference do not explicitly step back
and reflect in this manner. Even if speakers can do so, it is not evident
why this process should be at work in the Liar inference. As I have been
stressing, we can see the crucial step in the Liar inference, from (A) to (B),
as an instance of linguistic context shift; albeit extraordinary, but still a
natural-language phenomenon. We do not generally expect context shifts
to require such explicit reflection on the part of speakers. Why should this
extraordinary context shift be any different?

What is happening, I believe, is that the phenomenon of extraordinary
context dependence has the effect of making such reflection ‘automatic’, and
not transparent to speakers. The basis for this effect, as I have been stress-
ing in this part, is the role of reasoning across contexts. Speakers are lead
to adjust for a shift in context, as they often do. This can be transparent,
but it can also be a significant achievement. In this case, the achievement
required is the construction of an internal truth relation. This is indeed an
instance of reflective thinking about a previous context, in that it is a re-
construction of the semantics of that context. That speakers can sometimes
succeed in this without fully realizing it is not all that surprising. Lin-
guistic competence, and the pragmatic ability to use language, are complex
abilities, the details of which are often not transparent to speakers. That
speakers can sometimes, roughly, recognize the ‘reflective’ or simply ‘odd’
character of the Strengthened Liar, shows that they may get a more or less
accurate glimmer of what sort of natural-language processes are happening
underneath the surface of their linguistic achievements.

If my picture is right, introducing semantic notions like truth or expres-
sion into a discourse can induce context shifts. These context shifts can
have rather drastic consequences. If the semantic notion is complex enough,
the shift in context can expand the domain of truth conditions from which
propositions may be constructed. This induces a hierarchy, which has sev-
eral aspects. When we consider inferences such as the Liar, we can run into
paradox if we do not take due note of the hierarchy induced.

I hope to have shown that both the phenomenon of extraordinary context
shift, and the induced hierarchy, are not ad hoc or unmotivated. There is
good reason to see context as shifting by adding salient items. In some cases,
there is good reason to see this as expanding the domain of propositions.
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And there is good reason to see reasoning across this shift as relying on
internal reconstructions of prior semantic relations. This is the core of the
contextual-hierarchical approach I propose.
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Z. Khasidashvili, C. Vogel, J.-J. Lévy, and E. Vallduv́ı, editors, The
Tbilisi Symposium on Logic, Language and Computation, pages 147–
160. CSLI, Stanford, 1998.

[40] Y. N. Moschovakis. Elementary Induction on Abstract Structures.
North-Holland, Amsterdam, 1974.
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