2. Moster Eiuah'on ak Wbrk -

Bmmphs_oﬁamgulﬂmmm

We. sow fhat, on the basts of Hhree movin ossumphions, we were able 4 derive the
mest 3enau1 ﬁvm of & Morkovian equmLian of motion 7[or the regluced density
modrx P of an open qua,m[um ..9,5/601 This [_mo%/n.pl master equaﬁm describes
the ensemble dyramics of the {y:km, whith s governed by the :s]‘r/em Homgl -
Yonian # (whid jemem,ll}, may differ 74‘07?: the. pare Sysfem Hamilfonian ond Include
LMnL'bfe dnﬂs) and the [ma[ble Jampfry MS Jpecfﬁeo[ év a Jef Qﬁ

| sncllod operofors {Ly.}. How do we determine the appropriate Lindlblncl
opentors ¢

To answer this queshion,  recall - there are Tuo Shateges for deriving
the masker a]ua'ﬁoﬂ :

(1) the strafeqy we used in Chapler | showed how the Lindblod master
eqvmtim emerges jcnemll] based on a fw assompkions
(2) micragopi derivations Specific for individuol Syskems and Cotplfryx
to an environment”
The second staleyy s the appropriate ene if we are given (or an dekermine)
the Hamiltonian of the envirmment, Hy, and tre Gistem-enviommwent
coupling the. Ore can Show in this cuse that the relevant (indblod opernfors
dre hﬁ'ma{e[y related fo the _ys!em Opesators aﬁoe,anhf/h Hse, ard can
Le conshuded exp[:'cf-[(l)o‘ Due to time hmh%zﬁbng we will s kip over the

miroscopic. denvation. (You are @ncoumﬁed {o read sections 33.1 and 3.4.|
In 'Breuer/ f%?LrudLione to Jee }low the yicrescopic a[eﬂ\/ﬁfldn WerEs.

Pmcefl;‘nj in the S’oz‘rf{' of the #rsf' Jﬁu&yy y and hence th ﬂle ofésence o/
L microscopic merel fo jujde us, We begin by studying the simplest-



open quan{'vm IS/SI-GmS — H\e- {:wo—l,eve(, S‘ysrlem am{ HLa Aarmam‘c 05d//mlcr —

ﬁr whidy fhe eporopriate Lirdblad ﬁpe.mfm‘ Can ca.sr"ly be Ihﬁrreo/ and
Studied,

2.1 The open two-level system

Consider, again, o quantym Syslem wmposed of fup levels with orthenormal sties
10 and 1), This model i used in vameyus contexts ond may descrile, ey,
the spin degree of freedom of an elecfron, a cartoon of an ofom with on/): fwo

afomic levels, the lowest aﬁens{uki of a fvpermdum@ cicult o fwo diserele
cl«wge Shales OIL a quamfum dot.

Pefore saﬁﬁvy vp the master equation and solvipg i, Let us [’)n‘eﬁ] Feview

the concept of fhe Bloth sphere — the most conventent way fo visualize the
quantum State p of o fwo-level system.
The o{ensh’y matrix of o tuo-level syslom & o 222 hemitean watrix, and
s a Vedor lp) in e N>=4 dimensional R-vechor space Ry (e PS#1). This
vechor space s Sfa:mep[ b/ the orthogonal basis

B-{11).16, 1)), 1)}
Recall from T5#1 that orthogonaldy in J & based on the Hilbert Schmidf
inher y)rwlud' (AIB) = £r (AB). Since
CLi) =(53 lofﬂ =2 (]’—-X,/v,z-)/
our basis B 5 not normalized. Thstead of normalization of the bast Veckers,
it (s common proachize 4o include a factor £ in fhe detomposthion of p) -
1) =5 r 1D+ 6 l6) + 5lg) + rls)]

whee n=CLlp),  h=(xlp). r=(gGlp) ad r=(glp) are
all vreal —valued.

52



Normalization 07[ the 45'\95{')' matrix fixcs r,
1= Jcrf (ﬂ_lf = 3n C’lLllL) =r.
As o vesult, the dens@' matrix of @ ’}Wo lexel SJos/m can alvmy! be cx,oressd

by a real-valued vechr with three components ¥ = (1,15,1). In genesal,
Such vesfor mfresemlmlions of#ne dmsk{y mafrx are called coherence vechors.

To interpret the Cherene vector 7, recall the concept of purtty from FSEL
We O(eﬂneol {he,P\)n[:y as {Tf'fz'—'- (flf), which Wgtveg

trp'= (_f’l )
y [(1)_[ 5 Cxl + 1, G +@(zl][[j]_)+|;¢lx)+5ly)* r;[z)]

= lz [H—V‘, +V}L+Y‘§.].

\

Recall also that the purity sofisfies < tre*<| where trp*=1%
][or the mnple"dj mixed, skale and Hr P Z=| for any pure Jv‘m‘e
From e LTz 2,
5 & ALRcasr szl

we infer Q<P <l e the vedtor ¥ muwst lie. within or on +he
iu!f&ce q[ i} Sphem with unit radivs. “This J‘phene i Called the
Ploch sphert .

o .A C’Cl) o
. Excamples: \f)-‘=“><” *"(:;o) r= glﬁ)J ~(o)
(zlp) !

lo) = 10><o(=(3F) ¥ (o

L, PewerlD (g

Roth of- these are pure States ord hene, ¥ lies on the

sutace of the sphese. Nok. also that orthegonal

Sskafes lie on oppasing Sides of the phere (7 - 7).
furity decreases as (7l decreases; the complefely mixed
slale & repched when r=0

\;/
P B Y
X

\
\
\
\
\
\
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With the. Bloch representation af our chispesal, we now tun to the :5‘/3/em fi/nmuts.
Let us suppose the enemy splitfing between ground and excited Stale & €, and Fhat
the S)'&Jcm “unuH-mwm i< Sfmp‘l)/ j{van 19}/

Hg = 50-4—0’_.. (FyD" P\’B{U, s on alse ber writlen as He= "z'.idz— 4";'_6'7

Relaxation of zero temperature
Consider the process of sponfaneous relaxadion, in which the fuo-level Sysherm

um'zrgves a tangition 1) - [0}, E;Leij amservation dictales the {'mm,Qr 7[

the excitorion 2nergy info the environment —e4 by emsion of & pheton or
phenon with i =E.

1 =g
@ FB[lcw»'nj our discussion of how 4o interpret the
master eriuaﬁbh ard the Lindblad Jems imolved, # is clear that the afpropriate
Lindblad cperafor must efect the frangitzon 17 —107; o relaxation cccurs

when the sygkm 5 in the jrol)ha’ state [think: bath in vawumslz/% ot T=0). This
Suggesss:

L= vy l0X!| =vyo-

whee we hove alvmoly made &xpl(ci(’ the fador /y_ with >0 havfnﬁ dimensions
0,[ a rofe ('/{;\me)
The r&sul{'mﬂ ynasler equaﬁon is
d&f = e, ] - y(&*fé‘* -36%p —-Zijoo’+o’*)

\..__—_/———~\/-"——‘\-"‘/’
=yDle]p

which we wish o rewrite as on equafion for the coherence wecfor; e,
on equation of ‘/ﬁe,ﬁm) Frit)= Gr(H*B Hee, G s a matrix and b
a vechor defermined by the rhes. of our maskr 87(/&7,701'1 We will now
exfract G ond b ﬁ: ﬁ’m Jpeawcrc__ master eéiuwhon af hand

— a more Sysfenatic agprach applicable to any kind of masler eguation
s Subjeck of PSHZ. 54



Stort with the master equa{'toh mulhply from left with 62,6, ors;
and fake fhe frace:

i fr(ﬁ.'cf) ne 4 = %r(o*x[eo'*a*;f]) + YJ” (o;o’:,oo’* “%6;0’+°"f~210’lcf0"'5">

Two woys f caleulate Hhis: , )
‘ [t oy, ,
0 bruke force, e foke f=2 (NW}. l—n )z plug in
Rouli matrices and  caleulate. ¥
Rr example :

- {p (ﬁc'fo’*)-‘f‘ tr (f;)(f :)%(;:;%:26(0 03._,51—{: (3 h—ore)zo

(Z) Short cuks st 5 - g- =0

+ A (o pet) = <0\6§o’~f€*lo>~f <01§to’]oe*lo>--0

b (g lo's-p)) = Cle=[s%pli0) + lle* (s Il
Vetrge —(;lflo} Qlelt) = 2<(" iry - (r,,ﬂr))— —i.

Result: j’lb:ﬂa') = "g‘ r}(\‘:) - %"x (£) C?L\erence Vedorj,?va.ﬁ‘eﬂ»
domo. € ¥ Fit) = GF@) 5
= el =gl ~ya -eh 0
4 = ~ th G=|€em ~-y/z 0
b f?) (l+r%)7~ w €] ( . 0 —Y)

and B=(0,0,-y)°

Solubion for inttHal state T(t=0)=T7, :

| 0
eneral eneors -, - ta g ’ o
] F T =GF Ao =e =(. 0 t_)c

Solvhon -
- Lat-Je ot ~¥i2t N
9= 2 TEY = 1T () -isin(£4) )

sin (;,‘:6)3-"*/2 cos (Et)eYH> 0 ¢
c—ﬁ

0 = [aas (Et)e™ V2 —sinlgh)evbls o

0 0
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FM—»'wLxr fnlmv-edeweoos _ (veriation o{ conglant)
vh : - a b - L S <
selukon stz #8200 Fe G+ e8¥z = Ge+b

= E: e—g{'—b a)/wl Z(O)::F;

5 - 86] g7 +F
> 7= e¥6L-6Fre

— " . t 7
Fdl solvtion: ri) = egfg ¢ (8 —JL)_Q'L
- ¥ +ah) - 677

cos (E/RT> —sin(eyR) 2 0 \[(h) J0\] /o

= | sin (etfR) €TH2 oo (etimle T2 g r,,) -( o) ¥ ( o)

0 ° et s (4 -

Nole: | 8 For =0, the csherence vechor precesses arsond, the -owxis, as 'J'Zf(l0>+ll>)

and 5 (105+i11>) awe not eigenstades. (In the x ouwl(} basis, The
Hamilbonian  £6%~ ocks as o dnve fem fm;[ua'ly Rabi oscillatrons.)

7 or Y>O, relaxation a,lway_r Jn‘ves fhe suilem ints the ¥=1(0,0,-1) Svlu{e)
ie., the 3rov7ui state lov The deca), fowords the 5roUhA stake ﬁllows
on chuneﬁh'af law

Paxe (8 = trpIDAN = fe (0 4 (1+)) = §(1+@) = L(1+1)
= !_([ 4 Z@—Yt—l) TR

nwhal rz=1__A 2
with relaxation rate y. The mean relaxation dime & adled T =V/y
in the condexks of MR and 7uw\z‘um bits |

The off- 4fa‘gana,( elements of fhe dcnsff}; patrix  represerted @
=<6 and 1,=<6> undergo damped oscillofions . The rae
76r thesr olecay fownrds  zero s '}”/2 G‘CnUd[], i decay of
0756‘01/'&907\&[ elcmwfs s called o?ephammj The (;o-rre;)oondﬁyﬂ
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oyl

B Behavier of pun‘?

mean O’!iPl'\Dang 4ime & To. Reloxatton alwoys fnoluces d&phasz’l’y
with o ate r/ 2. If other olz/ohasfnﬁ mechaniime  cause addifore
dephosing with rate yp (“pure dephasing”), then the fofal
Aephas{ng rate 18 Y, =Yy/2 LYy Acwmb'rzgﬁx)

T, = (ylzer,)” & 5= 2T

If Cqunu{y holds, Jephaﬁt'rg s dictaled lo] reloxation alone and,
We. oy Hat Ty &5 Limited bj 270

under relaxaion
Consiokrirg the relaxabion of F=(001) 1o F=100) &
¢ clewr that the purr'[y may behave non-Vneno{'avu‘CaH]- T ﬁenem,/,
we obtain :
tr pr = T [(LFE) 1 F3)] =4 (1+ 177
= 'z{( + (roxc *rgys)z e+ (s ‘rr,,yc)"ef‘d’L +([r’03+1]e‘Y*_1)2}
- 12{ |+ pyevt e r"?)-/ e *'([roe*"]e_kt" )2}

Rf ﬁ)tamp[e,, 7[01' Vox= roy =0 d)’l‘{ roz.zl :

2 _ 1. i( -yt _ z = ! t=o
trp®=3 2 2¢7" ) |t ,
.Y ) =7 z - * ‘-Y '.Y ! ’ - an
Minimum: 0 Mr'{'rf = (27 -1)(-2y)e > =L - {—_7
Vi sudization:  Mathematea Nolebook
1.0 1.0 1.0 1.0 —
3 si g shh 08f, 7
ST oSH 1 DS _
00' I| |II I fi n £ a = 0.0 | II |II Iﬁl fi A oa g E 0.0 — b 0.6
SHAYVVE s 0 ||| yyvvy” R 2 04
st ! osp) 03 0
1.0 -1.0 -1.0 0.0
0 0 40 80 0 20 40 60 80 1] 20 40 1] 80 1] 20 40
time time time time
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Relaxation af finite tempera

D d

ure
1? v{‘he, ‘{'wb’le\fd §)'&)[CW\ ts Coup[eD( '{,'o a#xeﬂm[ bath Wwith W(Jﬂfvlﬁ T>O,
we expeck that photon absorpfion is possible as Well. ffence, we should
Consider the apuxf-forml Jum/o opem;ébr

L=y I<ol = /ot
Here, 1" should be adjusted h uch a wey that the fio-level Syshem 15
driven towards o themmal equlibrivm State

—Bests = _peats- [ e Ae [ [V =11y
L= € /tre = +epe =2 )
e R -1 _

The masker equa{fow how reads:
frp =-#lHgl - ¥Plelp + DI,

To rewrite thix h the coherence vector l”"j"‘”ﬁc' consider
be <[ atpe Lo -tpee]

5%



Example :  Caleulate derms ﬁr ji:l,‘\,. Choose 6%=0; =&+ 8=
Teem = 4r (&5*,05-)={r(o’—&+ﬁ;—)= ll6gHps-i) =0

Tem2:  r(saop)=tr(stsstp) = ls'ssplld = g, =H6-i)
Term 3: r (f)ﬁ'—o”'g)‘() = tr (fo‘-o’fd'—) = <l|fo’—o”+o"—ll> =ﬁ°-é(r;+f5,)
ehe.
Now cohererce veckor equaion i) =GRl + b
S - S X (g ~Yilr -elh ©
r)f“ ﬁv}m z ) Q=< efh 132 o)
= £ n6it) - L (t) 0 o
) = = (yry' e —-y+y' Z= (0,0,-y+y)
/
For f=eo, fp=0=—-(pry')y- yey' = (yry') tanh (Be/2) —y+Y'’
» Y (1+tanh(Bef2) = [ (1=nh(Be/2)
> r=ety

Note:| #® For very [MBZ Mpaw/ums kT>e, e =1, Tn ths case,
excitation and AE-C\Cd{'u\LI'Dn ocewr with the Same rate )"=7"’-
The. resulting steady~stafe reached for Hines > Uy s the Complefely
mixed sfate (7=0).

( time= 486
A purity= 01555562 /
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10 10 1.0 1.0
05 ﬂ 05 f\ ﬂ 0515 0.8 k
~ o~ u £ 06
5 ool 5 gotliia § oo :

A e LA ~ 04
~05 ~05 —05 02
-10 -10 -10 00

0 20 40 60 80 0 20 40 60 80 0 20 4 60 80 0o 20 40

time time time time

Pure dephasing

Reloyafion offects both the Oﬁ[—o/z'aganal ond the 0(!2!‘70”0-/ elements of the
density matric. Next, we will consider pure dephasing, whith only incluces
o‘ecay oF H\e o{{—dcajo'v\al a[emen{s. The opmen‘af'e Lmolblao( ope,mizrr in #U'S

Case i
L=Vy/2 0
The Aampz'ry ferms th the masker aiuaﬁon pow read :

ID[L]S’ =5 (ﬁfo’;- - 363 -%_fcrs}) = Y500 -p)

A< previously, we delermine the new derms in the toherence vechor aguation
Ly Ca,[(,ula,{—ir\ﬁ i: e = {‘r" (02- [r.h-s. of masles Cquw%h])

Iy = ——f: R~ Yol [rox @s(et/k) = roy sin(etfi)] e 11 ?i
- = . . -1
r] - % e — Y’frj’ = r (Jf) = [r ox Sm(ef/ﬂ fB] CDS(G\(;/‘m] e '?
L =0 —_ foe

Tﬂ% Side Top




1.0 10 L0 10
: 081N

| Ip'I n — | |'1| f o
Mo s = M g
\ & oo A g oo s

- Lo 0.0
0 0

-L0
0

NOTE - # The Lt'w\ua& lermn %‘ED[OE] leads N expmewl—ia.l decay of the o#:dﬁhfrn(
elements o{ the afcnStfy mabix on the -[me Scale _7;= l/ Yf (Oﬁl‘ —dic‘»ﬂw\d-[’
here refers fo p exoreseed ih the eigerbasis of the tuo -level s]s#em.)

As a result ‘7[ pure oéfhasfry, coherence s lost — a coherent .(U/aerposh’-lbn
of the [0) and 1) sates, W)= «lo>+g1), Hms inte 2 Statishual
Mixfure f=(\:(2 (;;(7-). The final Blodh vedor i on the 7 owis.

(&) (or a”trmﬁwl] the excited-state population p< X)) remain wdwjaol
under pure Aeplnas\'ry. Hence, the Bloch vecfor always remains in fhe plone

de\qhe_ol by +the bl value Z = <6).

B Tudthe curred 5efﬁhﬂ, depkasmﬂ occurs ynder any QNP-‘Eype measustmerd
of the systen energy.

2.2 The open harmonic oscillator
The Second example of an open quantum 93‘% ic the harmonic escillator. 7;jev%er

with the Jwo-[evel J)r['ﬂmi, it represenfs ohe of fhe very fow Systems for which
the master eoluu{‘fom can bhe solved ana/yffmflj and exacH/v. Similor 45 Hhe
developm@h'f’ he f;”oweo( in The previsus Sechion , we will discus @ V.SC]Q{[ way
+ \/{Sua,lize the densfb, matmc of Qa lmrmohic D.SCi/Im[or.

Whatever the nohure 0,[ te harmonic ostilloder ( mechanical vibrakons in a molecule
or Solid, oscillafions of fhe e/e,ch-pmogneht 74‘ela? ihside a mvﬁ‘)/ efe.), Ik
Hamiltonion fukes The Jimple form +=Fwpd'a, whee a and ot are /oam‘ﬁ
and 1ising operotore for the excitation stale of the ostillatr; ae counfs The
nembes of quanta. For concreferess, we will discuss fhe ecample of photons

inside a avity. The opernfors @ and af amihilfe o phofon insids The avly. )



The Hilbert poce i fhis case 5 infinife-dimensional, ard the Pholan
Mmber stales I( ,Vb}nelN repreyen‘[ an OMB for ZP Due 7%7%6 D{lbﬂehflbm%
of 7?; Ye aflempt 1o visualize P i woy mqa[??ow to a Blech Jphere Frcv‘we
is deomed 1o ﬁu'l. The ides behind achieviry a ure]@/ visualization nene-
theles i borrowed from an jmperfant method for v::suqlfze?y System dynamics

i Clossical medhanics: the phaSe_ Space re/ores&qfa.ﬁbn.

G’hsider o c[a%sfad harmm‘c osc}ﬂa,{—or with dmﬁnj mx = - kx —y5<
with solvbion  x(@#)= X, (oS (wt+ (f) C—Y'(?/Zm w/ w:/%—-(i‘)z ) Tl\e Pl/\av?-
—_—

space Pthr& IS

L/

L

(x (o), p(o))

X&), pt)]

assumer >0,

The idea i 1o {ay and. imitate this
repregentation for 2 7uanz’wn f/svém.
We will have fo overome fwo

hurdles, however :

(" He,:kenéayfs me‘ﬁz)hf)/ prih u;ole
demards that AxAp 2. A S{vgle
pafhf (x,p) h p&ase Jpace. s ok
Mewu“rﬁﬁl n c]uxn'fum mechanics.

(We will settle fore phase Sparce
distripufion of Gome. fort)

() Al efjens[u{eJ Df he [\armom'c oscillodor have (x(B)) =0 and (,G({)>"=0.

e"i@e,ns‘:a_k,s 0{ H do nof mimick the classical o,g(;;//a}oy Z)?f/lanelﬁ

Here, Xt and p@) are “posifion” and “momentum” opemators in the flelsen-

Larj Pfdum. (Kr /oho/—am ,

x~a+al and ﬁ~7‘a—z’a7L represent

fhe J/-re,ngr‘[q of electric ﬁ'efo( and mgneh'c vechor p a{cnﬁ'a[.) As we will C'ol\#m\
in more detail loter, photon number stafes  are not " classical shes of Light.

The second hurdle can be easily overzome, as you know, EJ crmn'o(eﬂ'rg

a

different class of sfudes : coherent shates. As i (L\opeﬁ;{'[/‘,/) i net your
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_ﬁ.r&"’ encounfer with Co[qere,m[ ‘S")[A/CS, we wil m@d), review {he mDS‘iL I}npof/ﬂhé
propechies and refafions Surrounalihj coheren] glafes.

READERS DIGEST: (oherent sfates el oper
U 14 & 2 cohererd stale © afx)=«[<) (xel)

@) Fom () folbws k>= e ™Y Lin) o that
pelm) = Kl = g7 20
Thee ic a Potsssn Jis{-ﬁLvl-im with mean valwe ndy= (xlnin) = zhp,in\= oc|?.

0.1

0.0

0 ||:;-|| T, T

(3) (oherent stafes ave pot orthogonal. Specifically,
(al /5> _ e-w*/ze- 181%/2 eoc*,@ ard hence, [l [D[Z = o1 AP

(l‘) EVUy S‘ltu{'e [\w in 4”«;0, La_rmam'c oSLiumLDr H1([;er[— Space # mée &)cPFESKep( h
Jerms of coherent shodes Ly using 1- %_fdzoc leeXXx|. For example :

In) = {ffolﬁcl@(ocln) = ﬁ—%;jd%c e~ I12 (o* )" |oc)

Nole : even ‘H‘\oujl\ each <> is pormalizedl, q reduction fachr of L. s necessary
— S)"ynallthj that {|°‘>}¢ec is overcomplele, e, the set Spans B but is

not b‘nmfij indlependent . For instance : ~ 10) v o coherenf Safe 2 is, bof is
olso giren by 105 = £ [ 2 1,
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(’9_) (ke, COhqu—‘g{nLt preL‘Ztl‘:oh va ue 7[0 #u: 7LW0 quwfmtwa opezwLors
Ko = 'L(“—+0'+) ard Xr,,_ (ia-iaf) i given by

<X°>‘ =K ond (XW/L>,< Im o

b pre.f-;:}ars) the lfua.lira'l’ure OPQID,{‘DFS Ccmv?pckd fo X and p. Their
commutafor s [X,, Xwe) = 70 #u'swlnarg's uncer{m'n{y relotion now
rw.d,S: AXO.AXTIZ /LLE'

Fach oherent stafe can be represented jn a phose space based o
quadrgtures

() =Im

i
e, wc=l«le'?

'.J ~ uoL/M{-D WQA r:;weimed'

{Xp=Re ot

§) The time exolubion of cohesent states nicely mimicks the classcal
oscillafory behovior

iniked shafe Im «
REMR T
pwd = e ) / _—
at 2 .
= c’w"au S Z, /— ,n> "~..~'?: ~jw,t
n=0 W
“dH2 = g~ gt
_ Zﬁ’c w nw

Time 6volml1'(9n of an inikol wherent
stake under the harmonic oscillodor
Hamilkonion consists of o circulor
= fee™ orbit in fiumifakm space. Ths imafches
the classioal behoior in phose Space..
b4

nmoV/nl

| AR
=—=l«
Jn!( e ")




ool -t
(7) The displacement operator Dlx) = e “shifts" the vacum

shbe to the cohernt slake 1<) : Do) = |«).
Fxcepl 'ﬁ;r an adjifioral phase ﬁo*m' , this s also works when applied

bo coherent shafes |6 with A70 o
D(x') (/))> = e@‘-/g*._m%)/z l°°"”ﬂ>}

or, in other werds

DIADR) = &2 D)

(8) Inthe anse of photens in a Cerlnin yrode 07[ fhe EM ﬁ‘e[pl, o Coherent
Shafe 1> s a 3oroo? dascn’,oh'on oﬂ a clasical stafe ygnﬁm{ed 6)/

o micholare gerﬁrm[of’ or loser; where the drive amplitude and phose
Cas well as ibs 74-:7uen91 and The. phofon /assm{e) defermine The  coherent—
stak’s phase and mmplitude. (FSFES will wolk v ’ﬂnroujlq the o[e)‘afls,)

(9) Quodrabwre represeptafions (X, la) and Xmlo)

The quodrature repmsen&ﬁ'uns of o cohesent Stale |y Correspend 1o position
and pomenfum rCP{CSW-[’lo‘rS Gy[‘ l°‘>, up o cerfain ][;C)LDFS Dy[ 2 and V2
corni from fhe tmvention X, =3 (arat) = £z The pmlgaén'[[é/ dishibobens
<K and ’<er/z|o¢>lz ore Ganssians Centered oF Rex and T v \yith
equal width AT,

ﬂ\e_ +Wo quadrabm mprwh{-ions Look promi.sfny [owL alo not gI'Ve, a
phase distribubon Jd’ — vie can esther chooe KX x) or Xreloc),
bt wob ol st the same fimel In the Allowing, we will explore. 4o
AVE o define phase space distibvhims: the Husimi @, ﬁ/nmLt‘a'h and

the Wigner fonchion,
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The Husimi 6L Funchion

Rerhaps, the most obvious way fo {’D/ ard define a phase space distrbodisn is the
Husimi @ fonckion. T motivate s definition, recall thot @ coherent sfate 16)

with K=x+ily (%% R) is cenlered at the peint X =, X.,,./z—:- oy Mereover,
Xo and Xir, correspord to jene/u(jzed position ard mewertom of the oscilloter
(up o prefackors, which are nof relesant 1s our present discussion). for a pure

Slale [4,>) we define Q”'X“(oc) _ .,’T_K%l‘wlf

te. dhe Q foncion at the poinf (%.,%) in phase space correspords fo Hhe probability
fo find the fys\[ﬁm th the Shate > (bviously, Q is non—negocﬁ/e. Tt i also
normalized 4o L since

S @PY 6 = L F (plaxedpy = Lyl Ll ly) = Iy =1
=1

HTAVQ we IuC(Jeedﬁv[ Ih ﬁnd;’rg a Pfolbe,r Pfobﬂbl'lly DL.S'IQ‘ILU‘HOV) n f/;age J/)afe_ 7
The arswer is 1o’ (and, as ohe can prove, 1+ will remain “no" no matter what

we do or deﬁ'ne N, lﬁ/ha{' 1S meSTng?
Man‘hemﬁ‘wl(),, probability theory can be cleveloped axfomﬁ‘(ﬂllj, ad s basel

on the concept of o~olgebras.  Leosely speaking, the s-algebm contouins
all possible sefs E (“events’) to which we coen assion o Probotbi(fb/ P(ED.
An imporfant requirement of s-algebras is that the probobilities of mufvally
exclusive events add up:

E~E =0 : PIECE) =P(E) - P(&).

For the Hus\'mi & "(:IV)CHOP\ it Hr\.l‘s Propexfy 'ﬁm}- % violoded Le(_ww_ 07[
the nonvothogonaUéy oF coherent staes. Despife this unavoidoble foilure
as A pvbbab;[fb dl\slﬂ'@uhb’n ) ‘{’/le Q ‘{lizyd-foh IS Vey USefu( in visudl (Za'l'g
harmenic escillator Sfafes.



wfi]?
Bamples: & (shereat st ) — &‘/*></5'(,,Q=:£.‘_c-' Al

(Gaussion centered ai'ﬁ)

Coherent stake I
w;{-h ﬂ:’-[f’l

Fck sk 1) — Q"% («) =1?'"_I[oc!2"e"°"z

(Poisson drstribvhon in n, o approxiw»alcfy
4 Qoussian with_cenfer [«1= v )

Generalizafion of Fhe Q. fonchion ']Qr mixed Stales
Our defiition of @ dbove was toilored fowemds pure_stafes. Hew s how e
can exlend it fo include mixed shales as wel p=t¥><H

J
&lp(“(oc) =%‘I<M | = L <°Cl+><)b{o<> = {:(&lﬁi@

Here, the last expresion expressed in ferms of P points the Wity fo
the definition of @ for an arbitry density honix p
Q) = L (tlplocd= dr (pladtel) = £ (oIDE)p Diw)io)
= % tr (l0><°l'D(—oc)f D(*’c))

Ac & result, Q) can be urdersbod as fhe expechafion wlue of
fhe propcfor ento the vacuum stafe with respect o the density mafrix (7



when Shifled 17 o in quadmhm Space.

b " phon .
Eomple: ® Thermal stake p=Z7¢#%%%% uhore Z= (AT =(1—e™)

n=o

is the canoneal parkiton 7§na[z‘on.
QF* («) = -'-IF(O"D(—x)ﬁAD ()]0 = Z"%i_&élﬁﬁle#"’ﬁt)m o)
- (Zn_)—-] Z I<°c|n>)2.e-/3hw,n ! ~Jnm

n=0
0 —Jx]? « 2n _ \
- (Z[r)-‘ Z e n/‘ _‘ e—/@*u,n =('Z1!')Fl e—lil"e lod"e ﬂ*u’

n=0
=L0- c-ﬂﬁw.,) e-l“-l"( | — g 7Ahee)™
T

Thic is a Gawssan centered af fhe erigin with & width faf jnceeases with
‘{t‘,m?m{'uR.

Xrll

| | L i
4 7! i 3 4

Xo

B Micture of fw cohesent shnfes: p= d +[/@>§/3[)

6 =;'r 1 G| D) pD(0) = > ( [Clof* l<—<lﬁ>lz)

Sk )

P=4 (1950l +(8>¢R1) "7# =45
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8 Cat sfade”  [b> =5 (o3 ) here = (2+ 2Re (BIOY)/ W,
s ‘}3 i oy + B w:_ \%- Aaiyra A

() = 1<l PN = o | <oy el
=—_1_‘"'_—N/3 [e“xlﬂ_ e %A% v JRe (e"'"'”z c:""’cl,'/“"‘—'le"l/z"_/g .C)}
il

G|
Q‘Y

[ ¥

= —7

'tCNp

PP v/ l\}'>=n%§s(lo>+f,6))

%,
This [soles almest |ke the stafistical mixfure of o coherent sfades above
—but only st The following wo Rlofs show the defails of fhe 4ails
Af'Al/e?l‘ ‘H\Z ‘f\do 'oea.[(‘o"'

T of Slale’ T shehicheal midue

X /2 Xrlzﬁ

reince “terms

ot @T -

%,
The Husimi-Q funchion i« Cerfeuinly @ wsefd vepresentadion 4 Visilize the densify

matrix. As suwch, @ confains all information there s f knew aboot 2 ( We adknow-
ledge fhis ﬁc)L here Witheut 3@@ ‘ﬁ'umﬂ/) The Pmﬁ)% [ast Compaiesen betueen

the statiskical mixtue and the ot stake of fwo coherent States indiats a

s[n‘glf)l— drawback of fhe Husimi - & —/[;Ana‘l'oh: pon- Ehss{ca[rb of ks q



may ern‘[). show yo as sublle diferences in fhe ils of the Qﬁmﬁ&h. The.

\A/:’jner 7£ncl—foy, s aplvwréqjepux i 'ﬂu's J;oedﬁ'c aspec{'. 1?' empha&‘zes %ﬁqﬁlres

due b Hon*c(assicali-/)/ of States — and dlo omfarins all mﬁxvnaflbn _given

E)]‘Hae deﬂif’b Ma‘l'ﬁkf.

To see He connection between & funcheon and W[gner ﬁna[ian ’ let vs foejin .L7 rewﬁl-iy 0 :

inbroduce Mﬁjrn{ ion ovet § funchion

Q,g(oc\=1ll_{;r(doc><ecl) =[;—'rtr[ P8 5 lﬁ></3’] ase a\P=pI)
|

8(2)-=“_L2IA2,'\ emzv'i___]‘: »n—3 £r[PfA7;ngZA C’A(ﬂtu")")“(/j-d.) lﬁ>¢ﬂ = -TIE.'; {r[f‘szﬁleA e;«- —Aoe e—xra, lﬁ)(ﬂeﬂ‘ﬂ]
= ,i‘t-,_-h»-[f ﬂl) ex'd-mof c—)“u T%fdtg [/3><ﬂ’e)ad‘J = %ZIJZA e)*oc,—)\c*{_r [Pé?*ac%ad]

-
=

anti-normed  ordosed chamelerishic 74:-4[-9/\ (VY
Hence, the Husimi-G fma‘-‘on is the Toarier transkorm of #he antrormyl ordeed
c}\wecc}eri#ic ﬁmc{ian (,{},(M- SFMI'[W[], Hhe W:’jna- 74,mc/ioﬂ s deﬁ‘nea( as e .L;un'a-
trounsform of the S)/mme['ricauy ordered chamcteristic funcfon :
Chu=tlp e ] =4epe” ugel D)2 MROLO),
andly b A% A £ (A [AB] = [B,[ABY=0 (daber denffy)

Wg(ol.) - #sz)\ e'h*—')wc C{;m ()‘) = 1_[_1:_2 fdzA e)\"u-—)\x*ﬂﬂl /2 Ci (7“)

Two commo, ﬁlly equivolent expressions 74' the. \A/Ijmr func\‘zbn ore
WP o= xrip) = JTE’,/JJ‘I CJZiPx,<"*xI/2‘)°\ x=x/2) = .,%%r IPD(’*)fD(“)J

. F .
where P=e™ " is the photon pumber P"‘"E{] opeswhor: cmjaln) =(=1)"n).
For the derivation of these expressions &, e, kucha/ﬂaimmi, appendix A.

Examples: & (oherent stade p= ‘/QX(S\
WS =24 (PDEwIpDI) = 2 ;;<an B 5 e P

=T ;(-l\“Knl/s-oc)(z P Z E_c—_lp%ﬂ_‘
= — 2| A-w)? =0 |
—‘1’%‘ € Iﬁ "’, Wl'u’ch )-S, aﬁa“m) a GOUSS\'M
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& Number state j’:l"‘)("l
WF () = E4r[PDEQ)In<nl )] =

3 o )li, s 2
For Fock sfates, the W;ymr fund‘ioh fakes on rejal-ive_ valves i
Corfain ('leonS oF Quaa{ﬂd'ure Space — .Sl;gkmllt;g M Focke.
g{a&es aJe nolL C’q&f ;CQJ, sFaff.s. l;l ﬁct C’aSS;CO«[:[} Of har/no'u&

ostilofor stales i offen defined. by this ariterdon.

& (of sfake Pl with =7 {o>+[lB>) (s abere)
WE () = I_VLT-%'W/Z—) [C—-ZIuL‘+ c—zuv,el . Ze.-zw—zmlcos (T “/3')1

Car shike (B=43)

@

. A =
Neke. ostillabions and >—”_/

wesoth've values . T




Photon decay at zero & finite femperfure

E—quip;oed with the W{gner ﬁna%h zlf;r wiuah’zinﬂ . we ove re_wl) to
inveshgate the clumped quantum hamonic ostilletor: For finite feaperative,
the esrrespond ing moster &}m:ﬁbh is
fe8 = -Lligl  wDlalp + xe A plalp
=~ —i [wd'a,p] + % (apal ~Latep -1 patu) rxeP( atpa-5adlp-1 faa*),

PHOTON OCCUPATION NUMBERS
The master equation dhove leadls 4o 2 Par-ffcu[arly mvvo(e_ solufion 7€r the

time evolution of he Pmbabil(f] distlovtion for finding n phofors in The EM mode,
Pint) = (hlf(ﬂln>-’

f.‘t‘P(n,{\ = <“lf{"tfl ny

= (- tw, v +iw,n)P(ag) + K (ne)P(n+1,t) =%n Pl )
+ R6RMo n Placi,t) — Fe ™ (nel)Plnt)

= K Phe)t) —KnP(nt) + 7<e’ﬁ'l:“"’° h Pln-1£) — Ke'/gﬁ“”(m-\) Pindt)

deca from stafe decay from stale with n photors decreases Plot)

wvereaser  Pint)

This & o clessical rafe equation. Nole: the efective decay rate Frem
p Stale with n PL\O['DHJ‘ s ®F = n7. The Stationasy drsh botion
is oblaine| 74\\91)4
0= i‘;?(n,t) =X (neV P+ t) = KnP(n,t) "'ﬁlnF(v\—-l,‘t) -JC'[VM)P[V,,-L)

= ke Ao

n=00 PO) = K Pr) = ¢~ AR p(p)

i P2 = L[ vKPO) - P0) « 250 P00
= 'l'z. (e—ﬁﬁwo P(O)_e-/sﬁwa P0) +ZC~Z'“M° P(0)
= e % Plo)
Pl = e ppy 72



Norma[(im-hbn : Z Pln) = P(O)Ze— nﬁ'k v _ P(e) __i |
h=o h=p
> Pro) = (1 —e#™%).

We '[‘hus obtain 'H)c Pﬁlo{vh ymmber distribvlien:
P(n) = (1—¢75) ¢~ P

_ﬂle. ave.rage pkof-mn nuWJoer 'ﬂ\eh obejs #le P’ahc[c dt'.S{'HLu[‘fon:

{n) = Ev;nP(n)'; PO

MoRE GENERAL SoLVTION _(including Fime deperdence and of—dr&jmw[ elewents)
Our fresfment o ﬁr covers cml)« the phefon nuumber distributioh (i.e., the d(‘ajom[
elements of the dcnsfg wafric), and our explicit Solufion ohly described the
S#eaob/ stafe. Next, leF us chudy the full dynamics of the density matix P for
+wo Spe,cffic inifial States: a  Simple ccherenf <hafe p= |/3,,)(130l and. o caf
stake  p= WGl with =B+ V.

M zoco demperature, 4wmpr'vg only comsicts of pholon loss and fhe master
equa{:x‘eh reads :

369 = £kl = xDlalp = —i [wahs,p] + % (apat ~Latap L patn)

& Coherent inifial stale
Recalling the dynanucs of the clussical damped oscillafor (spiraling fowards
the Dr(;?fh th phase Space), it s reasonable 4o —by the anpdz
pE=1BENLARN  vith BEC and Bo)=p,.

J e 4 aiprat- f:&)a] A i{_ efmA+9H)B# (jA+jB)e7CAfJB
__/g =at b 0 r\leis CFArgR FA+GR] =(F4-F,)[AB] =0

. . g8, A B3 -F AR =0.
- j— [e: |7z, fire -t \O)]

t
= [ -ber - ped i) = [Filaar A8 o | g
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T the lost clep, ue have used a+l/3>=}7a+a,| B, which cwn easily be poven
in the Fode borsis repreSe,n{aHeh. ﬂug s inbp the master elruaﬁb-n!
4 p = dian>Lpn] = - IBB1A [ + & ato |40 + 6 [B>¢p1dn
i ~iwedla [BBl + fw, @< Alaa + % I 18al —J—an*all@xel - Eipglata
This equa{-t'on ho[ds i . ‘

% = —iw, - K/2 f'.md _f’Elﬁlz = Rlﬁlljz‘
Hete  the |etffer equaHa‘n reps the majnifuale of BT ﬁllws d,'rCCH]

the fint ODE - ’ % _ B*
-ﬁ‘om ]QRY DE ﬁ.’lﬁll‘—‘ﬂﬁ*+ /613 :%/gﬁ&_'_%'gﬁ*:_k[ﬂ’l

Hence, we find +he solufion 310> with

Bl = Byt T
Acwralfngly, the W:‘yner- ﬁnc{ion K given by 2 Gaussian o/ esnstant widh
and center point spiraling hwards Towards the origin:

Wf’""(%) _ 1% exp (_2 , ﬁ,e“'“”t w2 “lz)

Initial Stale: cat stale p=I4><yl  with [p>=(1g>+ BN
Te proper nemplizotion aonstnt for The inikial Stfe 1
N=2(1+Re @IB) = 2(1+ ™ Btel?2)
Due to the wherent superposifion of fwe coherent States, we canrof expect
tie density mattic o be of fhe fom pH)= |ABUL Tndeed, Fhe inifial
Shafe alrcaol] hac the Jfruqlme

pl== ﬁf[ BRI+ 18,8 + 1) + 1,8,_></S,IJ

Since f=ll_j> = jO(H—’—e”‘J'ZD, i linexr, we con z’mmeob'a{e‘[] moke
use of our previous Solufioh — now With inibial stales (/5;></4;l (i=t2).
The new terms e {,ﬁ.XﬁJ and s hermitean conjuﬁa{f [et us affempt
the ansafz

4

s = e 1a5cp,) «he FO BESREI ¢ he 7



In ﬂ\e follm,/{rg, %empmﬁ!y draf) ‘H\e 'l—fme depondf,nce /%('Pi —*/Qi /4,— S‘n)np[&r
nefafion. Then, the ODE for the cross—ferms only reads

W= FIRR) GBI B ARG Ral) + he
~ FIpm) +F[Eap BT Ardt] <R[+
+ 1B S [ 5180 +%w’fa] Fhe

= -0 dfa BB+ i IBXB . + KA 4 f 1BXA
mosles eﬁuahm\ ’;l_kf a'a é‘g»(/gz’ -zl,%f I/g,><ﬁ2“ afa +he.

At this point, we resfore our nofafion and pmake five dependence exf)[«'c&‘ agoin,
e A=A We use A without fime degendence forThe inifial Superpo-
g?Lfon o[— ‘Hme fwo coherent shates ]/4,5 and llgz\ Co-m,oari-foh DI[ Ceaﬁa'a'en{s

in he dbove equah‘oh Jie\al&

) = 3 lﬁ,(+)l‘+l/&z(ul‘)+%ﬁ(ﬂ/ﬁf&)f{{) wnd Flo)=I
(o o#le,r new QTWJLA'D“S)

7 -xt 2 -
5 J;f_(gz iy - o7 -Lx(18 P+ 180) ¢ 145 ]

S £l = ep| (1-)(-50BRRR) + £2)] - </@2|/8,>(”e'm)
In total, we thus obfoin:

plb)= JH 3@ <A1+ 1B, AN + £ \/%,(+)><ﬁz(+)l+f"‘(ﬂl/%&%&&)\]
To compde he Wier furchon Wied=2 4 [PD-0pD0] o e, ue

make use 0“: the Pravfous Rxpression ﬁ?r o coherent Stode. In aa’a‘»'n/—(bn
V)ceol

1WQ’

tr[PDEw)] Bl D@,C)]j L[ P 18- 'J B2

:D(x) (ﬁ> - e@‘-ﬁ*_ <78)/2 ‘DC_'__ﬁ))
i



6o o aroly ::_ ;
2 A ol (falmy ¢EE 3
C e e (g

= exp [Lz,g(ﬁ,lgz - LB - %lﬂ'-dll,itﬁb—xll_(A-,c\gﬁf—og)]

= exp[4IpP -l -2l e [ 288 2o p 1]

The resulting expression for the W’gnwzﬁncﬁbh s gomewhat lengfhy
ard T vl refrtin from giving it explicit. It ic shoightpruand o pot
e\/ely(’hfrg &f;l:iaer ( Comppre Wrymerﬁncﬁbh movie Ghowh in lectore) | The
time evolukion corsisis of the initia[ cat stle with charadlerisc regions
where W) s neptbive. As Hme progresses, fhe o Jousian spial snward
towards the Onjin. At dhe Jome dime, coherenees are [ost as indicafed

by WSG besomning pesitive ewymer. For Swall dimes £ <K, We find

f({') - <132,/8>(1-"e"74t)): |<I8zl/g'>7<t' _ C-IIBZ"AIZJ(f

T2 []IBZ«-/?,IZK)—' o

=3

i 1/ % - 8.4, |

= For IB-A P>, dephusing & o [ot fz\skf than rebyation ]
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S Unravc(,l,irg the Masker Equal:\'on:
Quantum Tro:,iectories

A it stands, the Lindblad master equaf;‘on describes the ql/namt'cs (time deperdent
quayrFum Stale JO[H, expectation values of observables <OTH)) of an ensemble

o{ quahfum gysiems What can we say about the dynmts o,L a Sthgls inskance
of d quaﬁ'um snyém Which is Parf 01[ this ensemble 7

This question will (ead us fo the concept of quantym trajectories, which obey

a modified version of Jchrodingers equafion including a sfochastic temm, ie.,

a stochashe d"ﬁcefenhal &fua'élbr) (S,DE) SOZuhbns 07[ Such a SDE gre not
dekerministic hut depend on the specific realization of the randsm femms

enkﬁrg the SDE We will discuss how o generatc such Solutions, ard how 4 use.
them for CempUHf’lg ensemble averages. Before dclvfnj info stochastc dyMMfcs in
Hilberf Space, Ik 15 instrucive fo revew the classical situakion of a Syskm
described fy rafe equations ord fhe unravellf;y i terms of a Conkinusus—time

Mowkov proces.

3.1 C(onnection between Rate Equations
ard (onfinvous-Time Markov Frocesses

Consider o System which —at each inshtnte of fime —, May ocupy one Stake
from o fixed seb of awilable Strfes n€{12,.,N}. Fach state may connect
4o one or several other stafes n LI , Where y,,. s the rate assoCiated
with this purtionlar transition, A simple physics realization of sucha yslcm
ik the decoy chain for a radicactive nucleus. The stafe Space and asooined
Hronation rates con be Viualized with o direcled J”‘Ph’

)
T;‘,N"?- -
‘@ Noke: bi-direchonal transifions do not

) : & occur for radioachive alaﬂy chasns

' but do emerge ]Qr o{‘her;w?@s of
@ﬁ__e—o@\@' ——— processes. 77



The vanLe qujrfong ﬁr H\{s 'Eype Ol[ gslem 'éalze Hle ﬁrm:

do

d_t'E\ - Z# Ynm Pvn - Z Yhﬂn F'? (*)
3\&1«-_'_/ L",éﬂ_.(——"’J
" \'r\c_omlnj,' " OUl’je(.l’\j '
probobilly peaobi

@M & @

Under the assumption of the Markov properly —loosely Speotking, the behavior
of the syskm at dime € on[y alepehols on {'Ff,,(t)}m at the some Hime £ —
one can show that (*) v a J‘Pe,cr'al caee of the Chapman—Kolmojorov
equaﬁon. This equation governs the fenew| behawior of classical cominuovs—time
Motrkov proceses.
T‘ve Sfmu[q{'fon 0]( :‘S‘amp)e pau[f\s ’ \N (t) of fhe Markov process Is Sme’e_ ond
i given as follows.  The tofal decay roe for shde N=n & fhe sum
of all individual detay yoles: [7 = 3 You. I the Syslm enlered sl Non
af time t=t,, then the next jump P curs & a random time €,+T, wheve
T s prmey\{-i&uy dristabuled : F,"('U) =1, fo(rn't). The Fmbaéflf'{}/ ﬁr
the jump fo a Specific shate m £ given by its relofive ceniibulen 4o fhe
olewy rafe: p_ .= Ymn/[:- N jrr —
Acc_oro\frg)y, qQ Sa/mple PaH\ may look ke - Y L5 '
By averay \'hj over many .Coumple_ FaH\s, we
recover ﬂ\e evaluHon oF Probabf(f'[’ies goVGﬁ’ltA LJH\G rak equahon .

Remarks -
Prebabilities and ensemile avernges can Le computed b» repeated
genesation of Semple paths.
¥ The stochastic Markev process Lmderljihj fhe rute equaﬁ’zms k a
&Peuf:.c exoumple OF @ Pl'ecew'se Aelerminichz process (PDP)
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3.2 Piecewise Deteyminishic Rrocesses

A Stochastic process Produces mmple PaH\s X(f). For PDPS, Such &mple
Pa{‘[m& Obey 'ﬂ\e JrloCAas‘)Ll?: J[Mal Qua-ﬁrgh

dX () = g(X(ENdE + dT(x) )
— —_— —
{nCre,menf ale{emmis-l-fa J'ump ferm (no{' neces}an"ly Smal“ )

oHx FQ“DLF;&;%V;)E)
In ﬂqz case oF ra&, equm[fens, j(x):o. T thot (s H’l&rﬁ (s a dt‘screfe sef-
of possitle Stafes Tumps switch the System from Stade o state. Tn beeen jumps

“othing happens” T the more yenarﬂ( case described by G, he djnam‘cs
in behseen j'ump s ﬂoVem@( f@o.n ODE and X® ¢ nofF limded 4o
discrefe values but moy fake on any real value.

The crucial element that is new here [ie. ; i sfochashe dr’ﬁ@m’—tbf equa{ﬁms
are pems {vjou) 5 the jum;o fem dT (X&), I & reasonable expect fhat
O’J=O ﬁx— mosf oF the Ffime (no )'ump)~ The resu[{'{hg determinishz evolution
s inferrpted by instants of fime whese dT i large, and fuus produces @
wmp:

\L{g gf\/e Mew\ihﬁ “'O an @qua#om OF 'Hae {y,oe (ﬁ) , Huere are ‘llwo r?npor sz{’
questions We must answer

l. \A/,\OJ IS ‘Hy\e S{'aHSHCS 01c ‘H\‘?- J'wnp ‘l'l'mes 7 How ﬁequmﬂy
do jumps occur, whal is the olistribotion of Wai{{@ fimes ?
Z. How lage wre fhe jumps, whot 15 the distribution of
J’um‘o Lxetglmts?
The answers o both quesﬁbhs lie in the conditional Jjump rudes. Given an
inhal stade X=x,, let us asume thot there & discrele seb of stales
1Z.=2.(x)} Hhot can be reached from x,. e will denole #he rale for fhe
jlbm,o b a §pec"ﬁc shate 2, E)I W(z.Ix). (‘Misyenemlfzes the rakes yom
we ercourterd 7€r rofe equaﬁ}ms .) The humber qf Such /“Umioj' occan‘ttzj
17



olun'fy the fime jnferval Cf t+dt] s 31\/@1 Ia/v
E[aNf)] = Wizl dt

fere, dNL(t) s an infeger fandom variale. For fu#‘a?enﬂj/ Shot dt,
of mest ope jumP will occur, So that dAN () € {01} awnd

AN(E dNg () = bg L)

In these Jems, the jump increments take the form
J700) = Z [ Oxe) — X))t

With $his, the Stochastic differential ezfuah'on fora PDP i ﬁlly defermined and

sample paths o eam\ly be 5wera1~ed.

Our goa| in the remaining Seckions will consist of deInonsl'm{-r‘rg how 6pen
quertum  Systems can Le described] by a Stochastic S}j.réd,iryer eguation,
The Smmple poths, i thic case, oue called flqia,m‘um {'ra\z/iec%on'es.

3.3 An Ensemble of Ensembles
— Probability Distribufions in o Frojecive Hhilbert Space
We alreqd] enounlered fhe crucial dea behind quantum fny'cclvn‘es in Sechion 7.

There, we s fhat we may dhunys explain the ensemble dynamics described

by the LW{HOD( mas[u @fuaﬁon in The ]Q/[owf(x? "9’ Time. @voludion undes
§=~FlHg) + Ty DILdg
corresponded to an operafion of fhe form
PLEFAE) = pt) + M bp ~ 07(4F) = %:MrfM}: - O(AP)

Wit M,=1L-,ﬁiHA{:—£§N);,L’:L,,At ad M= Vbt L. for pol.
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We then demonshrated that this exact gperadion vl fe achieved by
cem.p\(ng fhe f}«s{evw Of inferest{o an ﬂ,wfl,(my %{em ( the “environ —
ment- gimulafor’) to which we applied an iddeal projective measutement.
—-l?adn\cj oves the environment then JleldeA the presméea[ Ofemfz'm ) (8.

L
plErht) = ; My p ) My = t Efoysre

In this sense, plh+AF) eomesponded 4o an upconddfional - post-measorement™
stafe. We noted that o different picfure emergeol when we. worked with
cendsbional post-ineasurement stales inskead. amely, Starting i a pure nihiel
state [y of fhe 9/_0‘&“, two distinct fypes of operodions were possible :

measement Frobub('b'{y

v
P
a, S ,_I__
az

> = (L-faeln-hT]lgy | mﬁ’ﬁf{;ﬂ
w/> J * e Ttoman®
S

% P3 /E’EFL; "[’s) /'wnp fo new state

ay :

NN /EFLFLN I‘[’s> J

fere, T c--'i};y,‘L*,ZL,A, b= 1—Ae§‘yp<letL,Alg> and = Yo AL,
Keepl'nj the ixformatien of individual measuvement outcomes O enables us to
subdivide the full ensemble of pest-measwement stafes info groups according

to  dishinct Ap. This leads o the “ensemble of ensembles ’ Cencepf' whith i
crucial for the develspment of quantm frajectores .

8|



Ordinary ensemble of quantom sttles | Ensemble of ensembles
g'f
defimes
i
Properties: Properties:
- unorderesd ensemble of cfakes ~ for each measuement pukcome there I3
defines p an ensemble of condifional post-mensure —
- SPchf{c_ ensemble ﬁar jiven £ Ment stules
is no¥ Wuque. —due b oro‘eﬂnj info ,S‘ué—e,fwyﬂes, ref:eu{eof
measyremenls can delermine @ach of the Shakes
W, g ebe

The ensemble of ensembles consept allows us to associnte probabilities with
stakes i Hilbert space. Since 1Y) and 21> (ze€) remain indistmguishable in
this condest, probabilities ae associated Lvith reys i Hilbert space (which
Make Up He so-called Pre)‘ech've H’Lléerf- Jpa.ce). The /Droéalof(;:zfy 7€r a cerlan
subsef  ACH oy be expresed i ferme of a probability density
fonchional  PLy] :
p(A) = [0y Dy~ PLy].
A
fere, the nng—kwd side dencles a ﬁncﬁb’ml Ihk:_yml over Stakes 1 The Jubset
A . T5 aveid tedious notafion ket characler ¥ suppeed here. The meaning
of “Dp Dy will be explained hext.
Ble)P[ei Cavxs(o[er qu, Kl)l'ro.c MmeasSure )«L%(A) = { ; Of[,\::j:.
Tis probability density funchional & Plyd=8Ly—p) s that

p (B =[24D¢" 3Ty

§2



Cheose o fixed OMB {8} of our Mhlbert space %, Every stk ek oom
hence be o\ecwoseal o3 fm%ihsbh with 2, =a,+ih eC.
The pmbulaf(:'y alem{fy con, Hhus be interpreted as

PLYT = Pl{z.}, {z}] = P[{a}, {bn}].

Funchimal [n{?ﬁra{'iot\ thus implies l'nl"%jm*"m’l over oll 2y, and by, or
20 and 7, ~
Dpdy = T dandb, = TC 5dz,dz

Tn the lask ckp, we hove wed  an=fas7), b= (52

and,

3 (omk,)
T"rda.,,db,‘ = det ( jf;:‘.gg) E—o(f., dzf

ﬁnauj e proper definilion of & Fl“obaé)fll.!y Aishribubion For @L?

in pr?jecﬁ\/e Hilbesrt Space moy be achieved by bn‘ry:’rg Pyl inko

a ]form which uses hormalized stafes [Nl=1 and gnotes phase fm‘o@f
PI$1=8(pN-NQN]  with QLe*4T-QL)]

E;(RYY‘P\,Q: H\e Pmpgj Dfra_c d,l:S‘I'IY'AIJ'HOh ﬁr PrOJCCHVe H{/éer{ J‘IDQCQ, 5
Pyl = [ix SLyp=c 4] whee Ifl=1

For any ﬁ;m#ona( F [)l/] — esther Com;olex-va(uco‘ ot opersfor valued —,
we coan yse the dishibvken PLy]l +o ampule expectation values :

E(Fiyl) = Japdy™ PLWIFLY]

Exomples: & Expectation value 0([ on observoble A . Then F [&[/]= <\MA[\I;§
and  E(FLyY) = J2pdy* PIyI<yAlY?
B Tl density matrix § hfmined by chousing FT] = (Ppl -
p=t (o8¢ 1) = [24 D= Ply] (< -
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34 Pecewise Determinishic Processes in Hilbert Space
We caw above: the System @namicg defermined é/ fhe. masks ezfuaérbh
and fhf[uenced L}z Eeepl'l'ﬂ a record of vesults from all indirecf measurements
fits hem[[j' info the Scheme of a FPDP. To infer the exp[n'cr'f ﬁrm of the
SDE, recal :
& [ohueen Jumps, the shake evolves bon-un){wi[j accoﬂL'rg o

pldt) = 2= (1§ H+ DRAMNIIT (s owp)

8 )u,mps eccr with FmLaLEl;I[féﬁ Prot ard lead fo

yleedt) = FZ ( ﬁ" - )N,

To cast fhis inbo e Standard form of & PDP. noke that pi= 1- A%FZJ;.W@IL’,LAL,J »
fenc, f",,= = /_Il‘-—y = [+3x= 432, Y ILey I°AL K

Tn fokel, we thus obkin

Byl = pleed)- po)-
- JE(H +ihé§,r»mr~)?"‘) in +érzﬂy,.ll Lapl* it dt: + %: (ﬁ - )N

Here, the Foison increments Sah’sﬁ/
dNﬂ ({’\ olNu(’c) = S}A]/O’Nr.(’t)

E[dNt]= Rerdt = db=pllL, i) o
In the remainder of this chapler we will show
2 how, f)rect'Se’l/v) thic SDE & relded 15 the master @7ua'{7'oh,

and

& how 1o implement numerics 7€r jenem{ﬂy tnoividlual
quantum {ffjechw‘e\s.
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Quantum {ra.jecforfes “unravel” the master equatioh

The meaning of fhis statement can be J’uacfndb: Summarized 17
fhe 74’”‘”‘""’{7 a[,n’o:ﬁmm:

-4
eIL(t )

plt) —=—— JO[‘c)

E (ly>pl),, E(lp><pl)e
]

t)
T+t
R, [y] Al
v [0t =9] T N [og[F) =p]

Niof Niok

(ot} —SE 5 {30}

In other words:  the o’ensh’] matrix af time t moy a[wa)zs be Oblained
as The expectuton value E (W), with respect fo the probebils
distrbofion BT ¢l om projective Hilbert space. Umfwjv evolution of The

a)cnff@ mateix s ref[ecvled bf a ransibon )oméabflf& ulermgy Tie
whidh reloes

Ryl = [25 35 T, 9P B (7).

Both Flyl and Ty, [\}/W] canbe exfracted from avernging over
wony quw\{vm ‘LMJ'cheﬁeé“ ( solubrors 0,[ the SDE)
Numerical Imp|emen+a{1bn: Generotion of Quantym Tl;j'e&um“es
Nurmerical solubions £o the stochastic fchr&;lmﬂer equation
dytt) = glpdd + g( ﬁl—q})aw)

hove v involve Solvi&»g the dgie,rmmish‘c equahbn % = g(y/(f)) which
holds for time periods betueen jumgs and the stochashic assignment= of

&



Jjomp Limes and. )‘wm,o 'Lmads

(1) Deterministic Evolution

dy/at = glyr) = ”'%{H”k"z:éwlj;‘l_ﬁ)\b(’c) +W

N

non-hermifean “Hamiltsnian” e —Linear £2im
H

The F{rsHem on the rhs. reembles whatwe would expect ]Z;mm a

S\ohrédm‘?e,r equqﬁ"on. 77)6 opem'[vr F I”“)’i’ﬁ "I%e role a,f'ﬁqe. orob'nay
Hamiltmion lacks an important property = [ (s nok hermifean, Tn

a woy ths & fo be a.n{—idpa{'eol- Nme!y, the absence of J'u,mPS revea/s
potial information about the Syslem's quanfom State. & weak mensure -
ment Uke this musk cause evolubion fhot !:{ net ﬁA/l}l reversible —
and fhes cunnot e um’fay Tndeed e~ HE/F i po unitary

H & hof hermitean.

The nen-linear nature of the ODE Iomt{gl»l— oh Lj the Second, termn

on the rh.s. of our ODE might alarm us. Forturnely, it fums

out that the non-linear tem has o v specific form which merely
ensures that Y(t) remains pormalized o unity.  The luck of hermikiily
for H leads fo a departure from Lyly>=1. The chm—[(mmﬂy

V‘efnS)[mLCS notmalizafion. To see ’f'k(&, lef us moke ’fhc ansatz

("‘iﬁt) Yo ~ DT NG Y
Pt = SEEEI o (Cafiny, (L BT
lexp(-ike) Ve " Chere and 1n Hhe followring, #=1)
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Taking the fime derivabive, we sblain: o
B ) — onlR g G T
- iyt 4y Rl e Moy e (i —;ﬁ)eiﬁ"lq@}_

"2 Yolply

=l

3(2.

lHt—’

= -ifyl) +5 Z Ve <\JJIL,LL,AI\)/>Y,
Thus the ansalz indeed Solves the non Linear equwlwn dt = G(pa),

From the sbps abeve,, we qlso jod‘he,r'-
u 'fﬁw I e le ™Rl = -2 pdpllL,p
- ISy, Lw,uz

’).71

From H\a’s, we cwndude ﬂ\af H’lﬁ norm 07[ '71/ [ y}l = C’iﬂft[/o s Unfhorma,lized,,)
Is mmm‘vnicalgly olecrcoJErg-

The rumericol solubion of the deferminishic equation of motion, mes-
£ﬁa£9hl-[ondardly, poceeds by Jolvfhﬁ

aoll—t—;F = :,lﬁ)[j (linear ODE)
and no"malizf@ 7/ ma.nu:d[‘y

(2) Jumps

For a given (norvalized) stade l//U’), the insfantaneous LLUlLEd /Ump rate
is the Sum of raks from all pessible channels :

My =2 Tyt P YePIELdpy = - [y 4 1y

J T2
= — %l fle-Hty
ar ¢ o7



Let us assume o jump has occwred ot £=0. Further let
P®) = Pm[oabfl(fy that no second jump pccuted in [ O,‘l:].

decreose
Py = LkrOR 2 & rop
change in P jUW’P be_kobilt’j, thot ho '
F«m“z-ahdg pmbab:uly Jme occwred unhil 1

-t_
> ég—: ~-M®dt - WP =- 7)/ &) . Pl)=ep(- fflrf )

) [®=T" =coni,
Gene,m{-e jurhp '{:Lme Liy o’nwfhﬁ 't' 740% the OL"SHID\)A“GW
oty = Te™™"  (pedk= prabebslibfrejop i [btrat])

Cempvkﬁ l‘ypfcal‘tj Provfale random pmbers with UV‘;th"‘Wl
d,isf‘riéul’fon Lebween 0 and L. To Gnverdt b a desired other
dishibyfion use.:

f({-)ol’c = fo(«‘:)% dx = W(x)dy u.(x7=‘[<\> mgo_

> ft) o %XE- =™ x® = ~e i
t= L.
Le., dmowx from [o,11 unifemly and obtmin  vio the
last expression ().

(b) Time dependent T(4)
va, the distribution Gf-anp'ILl‘mes is
—Fo(—l,—) = &) eXP['jd’E F[HJ.
Wit T =—bn hoxp(HOPL Hhis reduces b

PO = T Jexp (il = — Flexp(-iHY) ] -



Employing the same  Shategy as in ()t map from a vniform
distibubion, we cbfain the  relodion

X = "”Qcp(’im)\[/,nﬂ,

Psaresull we an extract the next waiting fome. by
® Drows xe[0,17 (unifsrm).
@ hile inkegating the deterministic ODE, monifor
the norm [lexp(-itit)g, Il Once it reaches I,
induce @ J'Vmp.
® IF ulbiple jomp channels exist, defermine ﬁ'{?@“t
B/v another x€[0,1T and relakive pmbabfb%és

L)
ff =

Example :  Driven Two-Level Syslem with Relaxation (>0)

Hamiltonjan: H= es's™ + Qo
Masler equ.aﬁ'cmf %Eﬁ-‘;;fl-l,f] +Y'Df&-]j> + Xe—’gelD[c?’L]ﬁ

iji: * -
dpl) = Glg) + dN,®) (ﬁ?’i»‘n‘w * OW-“)(n%an V)

Delerminishic. evolufion (Lnear Par(.— of G )
9o il - (ertp= Qe - fye's - byebama)

&



Bloch sphese representadion of a
quantum {rajechory for the
driven 'fwo—[e,ve[ Sy&lem with
relaxakion (at T>0).
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