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Freface: Motivation and Overview

The feaditional winy of [cam#y quantum mechanis opsists of S:‘udy{ry closed
qu systems (think of o hormonic ostillector, a hydrojen atom, o portice

In & }oobd-"ﬂl).
A closed o]uan+um 9s4em , eveh ﬂ;ovy/{ embeddled irto
[S@ the “univere” & aswmed o be
@ dﬂ@upleo{ 'ffom the rest C)F the ! th'V@mo
dosed sys B fMUy described b)' e Hmtﬁ—oﬂian #-.

The truth &:  exeepk perhaps for the wniverse itslf, no system s ‘fruly Closed . (An afom
coyles fo the e[ecﬁvmagy\eh'c feld, leadking fo relaxation by photo -emissin. A corduchion
dechton (or quasi-particle) inferncts with impurikies and imperfections in the cryshl (adice.

Bie)
7 The. "olejree, of opwessn deperds on fhe coupling Stremth
E@ betueen fhe system of iferest (5) ard other Syshems
e i n its environment (EnEy, ),  as vell as on the ime
scale Auhhg which the syskm ic 4o be DLS'CH/E’ﬁl / mmfleleﬁ[ .

£ "Viverse " here meowns, [oesel, spenking, the rest of the shsial worlol Tn wowy Cases,
it s useful to picfure fhe gbmﬁa e,m‘?,‘mwnenf of fhe Jys‘/]gfﬁa{)r fhe Cxperimenter’s b,
I‘OL‘H\O- than vost spoce ongl Jaqufes . (



(losed- Sysfem approach

include  all purh?:ipaéhﬂ ..S")/J)[CMQ Ih Your Hamilbnian end  solve ﬁhr&o[inﬂer
(’,M'llbh (or calculate (reens ﬁncHons efc,)

Drawbocks: 8 The combined s)uiem R ®F, ... & offen foo
large ond the fcfxréali@er qmﬁim hence infractable.

g The goa[ oy be fo extract Froper[t'&r 07[ S only, re. qumu‘fﬁ'es
‘H\a{' are acce&sfélc Iy aﬁo‘/ng meowramen{y t‘e S a[one.

In fhis case, Caleulating the detifesl behavior of E,,E;,...
5 overferll.

8 Oftertimes, the precise rafore of £, 5, and their

phofon exach fv"m °f covplmj to S are not well known. ek,
3 for the éﬁ@@[s on S, these defails mesy not mafler puch.,

G} Thivk, e4., of a JSuiface ofom in an excifed stafe. The
AT 7

thoron efect 07[ relocafion on fhe atom fs the Same, /ﬁd@oevden{

0{\ w[\et%er #c I'e[a)Cmen oCccurs ﬂlue 7Q> #’o?lt')h or P}:onan
emiscion/

Much of /vourc)ua)njcum mechanics l<nowleo&3e oy be based on closed {7&'/078.

There ore, Loweve,r, at least {wo p/ac&r where openness 0,[ a §¢#em Fea#g
'ﬂ\m‘yh th oy I'ﬂlcmducﬁp./ B loss :

B Jime - deperdent Hamilfmions HH)

i You believe in enefyy anservetion, You will have o oolmit

frof fe syrlenn musf be exchanging energy, with srmwe other ysten,
M\d hencz Le CoUpleD(. j}/




& pedsrement

Even Fhovgh. (M (ompledely fuils fo Sty what amshifudes o measurernent,

it 5 clear thaf oupling 1o anofher system —dhe measwement,
wpparm‘us-— S o ncce&fwy req virement,

Macroscopic Quantum Systems and the Quantum ’ .
Theory of Measurement NO}&‘ I'F ou art Am Lem
A. ]J. LEGGETT ﬂf ® hqce 'H"lf CIQSS
Supplement of the Progress of Theoretical Physics, No. 69, 1980 oVl {k %;@7 0’[ ?eﬂ 7ua’nh/m
:ys{cms in geneml could
»The real trouble [is] the fact that the measuring apparatus (e {;uf Aon‘:)ft'& S% 0/
[...]isitselfa physical system [...] and therefore should

affaicc, then you wil be

in principle be describable in quantum-mechanical terms. « N ,)’ .
i u#e_r} o[tSaﬁOO"’”b{ '
T— .

Cuife |l‘[<dy, v also gof 2 f[avor of openness 07[ qumﬁ/m vyhltms in the
lee,ﬁd' Of S-full(:([v‘ca.[ mechapics ﬂere, the COUpll'hj qp @ civm,mtum ‘S)\SIZBM_
with )’leaf and Fohl'r'c[e baﬂys' s eSenhio 7€r +the ofesc&'p%‘on q[ e.quEII'LﬁUWJ
Fropeh['ies within fhe cMWca[ ard jmhd"cunm"m[ enembles .

| System A central o[)]'ecf —ﬁ;r calwla#ng eﬂu?lién’um expectafion volues
\/E iy 'H*E, equ][Elovfom 0{6715!{ mefric of ﬁm_ System:
leat / J

bath

canenvical Z= 4y 7"

~B(H-pN) Zo 4 e—/?(H~NV)

jnmd- aunonical :



The notion of open 7uan('vm s:yslems goes be)/ww( this. Think of a Sys/em S
Gupled to ofher systeme of distincf @/Pes, Sizes, ...

Whet can we learn about the O&nm’ﬁs
inside Jy.s'{em S, while other S{'ydt’%s £, E,.
inferacf with it ?

ToPICS OF INTEREST INCLUDE
B fime a[efendme of observables

€9, - ga{g Fidelifios fpr quantum operaﬁpns n an implemeiintion of o
quantvm algorifhm

- TVM{vm fe.ea“oatk

g \ i sfe .
expectafion values in nenequilibrivm steady strtes
ey - phofon S'l—:lfqmsfde o drven andl (oss] ca\n'b

B pofye and 7umﬁ{-a}1‘ve destriphion of decoherence
eg. - losc of phase ‘nformahion in a qubif .('vperPoSH'r'uh state

al ensenle Otescﬁpztfon: Markovian W\tl&l-br.zquad'l'ms
.S'u‘!\tj[z-sho{' a[e&:ripﬁun: Ruardom 'frnf)'ec*orfe_s / stochasti; S’ckridirya a1vmttbn

Open—system approach

The #wvry o[opu olwmfvm W s Fr—mlly based on ‘ﬁqe S{uhdw‘nl va WECL\MJB
fou know. Tn fact, as you wil see, much of it & explicifly derived from Clased—system
7ua:rfvrn Mechanics In an‘m{egy that covld be described as  ntentional seleckive
omnesin : lA/e, went fo [:now &ve{}zﬂﬁhj jofn on /n ovr /eww/'

inferest S hut ﬁryef' the rest. All e/fecfrjof EE ,ﬁaout to be
included i a much more efficient cvolufion &ft/aﬁbn for S alone.




1. QMWIMM Mechalucx 'For Quanhzm E-v\_qineers CChapter Tie by Zagoskin]
1.1 Whirlwind Review: The 5 Axioms of Quantium Mechanics

Ve are al 74“'""(‘” with qmm‘um methapics, MyAe. oven experts. Since

Feynman, however; ﬁrever Tells ws fhot .ho% understands ?WW‘W mechaics,
it seems useﬁl 1o Veca.PiMafc fhe bare bones gkelefon 0[[ qmn{vm mechamics

(n ’H\e ')grm GF it ][i‘ve—‘é éa,fz’c oioms .

I MATH FRAMEWORIC
The instantaneous state qc a aluﬂnﬁjm Sysiemd Hme ZL i jivcn
by a normalized vechr (Y)Y EF fom an opprpriste Hilbert
Space ?ﬁ

I UnTARY TiME BVOLUTION
The fime evolubion i 3ov@v-heo( ‘L) the Sckﬁclc‘vger e?vw:’-r'on
iﬁ)kl\l/({,’)>= H l%@‘» where the Hamillonian H & a hermitean
sperotor associafed With the Sysem energy.
E[* Time evolobion i unibery :({\;H>= U Y{LDD W/ u=&-1H+/ﬁ)
Cunitary propageter
IT O0BSERVABLES
Observobles swe. measurable quﬂ)\ﬁ{{a (e9. energy, mowentym of a Pw-{ic/e,_..)
and are represenfec EJ hermitesn operators A=A+ The measvresd
value™ s always one of the cigenvalues of A

IV CoUAKE OF ThE WAVE FUNCTION [9.'0@1 for specA non~degcr\emfe]
Measuemendt jcneml!}: Perl-urﬁr the Systery bf c/xarﬁﬁy it State. I;nmeo&a{tlj
affer messuring the value a, (where Alay) = a.,.,[a—n>), the 9&7‘6»1

5 inofofe la) ™ (» Non-unitary ond - irreversile eVo/a/‘z‘m.)
* Some other aubhors c'rw(udx'mﬁ f,Zaﬂosb'v, .%oenir- oF ﬁw oxioms« The alueus df b &

€ not {-ern'lo(/\/ imperfant Lo (S,
%% In an fdesl, projective measrement — we will disclss more genesell measwement

t}/f@ [otes 5




Y BORNS RuLE
for o given state [)0>, the P{obob?[':ly b obfain the result a,,

when WLeotsvr-ivg A i j?ven Ly = Kﬂ«»l«}/)'z

REMARKS

() bor a complete w[‘o]( oxGoms,  ou may aala“':muy werd B include. rules 74)"
quantizafion, how fo comstruct jeint- Hilbert spaces from multigle subs ystems,
rules for <ystems of ilentieal parfizles efc.)

(2) T we accept the above axiorns, then we acknolledse fat there
are wo ﬁndoomcm[ulﬁl different ‘l'/pes of evolution

um}{-aly evolvhim irreversible stte Ghon
moler‘ﬁhriw‘:jereq, undor meay. t

(3) If we accept I=Y 25 axioms ( ;’no(erevdenf' statements fhot Guwnol
be derived 'ﬁm each oﬂner/)) then c,uw\ﬁm\ mechanics 15 hot
complete and  cfassical Pltys{cs 5 ot a b’mu’h}g behavior of
quantum mechanits.

‘SfMP[e,
L‘.W ‘fl\V[3 W

Why? The oxioms fitroduce the notion of o measurement”
Wf‘[‘hwf 31‘\/1"\3 au\y 6qalma‘}13n as fo wWhat consfihudes a MCASurz:meml,/

(5)  Axioras LT assume. observables with non-clegensrle spectm. For the generml

(r5€, pote:

post-stafe ayy = |2m2<aal¥d _ Py lyd

w/ R=lan>@nl projechor

<onl9D> COA AT on Subspeice far e@enm[ae Qn

prokobilify - p, = 1P = CHR D

Thete are the aperopriafe exoremions fo use when spec # hes degeraracies
(la thet tse, a\%ﬁ subspaces ae mulh -dimensicnod )



Example:  Axioms ih achon —— desive. <A>¢;p = (WMW
let A be an observable /;r & and ly>ede a Stk The expectadion

value (A)f, is defined 1o be the average mensucement resul when
measurirg A on a e ensemble of N»1  shukes prepored o be If).

Th b (h=l2,..): eigennlues of A
us,

Nl ¢ number menfs whes
Wy B L e = Lpo T DlGipia, W ke fepemat o

= 5 (pland> anlanld = Gl (T ank < )lp) = GlAlgD

A



12 Composite Syslems, Entangled Stafes (pure)

Corsider +uo qua,nf‘um S)/J/cm_s (x=1,2) with Jepa.m—(\: #‘:/éerf Jpaces %x and

Hamstomiars Hy. | mony sitations, we wold like 4o descrbe the oo Syleams

Jointly [perhaps because you have brsughl them iwfo close (rntfact and

*f@ inderact with eadh oz%er)

The joid fhilet spase of the o Gystems s the divect prochuct F =, @

Glven  bases {"/ﬁ>o< }4 ck, a £asf:74r H {’W' @/Wz},,ear.,‘

Acccmb'uj l Y, e el
dim & = (don ) (dim 78,).

Exaumple :  (onsider wo S‘pm—;’_ s/skms. Bags: {H}MNZ,} c .
Bosts ﬁ;r The Jeint Hilbert Spoce : LN, 10D, [, 11D},

Since {,‘}M‘I’O—EIKLQ,@MML} i a basi, every Safe /)_D)é?t? hay

a Whgue clecompasihion
(5= 20 Conlputfd  with Come

The dired vaduc{’ Gf Fwo opem-fors A ' H,H, and B ZL'_}ZL
i olefined a(:Ccrrthng:
(1: Kok — Fak
lood ¥ Qs> = (Al @ (BIY,.))

The mahrix elements 07[ 2=A®B ae
Criow' TA®R [nm) = GWIAINS (' [Blmd= Ay By,



To obfoin A®B in mafrix ﬁm 743:— given mafrices Ay, and B, . we
fy\us{‘ choose a Cenverdon ﬁr 7%6 Oroler q[ a’a'u}»/e r'halz'ces [ n,m).

Cemvej\l—ioﬂ! “[a,S"’ goos fasf,: [.e.

l: In=l, m=1>

2: 1,2y

M: [I,m)
Md. 121
MeN: N, M

ﬂonB alZ.B o a»(NB
A®B-= &?,B DlzzB o a.z,VB )

0B @B - LB

where ench entry aGB SEl @ matriy.

This 5 Semekimes also !‘eﬁfree( P as ‘Konecker Fmd,ud’.q
Wherever a S)Jieyn is composed of muliple compoments [ or Jyéy(n%wns ),
it mokes sense o ask whether the J}/s/cm 10 an enfangled Stafe.
[n the cose of a by —partite &ys/e”) (o JU,/JJ}IJ'/CIYIS) o shake | P €T @R,
i Colled err[-n,njled I#' the stafe cannof be wriffen ols azlorpduclL
stale [F)= ), @8y for any /y/>,€7€, and 19), €5,

Note: B Deample :
|S=L,M=1> = [D@(T), is & product stake (nof'em%uy/e/),
1521, Me0) =(ITU>+ UD)AE s an enbaryled sk

€ T, a«(bf—par;#e)anhlyled stake, each su[oyh‘&m loses s quan{um
fa[emliy " (Haroche X Rou'mbnol). for the example of e fuo pins:
the picture Fhot eadh gpin carries with it s own wavefonchion
thot encodes all properfies is pet. correct, In an enfangled stote, a



Jornt wavesncfion of The o spins must be. used whith desribes
the hared properties of fhe o atoms (even I H’c), are
Spotially Se,aam:fee{),

This poses an importunt queskion for the descriofion of apen
quwn{v/m :s]swlems: ;}[ S)/SLCM ond -envicorynent f‘l’ enb{;y/epl,
@ J‘:’nﬂle ket /50>€ %’},s will hot ao'c?mm‘ey describe the

yﬂﬁem — whot wll 7

We will address His tivesf-r'on h ﬁw nest section.

a l:nhlyleo{ States Pl o cracief role i quantum ompufing
ond quantym cypbjraf@ (withoot entanglement ho txp. geeolp
relabive 42 a classical Compu/Cr),

& Much u-[ Pus can emsf'ly 6& genera(fZea( t mere fhan
<f’wo gu&'s']g(ems anol wulh - pwﬁ')(& anu':g[emen'{-



Math Tnterdude .~ The trace (tr)

le, 1lrace o,[ an oferm[ar A:Zf/n? Is jiven é, Me Sum o/ its a{['b:70haj
mafric eloments w.rt. an orthonormal bosis {1}, o of
'I;[w Hilberl' J"ow:,e ge:

M
trA = Z <mlA|m>,

m=)

Remarks A Jhe {race s rha(zpem[erwl 01[ He on%onm‘rna/ bass  chasen
to caleulnte .
PeooF: Lot {]vD>} L a second OFB. <Then,
Z Gnlkim) =32 U GAR ) SIm) - (SIGl=L: amglelers)

:v};‘; &' [m¥mly) | Alv) = Z,,: GIA)
@ The frace of oy hermitean oferzq’—nr i reol-valued and
idenfical fo the yum of its a}envaluas.
@ The frace 1s Cyc[fca{[] invasiant | (.e. 1r (ABC)Sir(B(‘A)#r[KAB)

PROOF:  same staleqy as above, .., use dehiifion, crmplefeness,
roasmande ferms

Il



13 The Densif,y Matrix

Motivation
Consider a&“yfkm 0[ ')[\«lo Spfh—é.’-s) fm‘{'ia[.[y in the Stafe ISE,): (1Y 1l Vo
We firet measure @@L and J‘ub&‘eqaenﬂy T =10 (5XP| witt 18> =/ AT,
W‘\af’ 15 ‘ﬁ\e Cxpec{;a,#'on Va,[ ue (ﬂ? ?

Pca(:'s{'n'a-n ,S'oluHﬂh Tr/ T'es\lﬂ'“l” with ql =§2
l

[§> M 111> with peobobi Liy Bz \_% rosult B with 1-4 ___5,’_
o L> |Ly> with pr‘obab:'lﬂy Py (- P'”‘_-,!a’ _resu "1 with g =.‘;_

o _/

T resulf v with -9, = __:,%

oblem? h: stahishi a.[ it
e naet be. campctly descrbed
“Ly a ket [pure 8#:46)

et (= g1+ PugrL =13+ 3% <1

Mene JokaSHCd.\(ﬁd So[uHOﬂ

M =pe Ky = pu KT, = Pae KT + py LITUHD
= pay tr ((IDKNTD) « pyy br (1<UITD)

= dp [ ( par PO + pyy llD(Uj T”’-‘ ér(ym = <T[}o

—

—
= Jo: dezns:{‘y Ma:ff{x
or _g’(—a.H.S /’lw{ oPe,m-;Lo r

describes the ensemble. dfafe affer the fiwt measvrement

12



FOk S A A

= Le(kmal - 02 n><u+«f [1)<1| +

._
hY

~

«

wro

b |
ﬁf need fo calculote

thase fo obfain r (ol ot (/on') =.£, v

DEFINITION

2 9 o o0 ™

0o o o ”}Iﬁ T =1®IpxPl = JLoa(,/_lt> ,H&)(/—(ﬂ f<“)
0 2 o

0 o 0

L 41)

Let {l\}/n)}msﬂgf be a sef of normalized (wob necessan'ly orfflogcﬂna.()
stales. The operator

P= Z b <l
with  0<p 2l probability fo be in stale ), ard Z =l (rormalization)

J.escr—;lves 'H)e ensemé waln'/e_ ﬁ[ a 7wxmtvm W
The operator pis called the olens{b, mafrix.

Vice versa, any eperafor K that can be brought infs this form of o
probabilify-wesghted sun of projectors represents o valid densit ty matrix.

ReMARKS :

( I) E\S@m“e foec}nkcw valuﬁs OF oan oIOJe,rVo.b[e A— Wf{"\ ro;'.b‘peaL {o
the fsfdfc”f ofe given lo): <A> = f,'r(AJo =1 (joA)

(2) The vwmu lZﬂ-‘{loh condifion ZPA 1 fr the Shate.
= Z Pn'\P><\//] IS qulmon{’ {o the Condlition i‘rf) l.

(3) Al de,nsfbv mafrices are hermitean.



(4) Al eigenvalues of a da\sIP‘y matrix gre real, non-hegative
and Sum Up to 1. The proporfy of Aaw'hj real, nm»VEgaﬁw
eije,ma[ue.s & sometimes e)cPrcSSeol as: @ oiso posifive
(sm~deﬁni{e) Ma:fﬁx. (l/n’ce versa., Ly me[oy"r}j the Spedm(

representation, every pesitive hemitean operndor with wnity frace
s o vlid olens'(;yvfa{—;ix,) ] l}'

(5) The rep resenfafion O)[ pas a Pmbtbtlfly We,rgl\ka[ Sum of Projea[od
IS hot Unigue.
Ecample < Comsider o Spin-i. Let [1) 1) be The & @Ejens{m[cs
and  |£) = (D£IWINZ the &5 eigenshafes. Then
p=4IDALAIAU = (2 E)
= AIDGL L= L4 ity +10) (<ﬂ+<¢D*%"'z(’T>"Jf>)(<'f"<“)
= LIl LI = P

Consequence :  the ensembles

Ity 1y
> D 1D
I W D
Wy 1 W

look Olifferent bt are [DENTICAL (some ,f’)‘ No measviement
.Scf\eme, no ma‘H:Cr l\ow t'ngenfous, could o(:?sl'fhjui\sh Ee{'ween ‘Hlﬁé'e,
o,

(6) If fi ond [ ore alens‘n{y matrices, then p=rpt(-pp ¢
is also o density mafrix For all O0<p<L. (Think of 7 o5 a
rmLaL;U{7.)

PeooF : anc:e'V f.fo o dwfb/ ma{ﬁa‘g, we have
Ao S od o3 AIAR], e

0<otn, Bl and Z%=Zﬂm=l. ﬁus, {
n=t ™=t Lt

Ge) Matbemodically, the set of density mafrices Rae is s comvex: » ,I convex




N+M

P= S rald - 2 (Al <, | = ZE_Z] Vel el
with 0< S 1 and %YQ‘:%PK"J'%“V’)/&" :P+(I“'p)=.z.

(7) Our 9aoal old ket translale caS:ly info the Lanjuaje o,[ demif}
matrices:  the stake I\}/> IS a?faciafao( with the demn?/
mabix =YXyl Whenever P takes thic simple form, we
Soy the Syj‘fﬂn 1S ina pure state.
We howve: P s pure & fsfz
< S’pmjos{l,olo,.-.)O}
S (e =1

(8] Expressing pure sfafes by means of the density mafric p=[yX<pl
immediadel Ly ge{.f rid of non - Observoble Ib/)ase th /érmazlfuﬂ :
> and eI lead f the Jame dens{‘éb mafrix /ar/;z%}b/.
b ofber words, P:/)I/X)I/I represents a ray i Hilbert Space.

(7 //he olescdp{'fan éf 7uan1'um mea/wu'cs h ’I,Lerrm of‘ kef.s ﬂ'.e-, pure
sates) completely confained in fhe deseripfion i dcmi?

mafrces.

W Let us Vepthe axioms L ‘t;‘""jh Y in the /anjuc:.je qﬁde‘n‘g’fb IMHC&S/

14 Deja vu: QM Axioms in .Densily Matrix Lanyuaje

I MATH FRAMEWORIC
(ﬁw_ fns#an{'w\eous shate qc a aluanﬁxm S‘ysieMa{' 'l-imz ZL i jivcn
bJ Qa alensz'{}/ mactrix /o[{:) eRp (sef of densib, matnces for H#lbect
Sporez Jf,' See elso Froblem Sd'#l)



I uUnitaRy TIME EVOLUTION
The 4ime evelubion 30\/@4'7\@{ L/ the  ven-Newmann uaton

i#)t JDH) =[H, JOH')] where # s Hhe J}/ka's #nm{[{'vn,'an.
B [Using the unffcay propegator UH), we can easily write fhe solution as
P = UlE) pod UT(E).
ProoF
L. [von-Newmann equal—r‘an]
ihdyp = 602 p 0 YGh)) = 2 (5B, Dl + SR> (<1 3)
= Zp MYl © Zp )G CH) = THyp]

2. Consider JO[O);‘EF,,/‘#)()L,,), le., with /braéaéf/f A
we Sttt inthe put stafe /}é,} Time evolofim of this State
is gien by > WS (hence, <Y1~ <hIUH)
Ths,  plo) = URPUG); use U= 7F $o
Ca‘nﬁ’rm Glz'rec{/],

I OBSERVARLES — unohanjed [ —

IV COLLAPE OF THE DEWSITY MATRIX
Lot A"Zaum l)e an oLservoL/e with eigenvalue.r a,, [ Pafrw(:(e ollﬁr&f}

m=)

and B, the projechors onfo fhe (pairwise orthogomal) eigenspaces,
For a given ensemble shfe p= Zp, (R3], A ik weasured. The rewlting

. is M
new ensemble i p'= >P 0 Fon (uncondifirmal Post-measuement State)

m=\

The resulbing  sub—ensemble R Oof all instances in which the menswrement vesult a,

was OB{ﬂJ'IIEO() 1¢
. hek 4
f b on) (pest ~mensurement §fale condifromed

eh measwement rz.mb‘qe)

16



ProoF:  For each wember shate [n> in the f cnyemL[c, ﬁne, fost/e
shales ofles meaSvn’y/Ar are P 1n)/V<nlRIny  witn probabilty
‘ao <V\'P ln> ﬂws 'ﬂw Fesl—maa.?vremené Cn.%mﬂe 1S

& ;an%m s P @IR-E (> o).

For sub-ensemble, anly lude. m=74

¥ BOoRNS RuLlE
For any member stee of the ensemble described by the densz'é«
mofric P, fhe ,Dmbaéa‘/r'ﬁ/ fo observe the measurement result
ap I Yo = erOfZ) w/ Py [;er'nj the fm/'ecér onto e
€9enspace 7‘ar Ryp.
PooF :  [ef P= %‘fv‘l”><"l‘ Then, the (améabf(?ﬁ of mea svring
4y for member stafe Iy 15 <nlE In.
. ??c = 2,?,,0\”?]7\) = frgo@)

Audierce Question: 11 fie yofivetimal example dicesed. i fhe hegiming of seckin 13,
it duwns of hot the same result, ()=, & obfnined when +he inlermediate
measurenent of A = Gzel is dropel. Why 7

Answer: Tndeed | ore also obfaing

é ? 0 0 g 0 0 =i ‘33!2_
<TQ,, = ‘Lr (n’;%);‘h‘ 0 i ; Cig : g : : = Lf‘ 0 o ;!-2_
) 0 o @ L)l o o wuw 44

This & an accident of the selecled exarple rather than aﬂene:u{ result.
To see this, leb us dende fhe forst ard second observable (x-1,2)



by Qu= 2N hene for each ¢, e B opornor
Qe pmjecﬁaﬂ onfo The Mufua@ Or*/ﬁvjmll eigenspaces of fhe observables,

Then the o expéc{wLior\ values in 714855071 e
( <Qz>f, = tr(Tp,)

) <Qz>.° =1 Qp) = 4r (Q,Z PYs pY
f j -

A Suﬂ}cfeyd' (buf hot neceafav.' ) condibien 74):" (QD/,D:‘ <Q2'>ﬂ Xy
[WPP]=0 ¥ or [.R%]-0 W
izl ‘W\efonne/r condifion that happens b hold in the example .

For an example where the fwo C)qoed'mtz&n valuzes df]%r, consider
WK1 with 1> =g (1M ), 2, = oL, Q,=Ges
(See, Pmbl?«m Se‘f #’)

15 The State of on Open Quartum S}rlcm

Consider, once Ogain, ol quwvfum Syslern S in contact with s enviconment E. Wy
oy imagine. the Combiration of S and E 4o be a closed syslem, described by
either a pure stafe l?) EJ@®J€EEJ€ aré« a statidical misdure fekgg.
As we sow in Jecfion 1.3, in the presence o{ enfwlylemenf‘ 1> cannd be
reduced {o o product stafe; hence, no single ket 10 eHs con roflect-the
peculiar sfale of the open System S. However, all properties Ahat an be
extracted ﬁmn | b) measwrements on Salone can be @cpmsseo[ lo] a
reduced density matrix JOS

To gee ‘HUS ard defl‘ne ‘H’le apprvpﬁafe ﬁs , s#ant 74‘0”! f& R]f Wl'be—r“e
el EXCEI for the special care of- o pwe stafe. (The following tonsiderations
worke fust as well when p is 2 mixed Stale.) Measurements of S



dlone 0re vepeserred by chseruobles of the firm Q2= Ael=hil; (uhese Ad=As)

sy AQM{S) e nviroryvment—(E)

Then, ()=t [p0] =t [pAde) =3 Colphl ), e

Noke -

{od}, e = {0, LD =1n) ,£>E}2;"'"’” k an ONB of H=Fos®@F.
’ 2lyee

Rewrile -

L

N L VS
(Q}r = Z; (2l pAteln b} = nZe gmlgelfﬂil:[n)sli)f
= I, Ol SHp10), Ay, = T Gof (7 geiple,) A,
=£V5(ﬂ4s) =t

Here, frE ('[3{'3) s Fam':fal JLrace USI‘f\ﬂ only ‘qu envrronmen'f‘ (‘llhe .?‘ys—/em)
orthonermal basic i the summodion.

The powtial trace tr. A ofan] operfor A: Fof — Ao K

is $Hill an operdtor; pamely en -

PRDDF ‘ A= ;‘ Z}_—; a-nz?z_ Jnl |n2.,€z><nli(l’

1,72 W22

> A= ZSUND, = 7 2 dngnts 0, L), 010
= nZ”:hz ( ; lin,e,n.f) lnz>55<h\l wlu'cl\ S an Operﬂl‘ofvh%~

A Grmon mistake o unforfunate Fop,daﬁf): s fo employ the
f':}’C['l.C iﬂVdnm %0 A pou'é'al 'él'll&. _MK ,D'DCeDfure ;:( w,l'mg shce
the oLjeo{x % be ,oo-muko( are Sl apm[-orsz

tr; (L2, F ‘(:rs (Q,02,Q2) i 3&nern(.

17



8 T ptil drace of 4 density matrix & o demily matrix 74;r the
mmaiﬂfiy .Sufa{Sy.gmtem.
PRooF : | et P be  hermifean, Positive and have unit +moe, je.
f?= ZPK“<K><|<| with Kedgode and

Rethp = Zp T LUKSKKIL, - Hermiticiy follsvs from
(R = SnlpsIn’y = % P %4’18 lK>len'(i> o
= Z 2 ISR ING) =(lp In) =),
Es;{-n_w_ly -pu[[vws q[:ravv\: ‘<\{"lfzf[‘7l’>s = 3<‘1’\% p,(%gZIKXKlOEI\DS
= % <\|a,€|f> [\{{£> 20 (S(me.jo 5 Fosfﬁ‘ve)‘
Unik frace 0[ ﬂ. {;ﬂm DL)-BOH7 ﬁ-c—M {;\rﬁz 1.

As o resulf, p=tr pisa valid densy matrix of dhe Syslem § and
deserves the name ' reduced olensik), matrix '

CAVEAT:  Seme caution is requireﬂ[ in fn&rpre{'l‘/y stalemends such as
“dhe Syslem 15 in the Shate Fr =1r, p- !

What we Aave Frov&n IS mm‘[y: we an Calcu(adc zt[[ ensemble averaﬂes 07[ {}/d’/e'n obser-
vobles ly using fhe System ensemble stafe £ f’ropen‘fe:jofry 59%0[ this Such

aS Syslem—envirenment Corre[a#fmﬂ e _ﬂf’ Ca,‘.)r[ur ‘Io), /o& n panéfcuhf,
Hhis s the case. when S)Isicm and envionment are cn{wnjleol. (In that cuse,

P s somefimes refemed o as an “improper ymixed Shafe” e [BP] p. 73)

If S+E & in o pure pra—duuL stale, o such Prouem oaCurs

5= 193165 = p= NxIb% <plspl
> Rtp = IS (pure shae)

20



kr a puire enlwxj[ecl Stale (exmple= fwo SPI\V\'%.;), L\wever, we ﬁno(
lglj>=¢;i(lTT>+|J¢>) > p= é(l’rn(ﬂ‘\ TS + (Ut + lH)(lLl)

> p=np = (Blelty +<Llpll)> = L (1] + LX)
which & a wixed Stafe.

This yt’da’s a. convenient Wity of 4e§ﬁ'n3 o pure skke of a &'—Fw#ﬂe :7))‘6")
for en{’dhﬂ[&nen{'i
TEST ForR BIPARTITE ENTANGLEMENT.

The pure Stafe J°=|f><‘f\, iEYekek, i enf'wﬁfed
& petrp i ot pure

1 ¢t O =1\
Examgle:  Gosider fwo spin-35 in the joint State f"j?( Ll “D‘)Iﬁ\ :
Is this stale pure ¢ To it enfargled ¢ 0

Answer: [a[cu(ocjre )02 ax\A fmo( /Ozr—f) 10 I Fute,.
Next, calculode
B Ml Llpldd) (& %
p=tnp "(alﬁm <L[({|l'>> =(3 é)

f‘z; _%_(_2— 'j) 7&)0: f is e,n‘u/:?leo(,

2)



1.6 Generulized Measurament Theory

Measuremends are & crucial port of de,velopfry and ‘éesfirg any plnysfcwf f‘\eopl.
Those. of our M axioms that are reladed 4o measurements (stake collapse

ard Born’s rule) are based on fhe picture of ideal, projective measurements.
Evfden‘Hy, s o.fopeal{mg,y &'mple Fen‘pecﬁve hos Several &Aen%om?;:yfi

ThBOYE‘Hm[!y, any Hermifean operafor & a Per]écyy fine choice 74;— an
OLSer\/ab[e. —{—fawel/er, experimemh[mts do net possess buckets D/‘ /%rmkzm
opersdors for measwement, Kather, careful ﬂn‘nkf@ 3 mquirea/ fo devise
ways of exh—aﬁﬁ'mﬂ information ﬁvm a Sjskm. Usually, ﬁr any j/'vm
S‘yJﬁM, only 0 Limifed pumber of observables are easily accessible
th an cxpeﬁmerrf, ngvn'ng ouF how fs measure is o crucial ok
«for Qa qua,mt Wim %jr'neer,

In mahy casesS 0][ r'm[cremL, the menSiement 67[ Q ?L{ﬂl?zl[/m {):Sy@m
follows an indirect measurement &/o(ﬂr‘oach The quanfum J}«/em 2o
be measured  (fhink about an afom, for 6xamp[e) may not o wired
1o fhe Measurement apf\am7[u5. i Ceup[es, Aowevef, to fhe electro-

vwajnej—;'c ﬁeu wh!c/\/ n *}Um) s More Casfly acceasfue. / ﬂun/c /J'Olév
defector, for instunce).

INDIRECT MEASUREMENT APPARATOS
MEASUREMENT SYSTEM AUXILARY

<$—=>m’?"‘———%
Q@E:m g,f;::\

In cerfain {ylbes of measurements, the conditional posf—measuremenf
state does not corvespend to the projw[eo( State.  In ome quses,
this & referred fo as a destruchive measurement. Example :  measyre

the photen ontent of a J)dv[ﬁm é}" dfreag'\nﬂ all /ofxo}om fo a /D&no/-o




defector.  Once all “clicks’ have  been counted, we fnow Fhe photon
pumber — but ol r?ﬂisfereo{ p['lofors ove Jcme,’

PESTRUCTIVE , P holo
MEASUREMENT \/ P
g’ o B aad e BN

~* Y D”\‘jﬁ""
iy |

Mereover, mensurements cermmenly invelve Uncerfainties and errors.

For instance, photo detecfors have a “dork counf k" af whith clicks

ore Triggerest fn the abrence of & photon. As anvther example, fake

any 'ooser'om measwement x of a /cvrztfc[e in 1D. The measurement

resulf will never be 4, single. ¢/ envalue of X (which would be

rein[’f ). Insleod the measrement wil give an htenal [x~Lx, sc+Dx],
( This measurement unw-/-ajm‘] woeuld ~of ﬂecessan}v be due 1o Hessen-

Eegﬁ anefhf‘{lﬁl Pﬂha}o[e.)

&ltsﬁon: (eiven The axioms ﬁr— (deoal pro]b_qtive MﬁaSWC/)’lﬁmlS, o We derive
a more flxible, realisfic and generz] description of quantum messurements {

CqSe sfudy
To ﬁ»-#\er motivale q gu\em[:Zed measurement 'fheey and oufline s
form, et us consider a W ccn,sisﬁwof”
" S‘par('fally 7[1K€d Epin—éj (9., huclear 5pin 0/[ a 742%080/ afom)
* an auxi),fo7 and mobile ff’fh‘é of fhe same Sort
« o pexsurement apfvlfa%us that Can };erﬁfm A oz measurement

Of the mobile inhfz-i. @

ideal pro J

meosuresnent

23



The fdea of a smple indirect measwement is fo allow fhe mobile Spin fo
inferset with the fixed ome i a “fly—by’ Sa[omz]u@n{[ ) We jmagine
ap’o(t]iyg an ideal ,oﬂyiec/v‘ve measwrement of &, to the webile Spin.

let us assume that during Hhe f[yfé), fhe fwo Spins are coupled /Ar
a ‘l‘l'me A‘{Z vaH\ Co‘nS('W\'f Co‘up[l'r\g 31\/@0 b)

h =‘lj(<ﬂ*0‘; ) e

For gien inifial stafe (2,0 =18 W) | what s Hhe port-
measwement stafe 0'[ the F(xeo[ Spin N ihce ho Ipfb./'fc'iLl\/C
measurement & ougplied fo The ﬁxeo( Spin, e cannol a[:‘recHy qqqol/u
the oxioms fo obtain this stafe. However, the oxioms allow us %
infer that ofafe as follows.

To describe the fime evolubion olun'r}ﬁ dhe interackon f@’fov(, we
Frsf caleulafe  fhe F“’Fajmt" e~ THt/R

"= hg ( J e—fH‘t/t= C)(PI—ZTTIT{J(

ohS  (ZhT ‘ . L
Shortout:  remember that € ce o - aeld +isnf(RF). (e 7=6)

o
\ l‘f
L o

00

o
©

0
0
I

o ©C
Q<o o Q
Q0 © ©
0000

(o]
l
0
o o

(S8

. | o (] ©
—it/h _ | o cs(Zmgt) -isin ¢mgt) o
¢ = | o -isin(amgt) csCmi) o
0 l

e 0

[,engfl'v'ef peo[e.xw"rian woy:
1_ 0 I o uo ;
UHlL=ha( J g u-l3 i i 2)

0

® o o |

A —iWMHglt/E t —iBdagt/E
€ =e =Ue

| o © o
U = Ufcf{ag(l, e-zngt:’ c"'i’t,!)u 3(: l w l :]



Iy e oA 1t e ? -{Sh cos (2mqt) —i sin(2mqt
w/ u"—‘E(t—\)(o e‘le \ _,Xc e M? s ._.,( 9 9

-e ‘P -—:.rmy: s ip

N2X+, cm,ploy -}fqe Fropaja{'or —['o exfract 'f/)e sfm[e, aﬂer '//,e ﬂy-@ :

0 "
ikl shade: |F,> = (It «pl)) @103, = ("‘) "
g

l o ) o 4 0
post lq}”b” o cos(Zrght) -isin(Zmghl) ©® OOC T‘I o cos (2rgb8)
o —isin(ImAt) cs(Zmaf) 0 0 =|_:

Lt = [t stn (Zrgat)
o ] l ﬂ W ﬂ

Thus, the emplitude 1o fe the skde [U1Y remasns unc[anjeul /ﬁ) while
the }o{gl:aé—,‘[[& dJnPLl’ILUdC ﬁ)r (1) fen'oclr'ca[[,y Swaps with (LT

N 2
probebic] l’ﬂ"l‘:lz ces'(2 “3“; pyp = [l sin? (2rat)

= 81>
\\/ \/ Fr

Yt [L
o ‘u{- [JJ

thally, app[y a oz Wuﬂnm‘i’ to Hle mobile Jprn:

pre - measwement sfafe abbreviate:  Cz cos(Amht), sz in (Zrgltt)

0 o ©
|§><§H-— (_ :‘xc’g)ﬁ Ooc*c, 1% ﬁ*) - (o [zt ilotlies ocﬁ?’c)

0 -ild%s [x|*s% — (/S"'

o «Be ihs IR y
observable :

les;}-

\ o]
-1

o _\): 1P -1P, w/ P‘=(‘o‘o) o {o‘ o;)

—_—

ijecl-m:r

05

=i 5in(Zmgt) cos(2mgt)



MeaSuMnen{‘ refults and Co’MﬂUkOha[ pesi-mmswamemL Sl[ﬁc{G):

Result sF=1
Proloalai(t'(y for thic measuement ovfcome :
f“.: fr‘(ﬁf) =tr <’; 3 l:l‘s‘}) - '“125'%2(21\'3&)

(‘endil'itmal Fosl-’meaSUrme(' stafe :

- EER _ ‘l(lo z [.q:(} ilo:‘os ocﬁ?*c o * v o °
ﬁ - f, - P. ! o 0/ —iled%es [lec|2sZ -i(ﬁ*s ( o = (: ° T °\)= llﬂ(l’ﬂ

o .(“'ﬂc l'oC"’lKS l/glz

Reduced densty motrix /;r the ﬁueal spini G, = i, £=10 <

Result 67=-1

ProfoaLi[tb/ for this measwement ovfcome : 2 ~p = |- [ |2 sin® (211'9A‘l:)
(onditional ,:»:mL ~measurement stale :

N[ s s e )
- _ 0 qxi*c™ iloles o¢ff¥c !
ﬁ‘l = P—l P—-uf P——l = P_l o 0 —ild%s |oc|2s2 -i(,s*.s)( o )
{ 0 [«"Be ioc"‘les !

812
_ [
T =lxl?

Reduced o[ens{{j moctriy 'fm- the fixed spin:
P =t o= L (G-I (PR + LRIl '“‘)

[— |<|2s%

t td it u
o o 0“ "
o[> (1-82) 0 ¢C)
0

™
0 o IT
oc*,&, o \—Ix|?

-

W

QOCOC

Zb



Let us H)cus Oh J[Wc; speci{:fc FnJctmt:'lfon /fimes= [ff%;:é‘ and. Af«j*

In this cose, o5 (Zghtl=0 and sin(Zmdt)=1, o fhe
l'nkmcl-,'o’\ —ll('lne i adjus}eof ’1[0 Ferjérm a Per]@cf Swop [T]/>"’N'T>
The indirect measurement boile dotwn to:
6i=-1: Pn,babil(ﬁ fw’f[ms ovteome s (1% 1
(ondikional pesh-measurement slafe for fixed spin: 2. = 4
6F=+1: Fnbab}b'b/ 'ﬁr outcome: <[>
(ondikional post-measurement glafe TC"’ ﬁced Spin: f.= el

“This & an Tlead bub f

destruchive measvrement.

Now, cos (2rgt) = | — £ (Zmht)*+ OTa¢%),  Sinllrght) = gt + OTAE)

and almost no Swapping 0Cculs. Abbrew'a/'ffy e=Zmylt, we
then ophon:
65=-1:  pbebilfy for this ovkeome is g0, = |- el?® (w1)
(ondikional posh-measurement glafe for fived spin:
o= LEUE 1y qrf e Ll gy +[£E(_'~ﬂ|1>, 0 k]

| —[ocl*&% [—loel*Ee® | —lecl>e™>

6;2=+i; Fn[oafo}b'? 'F;r outcome : }d“ = [¢|Pet «|
(ondikional  posh-measurement glale for fixed gpin-
P = 028

& i Cottespordls 1o @ Weak buf deshrucive measurement 07[ o,

When using the allemative ilerackon Hamilbonian H, "Lg o5 o,
we con fum fhis info o CWD measurement of 62
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Fundamenta] building blocks of generalized measrements

megl.surep(
“measyremest” ~L ~
Pa"a p= Ly
Sy.dem inpu{’ shate / ' J L Prys
Pos > |50 G 0 ALl
| c B P Ly
L4 .
probub?[;‘ias ; wzﬁu}'ﬁ:g |
et ot menswement ghaes

(L, : Spersperfor,axpbuned bter)

From our discussion above it is clear that indivect measurements represent
one class of genenlized measurements which difer +From pure projective ones.
We will find out below That the viewpoint of indirect measwements &
achua[l] a lot more ,aemr/&( :any 9&/16!‘0[?;20] measurement with the
basic builoling Blocks Sketthed above Can fe inferprefed as Crigrhating
ﬁvm an appropriate indirect measurement, Tt s thus Very usefol to

rephrase our case Shudy in geneml terms.

for H\e lhdl'reDL measure,meﬂt {he %}dcm [fhp f sr‘n[e J f%)g) Is érough/
info contact with an auxiliary System ("E”) prepored in @ fived
inibal Sate ﬂ;: [/'ndgberz{cni’ 0,[ _ﬁrys)- T{?eﬁ)er', the combined S‘J\/sk’m
evolves and, possibly, becomes entoengled -

Roppofe = p Upog U

ﬂ then acks as 'ﬁe pre*mmmw Sate 7[or an el proj&CILn/e
measurement 0[ an observable in "E” : Ly@ A (A=AD.
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Using the Spectral decompasition A, =2 a o (v $B=0(,:,, R,
the possible measurement oufromes ase j{\':en by {an}.

Tﬁe condifional lbo.wl- measmmenf .S/wle o)[\ f%e Cdmbh@( »y\rrlcm

i« givenby R p R /.. (e traced over fhe degrees of
fpeealom, we oblzin the resulfng reduceo densiy matrix ﬁr e
gsem:

/ r _ 1 1
Sys,p = E‘frf(}ijo/ Pf‘) N ;ﬁfrE(uﬂys@ﬂgu E‘)
Note how Hhe pro]}:(}or B in the ‘T subspace will select ether
a sirgle combribubion in The 11z or mulfide ones {In2)} fornu'ny an
]SNB i the dejcnera{e e{yenslbace of ap. Bolh pessbilities are Summanized
% (®)
h(BpR) = b (Ugepuip)- 2 P lUp epllnd
W |
= 177, G1u) g m<omd 02 imim U 10
Ckoas’c 'H|e “E” ONB  such ﬂla{' /OE'= %—FMIW‘><Ml s 0116.31770'[ 7;)611,
b (Bpp) = 278 <aPlUIn) g, g nl U [
— YIS M T
= 2ELME LM/ ME = R )
The franBELfb« for oufcome O ks ocur s
= tlBR) = b (ReR) = 208 b (Mg 0

= {Psys (f 5y6 ng (M M,’,‘,,,)

29



Summary and Remarks: Generalized Measurements

@ b a qenen (indirect) measurement  scheme,, every messurement
oufcome  au 15 associafed with a et of mensurement operators

{Mh.] Mh= <n®lUlm) Jp. }

ONB for the =T K 0N for 'E” fhat
eigenspace. of oy dingerolises o

Fach M',:m s an operafor in a_ffsys and ot jenW/‘/)l hermilecn.

& The probabiliy for measutement outcome a. ic given n feems of M} L’)

Py = frsys [ Py Z(ﬂ;(Mﬁm)TMﬂm} = '(:r‘sl.,s ( Poys Fr)

The operator Fuz ?"Z(MLYM% s called an “effect” T s
hermifean, Fosi{-fve, and s«l'f.sﬁcs %F'A =1.

ProoF : Hf,rm}{'{ch[/\/ OF E, i obvious. Pos"f—ivi{), ﬁ“cms fmw
IR ) = SME <G ImatMb gy = S92 [ Muip]” 20
The cmpleiemess reloaion is obfained via ; +
SFE =S5 (Mh T, = ZZ“"Z(<n""lu1m>) $n™ 1 Ulmy - Loy
P M n m »on m .”S'l;/i;/";‘:“b"-/
= Z <m"u1'| §§(ﬂ)|nfr7><n(wlu |m> - %(mlm)'ﬂm ,_ﬂ_S]s

—Y

=1
# The condibiona] Posf—measuwmerrf Saza{e is

I o (W M wt
JOSys 2t f‘lysrﬁ: —p;”-r*(ﬁys) - 'ﬁ' Z Z Mnm Sys(M'"" -

" n m

Here, Ly.(pye) is called an “operabion. L, i Linear in Pys
and must map o densiby mafrik 4o another dcnsr& martix
Cup o normalizafion). “Such maps ore geneqally Talled spercperaors.



B (enenlized measwements a5 described above ae also re,érreA 1
0s POVM based messurements wher the acroh/vm Stands 74(*
Posibive. Operator Valued Measure-  This Is 4o be contrasted with
PVM baced mensurements ( proJ'ec#en valued ymeasure). These
form a SubseF of PoWMs s is casily checked _é)/ Ccms‘n'o?er-r‘cz\j

MF = R,

Kraus's Representation Theorem for Operations
If )/ou ote Careﬁl[y ﬁllvwr'?y ‘f/le [ogl'c [)ehind our fnﬁ*oducfz'on % jenemlrw/

measurements as Jémm/hy om indirect measurements, Jou are ,Dona/eﬁ'hj
about an important 7ucsHoﬂ l:?/n‘ pow: why are we Jo sure Hhat indlicect
measurements rwllj pive us the mosf fenem/ descnibﬁbh Pcssiéle 7 Guld #

be Fhat there s Jome#u'iy even more ﬁewﬂf Yok [1225 ,éefw[ our New

descriplion of measurements 7

This c}uedion § an important and by ro means, trivial one. The representation

'H’Leorem 7&)" oPeerioni é)/ Kraus® gives fhe dq@/\,ﬂ[ive answer #w{’, r'ha[eeo{,

oll physical possibilifies are copfured Ly considering indirect measurements
prosie= po op 7 Y

Kraus' theorem Stafes that an operaion

'~ LG
JD $rlL(p)

Sa,i—isﬁ‘es-%e ]Collowirg conditions if and on'l} it there s a set o;[ measurement

OP@""‘{"’"‘ {™, }kal,?.,... Such that
"STMIMLEL" ¢ vead as slalement obwi- igenvalues!
« A“l'OVVKD{'ICJl@/ ; Mth i l’l&"’h’lleﬂh and. POSTHVE. ‘D&VNINA OSWIJ‘QJ. ﬁr

s elgenvalues.

# K. Krouss, “States, Effecks ard Cperations,” vel. 190 of [ecfure Nofes in Physics
(Springer, 1983)
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Condiions:
() 4r ”—[f) sokisfies 04 p=tr L) <1 and hence conbe inferprefed

as o probobrlity.

(2) The map L is cmvex Linear ie. L("Zﬁ-ﬁ-)’-'-izlbiﬂ.(f’;) (0zp<l, "Zp,.:l)

(3) The map /L s “Cﬂnple{eﬁ Fosf{-ive.v

Before Proczealihﬂ with the proof, we heed fo undersioand the Wleamqg o,f
Ccmf[d:e Fos?ﬁvﬂiy demonded (3) PoSfLLivft{/v of L means thot
ﬁr any I‘Dwiﬁve P I (JD) is posithe as well. Complefe fosiﬁvi{] goes
one .S‘{'e.p fUerN ho{’ on/y j/)ou/ol /L[f) Ae /bosf{'iv& éu‘f s }'e,nSer
Proolud' 71.5”5911_ (/oe_@f) Jhoulo' d/So tge ,oosiﬁve 7[or' M] envirof\ma’l{'
Syd‘ﬁm "E" The lbhy.ntal mofivation for thic condifion i Simple. : fmagz'ne
exkrd}ng 'H')e S‘/.St[em 'l'.'o inc/ua(e an addi/-lb'naf SubJ;v‘Svém .E.o F 'Ebcmo( ‘l%e
Ongfna( S/M remoin Sepo.rzc{e, then the qoerule'c:% Shovld .S{mp{y exdend o
a new Superoperafor  fdp® lL,a) which wust also be positive.

Jou WugH’ wonder whether there are any posifive maps Pat are rofF
ompletely posikive. The ancwer fc : yes, There are!

Example
Consider the map ./L[)O) = ft (emf, transpese, ho complex
MJWM) C{w{y L s pos}#ve Since

P ros{ﬁfve & <\Hs°”/> 20 V/f) = };x.,l@ ij
e plyy= 22 o 6 Clplm) = ’Zoq”oc,,f,:; =(Zoc,,oz:j>m)
*‘f—“lp"'m ,m hm
“Klp N 20 < p° i posive.
Now, csneider fwo Spins- Lef ﬂ_, [ﬁ) = ﬂi- act on Spin 1
but not spin 2. The jm’n{' operohon on both Spins hence fakes

the form MZG?L,‘ When ma,opfry the stfate fz[;é)(yﬁ) with
1§ =M+ USIA2 we dofain:

52



id,® L, ( |¢><c{>|) = id, e[, ( M) + DK + XM mxm) 3
- L mae Lina)s mywiel, (ma)
+ 1Gle L, (X)) + 1Ly<,le L, (WM)]

New, represent the operafors f;r Spin L in mabrx form wd 4ake
the ’}Vaﬂfyaose:

L =1L 2= (0 2 = moal Llusa) =kl
Lo amal= 1m<Xal, L (<) = <4

> ad, oL, (19xp) = 4 (1<« 1l ¢ G|+ 11

\ 0 o o
= ( i T o) : ' '%s 3 ﬂO‘L fosﬂ'?ve ( One the e)jcnva[uw

SKETCH OF PROOF  (Kruuss Represeriation Theorem) :

@) Show that the form lL(p)-——% My ¢ M,f implies condibizns (1, (2) 8(3).

(1) 4r Lip) = 4r(FMpME) = e (pZMEM) = 4 [tg;y*( m)l
wh 04m<l. = 0¢tdprlllolet
(2) Let p= Zf,f,
= L) = ZZMk(?zft)”k "Zf Z_Mkf"Mk. -ZPz{L(P;
Nete: due 4o bw@ we may e he porantheses: L(f’) -Le
(3)  Comider H=TFye 0He and peRygy (Fhus, pis positive).
" peidee Ly (p) = T deMiph] and bows fo- [p1e
we F;yw[
lptyy = 2 Gitephe] > > 2 l,ol;b> 20
- Mk*_l+> ffmy%w
23



(6) Needto show: if ILlp) sobisfres conditms (V—(3) # fos The
form lL(,O\-"- Z_MkaI' To prve this ue @rPL’a’%: censtruct
The weasurement 07Wv+or£ {Mk} To maeke use of Co'mp[eale f)osf{'r\/fé/,
we wil reed fo mlalye our {filbet gpace o # =Fas@Hy. (huose
-aTeg 'Lo ée o CG@ qL JLDJ).S, Se H’loﬂf’ an ONB {[Vlg75>} Olc %}«s
i mirovel by an egivlest OMB {Inpd} in .

Stort by cmsidering the entangled stake |y = 3Ins ey /I,
and use the exlension of [ fo oblain
o = ddge L (1$>¢1) N
Since l¢><c,b| s positive ond [ s ccvn/o(elelj Fas{{-ive., 6 fnos{Jcive cmd,
hence, hos o spectal representation
5= Z[d’k A (nefe: (5% nof'norma.[izael./)
where {163} & an OB in Jo=Teyeoe. Finally, for every
[\},‘P)=§'\:%}nsﬂ> ¢ By ve Oefre @ mirror state in i by

"l’5>=;‘5brl”£>¢
Now, the measwrement operatols are introduced L/V

Ml = felo)= 24 (rel) € e,

S e
So 'HV&** € e

AT NI R AT,
= L}, Creldd e L (193Dl )
- Z ¢ (ng | 1dg® L zZ M e, ) g
= Z 0, (ne ; x| @ (L (mysdmel ) g
= T4 LX) = L (o))
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By virke of convex Lweaﬁ{y ( cmdibion, (z)) this 3eneml¢zes -/1;
aﬂ, miseol lales ?fs
Finally hote that the omoL,Abn I2tr L) 20 leods o

Lo Lip) =tr (ZMpMi) = 4 (p ZMiM,) 20
FE?‘ My eajcndu{-ﬁ [Vn]> OIE ZMILMk- Wll‘h &jenva[qe AJI We.
o] [wi’\
L> r (Inioni| Z MEMy ) = Gl ZMEM, gy =5 >0, e

Examples of Genernlized Measurements

[ deal pro;ea[we meaSuremenfis as o Speaa[ case 0/ cfenemlzd measwemenz‘s
Tn this case, measurement oufcomes { a,;} we. the erjenvalues o/— an
observable A= Z_a,f The projectors B (R =0, R) ploy the role
of the measurement operabors M"=PF.. ( I?eca,ll: projectors are alwys
hermitean ard Sa#&@ %ﬁ=ﬂ_ due +o hc;mi‘fdﬁ of A.>

CO-holfL‘cmaJ pox;—meas\;-rew&«l' stale :
=L =L Mt
olrp =5 M P = 2R

prowobility s pu=tr lLpp =1 (Rp R = hr(oR.)

B Two s'pfn—-ﬁ-'s — example 7[mm above —p—fo—

Measurement ouvbcomes: {a,,‘} —{ l,+l}

5@

Recall fhe definition of fhe measurtment operakors:
PSH2

L use p= £| for the measvurement ovfcomes

{Me. ] Mh= <n®PlUlm) /pn }

ONB for fhe spr —'—L ONB for 'E" fhat
036’“5”&0@,‘7 Op A lozes /OE
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e = W5<h| (inikial sk of mobole spin) > [TOVp, =0, [L)WVpy =)

The  eigenspaces of dpin 2 for the outcomes p=*1 gre bofh ore-dimensioral :

’,¢=+l: ’nw;>= sz)
r&:—l‘ ln(','_)>= ll'z>

We calcwlabed the propagaior above :

™ ™ T W
o ™
o cs(Zmt) - [ Sin @ﬂ'gt') o | T

| o ©
U,——— o -Isin(2mgt)  cos(2myt) o) it = Z uo&,@,oc'ﬁ’ [“ﬁ> 6"%,[
e 0 0 [ u/ “Ir/i_

Mfﬂf UL = SR u=(
Mo, = STl = LI, R
.

W
(] (4

[5) Cos( -( Sin @rﬂf) o

= ( c 0) o -[gﬁéy;’ﬁt) Cﬁ(?ﬂy‘f) Ct;
o | ) @ 0 Q

Cheke (1 00 00000y = 505 ) (6 - (%57 0)

2 Hlol'o dcl‘tc{'m\ wvﬂn 'ﬁm/c cﬁczency [Co‘m;owe &lx PSﬂ:Z]
Consider Hhe. defection of pholons with phob mulfiplier, ond ihpuf cferles
1}> = 10> +2IY  with zero phofors (103) or one phofon (115) present-.

Agume that defection of the ome-phofon ermpement occurs with e/ffoc‘u\y
0<h<t and is fully, desfuchive.
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T dhic fenario, the measwement operators con Le construcled yithoot

exp((d{ reFIU\

ce fo the natwre 0/' e nolirect measwement Lheme. To

J-'Lant, we hote Hhaf the ‘l{/\/o basic easurement- GU{IOWBS are
I.A: [ — p['w(;-m\ A.e.uta(/ Mo(
B=0— ho Vl'lo{Pﬂ alekcf&eL
Ow ‘(ask 11 ‘[’o Conshruct ffva '[‘Wo mea.SurCMC/l{’ o/uC/m[vﬁ M)-L.-\,o 3

'\1;]:

V:O:

For fhe iput shoade p, = 11XI1 4 photon i dlelected with
Probﬂ\bimj p= y], L2,
p=IDAl == p=l,  onddimal pof. menswenent Stafe:

1.
% 2 (0><o]  (desfruchive)

F MIy= V‘ID} & <IIM‘('='u* R
p s F’"‘d 6/ Fm, 1 ——,—77 = 4r (IXUMM) = [p*
" H:'/';)—e“? (con choote p=0; phue melescnt /)

To defermine M, -ﬂ«”y, we alsr peed: M,l0>:x[o)1~ﬁ[[>

Since /

0= Proyiono = tr (MMIDXol) = olMMI0)
= > +pl" = «p=0.

/nms, Ml = ’/’i|0><|\.

The resut p=o & ombways obfained %r mpot Slafe 10), and
with ‘ombala}(f p= (-7 f the Mput Sate & (1D, e,

- p=t ‘=,, M, lo >(O| Mi- =ulo
B o><ol ~ 5 oxol T osco i) = Molo> = plop
a’"’\ /(orv:—o,lo)(o[ = | = ‘,;P(IDXOIM;!MQ') = <ol M:Mol0> "l fd?_

3T



= +
= I5al T )2 M _
A I a7 Me=A0y

I
ond ooy = 1= =1Fc (IDAIMM) = [AI>
- )= m (ip to an irrelecont phase).

Thus, M, = 1050] + V=4 104

Chede:  MEM, MIM, = (o940l + (-l + f}])D(o\oXll
= W<l + 10U =4 —as i must be-

E Me:mutmcrxf of confinvous variable with ﬁ'nih: resolution
Consider the measurement of on ehservable with conhiwous Spactum, quch ag
the posifion X of o pauticle (he,re, for Smplicity, i 14). Guen the ideal
meogwrement sufceme x,, there ic o condibipnal Fmba-[oil;‘{y didilofin FCx[y,,)
‘F" ‘H\e meaduremen t ap'mm{us b r—efohl te resolt X, €g. & Goussian

-]

262

!
plde) = FFg e

/]I\e FrbLnL\ll'b 'llo measure ux” jl\rer\ “X.” e Lxence
Py wocn) = Pl = (MM l)) = G MEMLIx,)

Cse 1© TF he collapee i «pef‘,gof der;k Hheo imprecese meosurement, “/A&n

bl —> [x<gl = Mebedlall e L M= b
‘tf'(lyoxxol M; Mx‘y

onel '&"x,lxpcra[" p(xlxo)=\r4(l n M= /;(xo Vp(xixa) 13k
Checks  [dx MiMx=/olx//xo/a’xo/ Vp(xlx) Vp(x1 ) \k&(_xgl’& 4

Y]
= Jde fobs, plelxe) IxX<xol = [, Ix o) =4
(ase 2: The collapxest state affer measurement- may differ from dG), cmupowl:‘rg
1o addihioma| measurermerd back -acfion specific o the meagurement
agprratus In his e, addional informatien s hecestny o
fully dedermine (M} [ — meagrment Jcamcymp%/v] 2




Non-uniquencs and minimal Kraus sum repregentation

Consider an operafion P, rcpresenéd by a cerfam Kraus Sum

@(f) = ZMEjoM with Q_Mth =1. Is fhic rapreseanhan whigue.

or (an we ﬁmd an a[#ermﬁve Jef 0][ o}oem{vr: {Mr*} Zl"lr Mp represenénj
fhe same  operution 7

The Kmus Sum represen{uﬁon 5 _nof unique,, as the 74'7 owc;y example shows:
(snsider @(p) = ja , fM, " szMz , ard define clterrative measwrement sperators

M=% M) and M= o= (MM,

Then gl + M,pN] = (M+mfm,+m e LMo (M-ME)
- M.er *szMT = @cf)
You moy hove rcccﬁnlzal that the ‘{‘ml\sﬁ-rmu‘hm M, = Zqu‘Mk above
cents;oondf b a rov%only 09 ie., (ujk) is arfhczyml fH i eagy‘[v
checle fhat wn) umLa? 'hmﬁnna:fwn will do:
let Mj=3 wiMe  with unifary (u). Then,

?—ﬁjrﬁf = 22 tgMup e = 25 (g ) Mg
j 2 ,
% {’M+ Sie
\ite vera, one can show' that @(f} ZM[‘EMu E(f ZM{J”M(
implies that Me and M, oue relafed L/\/ a unn‘u{y '/'rmncﬁrmﬂho‘n (T the
Krans Sums  involye olr{fcron{ numbec of ferms, Srw'pl a\{ the Set with
‘H"@ madler P\MM[{fX J‘g {Mk} Lj MA()LIG’ML[ 7270 MA.H'TC'eS)

N"k: B dince cp(ze) = N? fer don =N, ene con a/mlzys' ’th?él‘ﬂ) o
o basis in whichthe  Kraus sum oomsiste of N* 6r fwer) terms

@ This criferfon forfwe measviements being the same does not- apply
1o the condifional  past-mea svrement Sﬁt/e

* See Breuer& Yetuaione -/;r proof-
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17 Time ewlution of the Reduced Densify Matrix

In Seclion 15, we idenfified the reduced dem[{_‘y Matrix R= bre Protus

os the appropriate vehicle ﬂr de,scﬁimj an open 7ua/)%um Sydem coupled

fo an envicopment E- T portioulor, we convinced ourselves that ell
inkerestirg sysiem properties (echucted from measorement- of gyt observaldes)
can L@ oélu{neal 74‘0") ﬁ,-‘—'frg ffoﬁxl‘ This resulf s @I\Cbquﬁng but not
flly <atisfackory: 4o obtain g we need, it seems, the dotal density
matric of System + environment E. However, fhe whole point of the
open quantum s'ysbn Oﬂ”)CePlL ic to avoid the deluiled Vnodelt'nﬁ of the
processes '(hk(ry pface, in the environment!

A cenhol question, thus, s given an iniial shafe p, . (b20), B there
an equa{’ior\ of motion describfnj the reduced dm{t/v matrix alone, |e.

() i_‘ £= G pe with initial endifion plo)=tr, Prok (0)

and apprprate Svperopernier @G /
Note: this fem dlready implements Lineurity. Moreover, i has an imporfant

property asscciated with the name of Markov: o ewluste the change
of the reduced density matric af fime 1, dpt) = Gp()dt, we
only invoke the Instenfancous state of the reduced d@nsiﬁ matrix

of that specific fime  — po record of fhe A:’sz‘ovy of p(t) at earlier
times t'<t i peeded . | sny fhab G¢) s Markovian — usuadly
called 0. Markovian masfer equation.

Tt s tompting fo doke the Markov property for jmnch — affer o, any
equakion of motion that has fhe ﬁrm of an ordinary or pour fial obﬁ%mnh’a(
ec[uaBon of finile order in time is Morkovian (Newfon’s equation, Sckrc?a[ikger
epoton, wove cguation efe.)- In 2 woy, this merely reflecs our preference

for olescrib{vwﬁ Clesed Systems. H 5 very Simple o find examples of

nen - ovian Lehavior 7@( open ys#eams-

bo



@ Exoample of ron- Morkovian behavior jn & clagsical 's/vS/'Cm
Consider Newbon's cradle ;

0] We mn‘ghf adfempt Aen’vfr\j an equa{-fow
of moken for the posifion x,(f) of the
'ﬁr .54\ LDJ' 01[01'\2)

X,(0) ou:zx ) = j[[)(, ‘f') )( ({')

T & clear that no such Mowkovian cqua%{ov\
can e comect: i @ x,H)=Xx{)=0.

However the earlier displacement x,(0) at +=0
will influence the F/[-ure pL{ynamts cf X

B E;cample o{ non- Mof[zow'am lehavior th o 7uam‘um lS)mlem

t=0 t=At t=24t
0 el N (@ N E N
p

Two- level afom and Caw"(y mode described b/v fhe %\yne—f* (;)mﬂu'ﬁyj‘
model -H.—'t,'wqa + %6.;_ +3( 57 rag+)

An inibicl stafe with afom exuifabion,  |G=5 n=07, Moy appear
1o dewy fo {0’3=* n=1y buf au[ua/l/u Coherem"/y oscillates bock
B the intial sfale. Thi cxmdt ke represented @ a Markovian
EoM for the afem alone, te. 3F Lrow = Gaton will_nof=_work-



Heurishe discussion
Under what circumstances Moy 1Ll1e Mokovian dzscm‘piv'oh of

an Ope,v\ ol\,(a.h{'um &J.s}em [oe appmpn'az[e.?

\ / )
) Big " environment

To aveid memory effects, the presence of the 9&8:»» Shouly net
Jigniﬁcomﬂy aHer H\e Stafe 0][ 7[/)2 6nl/fl"onmen[“. ﬂ a \)“omew/)af Vaﬂue

Serse, the environment must be %{9" and ivolve a farge” pumber of

deﬁreas 07“ -f‘rteolom.
Think of @ Single pan‘r'c(e with kinefic energy Eeiy < keT, which s éroty}n“
infe confact with o bath confaining @ faye humber of parficles in a thermal
State. Due o collisoms, the porticle will themalize, hardly changwg the Stale

of the partitle bath.

Note: For the last statement Fo hold, indeed a [arge number V> of FaH-fc[.es
s needed. If we wont Poincare recurtence +imes 1v Le Fnﬁ'n,«'ie, we. neesl

an infinile number N->so.

However, even an infinife mumber of aleﬁmes of freedom may het anyS
be bj Cr\cujk.
Thivk of o fwo- [eve| %/skm valoleﬂ’ toa reJonaxtor, €9 a trans—
mission line resorafor of ng% L. The resonator has an infinite pumber
of modes with eigenfrequencies w,,=£‘:£ n (nh=123..), 5 £ could
seem That the resomafor woull acf [ike o oo, “large” envionment-. This
¢ not So:  once the afom relaxes VaAiaf-:‘vely, a pﬁo/om'c WavepaCkevL
farms onol Fravels +o the -]Qr end of the resonator. There i 3@55
refledfed and moy indeed act bock sn the e - (evel g&%m. When viewing
the two-level Sygkm Qs on open ?MMH'UM SJJ\EWI/ this sfuston weull
Cer[ﬂfﬂ(y involve non-Markovian memufy e%cfs. The cm{y Wiy sut &
bo take the Limit L— 00 in Which case the wavepackef will never [,
reflederl and Hhe resorvetor modes <o o cntium.

,‘Aﬁk oko reSonator
n

'n; “

=0

|
x



/. The Eovironment ‘messures’
Closely tomected, fo the a,ssump{-fon of a "Large” bath in a stat S
that & ot alfered by the system js the expectation that no entorgle -
ment builds up befween the $l>'~‘1l€m and the bath. Many dervations
of the master &}uaﬁan will hence cloim that
P {:otal,(‘l;) ~ () ®f€)
i.e. the chonge of o, due to the sydem s neglected and the overmll
alensf'l'y mafrix 13, aﬁomximakfy, a Produc‘[' State.
Nobe: this assumption does not holel at all for the above example
of radiakive decay info . long (or even cemi-infimite) transmission [ine:
the bath slaks before and affer the decay are clearly orthegenal.
Moreover, we expect #'ilerc h Le en+wy£e,men£‘ unless the both itself
& on open System, or effectively performs a measvrement on the
system. (The last phase, of covrse, contains fhe entirt, measurement
[»ro[o[m and aombinues fo fuil explaining what= makes o physicel
process 2 meo\svrcmem('>

3. Separation of Time Suales
Evey when Werk:‘nj under the assumption that Protat, J2 Ve JoF
we st al\wiys addmit Sysfem ~bath wrrelations on a shert fime
scole T, the correlafion fime. To i often described lowsely as
the time period over whech the bath “ﬁ?% “ that T ever jnteracted
with the Syxlem. More n;gorouS‘[}/, tis an be qucm{-rfed with ﬁxe,“/ Y
decay of bath correlofion funotions Guch as < BE)Bfw)~e™ "%
Tn the example of a Jcmidhﬁhflc TLE and r’eSOWafbr] T can be
viewed as the fime period Necessory for the wovepacket 4o exit
The neracion /é(fpon close +o the T1.G.
The ]Qrmu[a#on of the master equation is then based vpon the
Sepattion of time scales T, <l;, whee T ic the fypical



time scale -ﬁr the evolufion of the f/&km. This lhequa[,ﬁ‘-y ollows
ﬁr Coarte 9mfnfnj in time.

<M<,
ard the master equation wil give on appropriafe mote| of the
tine Scole AE but will not capfure the much more rapid dynamics
ot the fime scale 7.

iﬁj(

T
Nole: a defailed verification of the val,iab'{:y of the three desaribed condifions mugh
hecesarily be bused on a fdl microscopic model of the envicorwment and ifs coupling
1o {"ne ‘?75'[6'“ of fn-!cres-f, Such microscopic deﬁva#ans of The /)'las/ﬁ’ on  ore
Ofertimes difficult, veryy specific to a particulor System — and, urfortonafe] ly ok
always fu”] Convinciry. Moreover, in mony Quses o interest both the precise mature
of the envionment ard is cmp[frg ho the Uysfm are not kvown. Jn such cases,
He Morkovion dexriphion Serves as an invalueble Starfing point for modeling

— the wlidity of which is utimadely established by successful comparison of
theotetical predichiens with experimental datn.”

Lindblad Masler Equd;ion

Keeping in mind the chove cpdifions, we now derive the generdl form for
the Maskovian evolution of the reduced densif) matrix p. Excluding possit{e

memory effcts and using coarse graining of times as described akove, we
start from fhe ansatz

do o alrth) =g _ La(ph) —p@
where the .SuPe,raFeml‘or lLAt maps O () to the reduced olemr? rrakix anl"ﬂ‘e

% Such logic. hos, of course, To be faken with a groun of Salt, f we wanf to keep an gpen mind
abovt The pam}:ilf@ fhof experiments Guld one ﬂ('ly Signal deviabiors ﬁmm Shandard QM. 4y



later Lime (i'#At‘).(\Afi{’hin fhe W’m[ogy of ﬁenem(izzo[ measwrements, Ly i
n quU“al’;OD,I() Now, Krauss represertation theorem stafes That these are
opm[v\'s {Mp},@(,z,m with % MtMrzﬂ_ Such thot

L 2
lLMy_(-f?—FMPf,M,J = o+ B e OMaY).

Ohe Or,vevera[ of fﬁe JrErvnS i an Kuus Sum musﬁL ﬁwls Le Close 'Lo the io’enﬁ'f]. If
there ose several Such tems, we wn alwngs use a wnitnry fransformerfen on the M.}

$o tronsfer all vesght ~1 4o & Single measistment gperator, say, M, Such That
lesMT = f* At ng,; = O,
Expano@in\a M, in ovders O,C A{:, we thus have

M= 1 - kat -0,

H&f, the second ferm hos Leew wrilten in this form 'For lafer Converuente and K dees
not deperd on AE (but, possibly, ont). Decompese K info fwo ports:

H=h(K +K")/2 and T =ilk—kt)/2

where H =HT ond T = T (nade hemoteon by facker of i)

K= WA= T

With this, e Kraus ferms 74:4' ,4/=l can be written as:
Mg = (1 -iKA) g (L+ikat) + Ora)
= p - iKlip + gkt + Olp)
= £ %t[”,ﬁ,] “A’E(j}s"ﬂs‘f)
Al yemaining frms X Mg MY = A6 lead bo

r(>|

M=l Ly +OB8%) (o]

where L,A Is ihalepenalenf 01[ At. 45



From the Complefenes amdifion, we infer that
/
L2 2 MM, = i+ 2 i,

'.l>l

= (L+ik"& -ikat) + gﬂfﬁﬁr + OTat?)
= 1-270 + 3 MLLL. + 0088

'A'?(

T =47 Ll

p>1

Oversll

Lindtad Masler Equation in Handard Form
ditfs:jt(;mfs'\q: _f‘) i _%[H:fs] ¥ r‘Z (W’:LT« -3 s[‘m—ﬂ'zL:[—rﬁ))

bd|

Liovillian ferm z ZJD[L;J %
K System Hamikonian [ SORE . "
Cplus Lam shifis) domping terms

Here, the Lindblad ddmp{nj superoperntor [D i defned as:

Ditlp= Lot —4(ULp+pLL).
StJTVle{”fM:fS, L& rl‘!fém‘:d b oas a "Lfnolb/ad cPerafor” 6r a uji/Vnp Op@\-ﬂ.&r.‘r

How can we interpret the Lindblad maskr equaa’-xbn?

One instruckive Wy o fhz‘cqpre,{ the master e7um§'on above s 1o &mp/o/v
an ‘environment Simvlodor. © This vimulator is based on fhe ;hsfyﬁz‘
'ﬁ'wfl’ '/ie 8]%0{’ q[ ﬂnj BPwHah

P p'= Bl = 2Mp M
Can alwayr be mimicked éy enfumj/r'yg the &Sﬁﬂm with an auxil r'ay
S/s#/m Of diension  dim e € N and ;oerﬁrmuy an appmfpm‘ak
b6




messurement on - Specifically, in the case described by fhe M}

above (| £uiN ), Cornsuier a {-ﬁ/éerf Space 765 with er/’fwnm"ma,(
basic  THN (267, -, INDS.

fDeF‘he a wuﬁwy map Us. on F5@H with the Ib(‘operfj

U Ifete> = Mool « 57 Mlf>eh

- (ﬂ _iHA{_ T4t I >9HE> + Z VAE Lb e [pe).

No{e usg s htff' 741] defne,d b ‘HMJ relo.-ho'n FBT C‘o—r\sm[cny we Jhouu
check that Us,_, as ji\xcn does hot aller he. horm of Jhatesy e,

[sclb>e o] = Cpmtvn sy + ZCplmriey = 1
since ;Miﬂw’-fﬂ, and <4/$|\[/5> =1.

rnhal[y, Peﬂcorm o measvrement in Z’ with an observable of the Zz'arm
A Z Ay )r@ <|&5\ with nen - dajenerm‘c Spectrum.

Then, the unconolitional poct - measuroment stake obtmined fom Uslp:dellg) is
F= 2l Useld > <4 tel U e e
=119 <l (£~ 5 HAE ~ TAE) ! (Lo £ HAE — Ta4) XK
“;Z,,'HEXM(M I L5 g |+ O7Cat2)

= <] (f’: 5 [H fﬂ Af(jﬁ,"'f::)—))“5><[d4 2-— l}‘e><t*€lAl' Lrﬁ(—r« |y ><]*E‘ *D-(Atz)

= ffé—f = ZMMPrMI-

In o%er Word§ 'Me —),Ilme evo leon o/ £ uha/er #‘e opa'mltoh
p é;t(fs ZMr*fs MT an be Simulafed A] CO‘[/ID ing the S)’dkm
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to a ﬁn[{e dimensional auxilt'a.y 5]9["1", en{wlethj fhe fuo 9s#emx
via Yoz cind ;oerﬁrm[ry an “unitod” measurement op B.

For the sﬁdy of qua/m‘um ﬁuj'ea[on'cs in chaf/cr S it MJC;{J fo nofe
the slightly diferent siturtion where the measement on B & read ovt.
Tn this cose, we werk il the condibomal post—mensurement hfes

oblained from = M. le> e

measurement condibional post- measurcment: sfuke
reSu.ll-
= MocgM” _

ith 1> = Mg = 2 (1-£HAE - TaE) )
ond Proba.ht'[dy pe grven &y '

P, = tellfOAMIM) = GIMM L
=1 — "Z”q«élm,tm,*l{j) =1- AtE‘QSILt,L,‘I)L,) ~ )

,
ot (o) g MR 0 s () < [y o el
> =Ml = = LI

ond pobabilty g = CYIMEMLIY = At GLILELLIG) ~OTA)

Thus, i the measwrement on £ js reod o, o pure .yficm orde /}[& 3
t Yna-ﬁoev( To anoffer pute g&fcm state :

= > A (- LHAE - TaE) 1)
HL >j Gr1) ﬁr_dose BT%Q . Jmadl) At o
S \ o

b Oah a0 o o e sele
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Noke that the shafe oblained when the measvrement shcome i 2, resulls
]Q’Crm evolution under a nen-hermitean tamiltonian”

/7[“,‘ = H - it T
We will see i Ctlap. 5 how erse Sylamenﬁ Cmv&f‘f info {'Le Quﬂn{vm
%,raj'ccﬁv? fm,mework olescriéfnj Stochaste f}vnamfas fn fﬁ'/éo% dl’paca

Lindblad operafors are not unigue:
Consider o master equ‘fan

p = —%[H AN %D[Lf]f’s '
Then, the fa[lowing two transformations leove the ymaster egmﬁ'on

ivariont -

[. unifuy fmmﬁrm{—zbn.r aumong the [,f'ndé[aa' aloe,rmfnm:
Lf“ — L’}‘ = ; u"u/ Lv ‘[gr (U-’w) U-";/ul}'»
2. inkomogeneovs transformodions of the {ype

[y — Lu=Lx + ¢ (¢eC)
H — H=He52(crl, ~clh) + 4 (eR)
Froof * ’
1: The Su%edevl uniéury im@rry\ajﬁcn mb A,{(\em[s 'ff.e Dlalhf)t'nﬁ 'L[gm)g 0/ 1%3

Master equabion.
2 DILYp = 2 [Lpl ~5LiTp -5 pLELL

_ ?;3 up i (Loplh 10 Lap - L0,
Z(Lupll ~4L5Lp 4¢li) = T D[L]p

n

summaon
oM W 3rVe.S

XVZ
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2: (onsder the ”:7” hord side ”f the masfer e’?m’t’bﬂ:
—i[ H/f’] + Z]DfL'rJJO = ’%[H»‘—EZ@‘L, ’(rm)*é’f] +;D[L"+€'JJO
=~~[Hfj ZZ[C;L = gl f]
- Z{ (Lergdp (L) = F{Leg)La)p ‘£P(¢*‘ﬁ)(‘f*cf)}
= —t[H.e] —lz;[cf’l‘/“_[f"[’t’f] *;D[Lr]/’
TP C»Lr * G Lup -3 CI‘EMO ‘%.C-::LPP ~ip cpl "‘?L_PC:LP
= —-'[He] ZE[LH]f

Note:

8 Due 4o the tvariance undey the mhemyeneovr fmnsﬁmﬁons of e
second ‘(f;/vpe, We can always choese finile d:menmoml Lindblad
operafors fo be druceless by lething G=—ytrly o that
br U= &0 (LptC) = 4r [ trle by = o This dees 1ot
work I;C ‘fFL,»”-:W, as is the cuse for L,lza%l, ﬁf example.

B When Imiﬁfg the dmp{rg ferms s j:_‘f = - +ZD[L,Jf>, each
operator Ly must torry dimension of Ve . r[?esmlmj L.= C,‘L
Wil €C and dimenson I\[time, we obfain dimensionless operators L,u-
In {Crms 0f ﬁese new oloemfw:f ﬁne ohmpi -(Crm.t read

> DIL,lp - Zlel DLl

R
Where b= lcul® can be inferpreted as a tole. Tn the examples we will
encovnter in chopler 2, we will see that Y astumes the roles of-

relaxofion hde or mite af pure de,olwiqy, ﬁr hsfance.



