SUPPORTING INFORMATION

Appendix for “Varieties of Clientelism: Machine Politics During Elections”
Proofs of Propositions 1 - 3

We refer to opposing voters as OV'; to supporting nonvoters as SNV'; and to opposing nonvoters as ONV'.
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Also, for notational simplicity, let h = g(¢) f(x)dcdz, r = x — 2™, and s = —x — 2.

The proofs to Propositions 1 and 3 make use of the following lemma:
Lemma 1: For any allocation of budget B, a machine could buy more citizens if it had additional resources
of any positive amount.
Proof. Let A be an allocation of budget B. Define M (A) to be the set of citizens who vote for a machine given
this allocation: M(A) = {(zs,¢;) : b; > b;}, where b; is the payment received by citizen i under allocation
A and b; is the payment required to buy this citizen. Limited resources means that for any allocation A,
a machine cannot afford to buy all citizens: [ [b;h > B. It follows that there exists a set Q ¢ M(A) of
positive measure such that b; > b; for all (z;,¢;) € Q. Let (&;,¢;) be any point on the interior of @ and
select 7 sufficiently small such that A(n) = [&;,@; +n] X [¢,¢ +n] C Q. Let 8 > 0 represent some nonzero
amount of resources. Then by the continuity of f(z) and g(c), there exists a 19 < 7 such that for any 6, a
machine can afford to buy all citizens in A(ng): fA(no) bih < 0. O
Proposition 1: In an optimal allocation of resources, a machine sets by, 5 = 2b%.5 = 2b},p = 2b% 5.
Proof. We will show (i) b%5 = b}, p and (ii) bj, 5 = 2b%.5. (The proof to b} 5 = b% 5 follows identical logic).

(i) Let b5 and b5, p be the upper bounds on a machine’s payments to SNV and ONV, respectively.
For contradiction, assume A is an optimal allocation in which b%. 5 # b}, p. Without loss of generality, say
bhp > bhp. We will show there exists an allocation A’ that is affordable and produces a strictly greater
number of net votes. Thus, A cannot be optimal.

Let S be a set with positive measure of SNV such that all citizens in set S have a required payment
bi = big. Let (2,é) be any point on the interior of S and take § small enough such that A(8) = [, +
d] x [é,é+ 6] C S. Recall from Lemma 1 that @ is a set of citizens who remain unbought under allocation
A. Let R C @ be a set with positive measure of ONV such that all citizens in set R have a required
payment b%p > b; > bhp. Let (#,6) be any point on the interior of R. Take p small enough such that
A(p) = [2,2 4 p] X [¢,¢6+ u] C R. By the continuity of f(z) and g(c), there exists a dgp < § and a ug < p
such that fA(5o) h= fA(uo) h (call this Equation Al). Observe that A(dp) and A(ug) have the same number
of citizens, so buying either set produces the same net votes. Let 6 = fA(5O) bih — fA(uo) b;h and note # > 0

because citizens on A(dp) are more expensive than those on A(ug). Finally, let A(no) be a set of citizens



who are mutually exclusive of set A(ug) and who do not receive rewards under allocation A. Formally,
A(no) € Q and A(uo) N A(ng) = 0.

Consider an allocation A’ in which a machine buys all citizens in A(ug), reduces payments to citizens
on A(dg) to zero, and redistributes the savings to citizens in A(rg). Recall from Lemma 1 that citizens on
A(no) can be be bought with resources 6. Formally, define Q = [X, X] x [0,C] — (A(d0) U A(uo) U A(1o))-
Let A’ = A for all (z4,¢;) on Q, A’ =0 for all (z;,¢;) on A(dy), and A’ = b; for all (z;,¢;) on A(ug) and for
all (z;,¢;) on A(ng). The cost of A’ is < the cost of allocation A, and A’ buys fA(no) h more citizens. Thus
A cannot be an optimal allocation.

(ii) To show b}, 5 = 2b%5 (or, equivalently, bf 5 = 2b},p or b}, 5 = 2b% ), we repeat the proof that
bh.z = b}, p, replacing Equation (A1) with fA(éo) h = 2fA(uo) h, where A(dy) is a subset of OV for whom
b; = b}, g > 2b}., and where A(up) is a subset of SNV for whom $b} 5 > b; > b} O
Proposition 2: If a machine engages in electoral clientelism, then optimally it allocates resources across all
three strategies of vote buying, turnout buying, and double persuasion.

Proof. Let b, = 0" and b5 = b}, p = b’ 5 = b*. In an optimal allocation, the number of vote-buying re-
cipientsis VB = N ff% féo h (Equation A2), the number turnout-buying recipients is TB = N foY fTHb* h
(Equation A3), the number of double-persuasion recipients is DP = N fi) b fsﬂ'b* h (Equation A4), and the
number of abstention buying recipients is AB = N f&_bT [, h+N fEbT [0 h (Equation A5). By Propo-
sition 1, b** = 2b*, so b* > 0 < b** > 0. It then follows from equations A2, A3, A4, and A5 that
VB>0<«<=TB>0+= DP>0<= AB > 0. O
Proposition 3: If BE/B < b and ¢; < 9, a machine pays EZVB toa OV. If EiAB < b* and ¢; > 29, a
machine pays B?B toa OV. If B;TFB < b*, a machine pays B;TFB toa SNV. If BiDP < b*, a machine pays BiDP
to a ONV. All other citizens receive no payment.

Proof. We prove the TB case; identical logic holds for other strategies. We show (i) if EiTB < b**, a machine
pays EiTB to a SNV (ii) if EiTB > b*, a machine offers b, =0 to a SNV.

(i) Let b* be the upper bound on payments a machine makes to SNV. Define M(A) to be the set of
SNV who vote for the machine given the payment allocation A. For contradiction, assume A is an optimal
allocation in which the machine does not buy all SNV who are cheaper than b*. Formally, there exists a set
7 with positive measure of SNV receiving b; < b; < b*. We will show there exists a A’ that is affordable
and produces a strictly greater number of net votes. Thus, A cannot be optimal.

Let (&,¢) be any point on the interior of M(A) and take ¢ small enough such that A(0) = [£,& +
0] x [é,é + 6] € M(A). Let (Z;,¢) be any point in Z and select p sufficiently small such that A(u) =
[Z:, T; + p] X [€;, ¢ + p] C Z. By the continuity of f(z) and g(c) there exists a dp < d and pg < p such that
fA(éo) h = fA(uo) h. Observe that A(dg) and A(po) have the same number of SNV, so buying either set
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produces the same net votes. Let § = fA(do) b;h — fA(”O) bih and note that § > 0 because citizens in A (o)
are cheaper than those in A(dp). Consider an allocation A’ in which a machine buys all citizens in A(uo),
reduces payments to citizens in A(dp) to zero, and redistributes the savings to citizens in A(7y). Recall from
Lemma 1 that A(np) is a set of citizens who remain unbought under allocation A, and who could be bought
with resources . Formally, define Q = [X, X] x [0,C] — (A(dp) U A(uo) U A(np)). Let A’ = A for all (x;,¢;)
on Q, A’ =0 for all (x;,¢;) on A(dp), and A’ = b; for all (x;,¢;) on A(ug) and for all (x;,¢;) on A(ng). The
cost of A’ is less than or equal to the cost of allocation A and A’ buys | Alo) h more citizens. Thus A cannot
be an optimal allocation.

(ii) Recall that b* is the upper bound on payments a machine makes to SNV. Offering b* to a citizen
for whom EiTB > b* is insufficient to induce turnout (i.e., it is an underpayment). Formally, underpayment
can be defined as a set of positive measure P of SNV receiving rewards b; such that b; > b; > 0. For
contradiction, assume A is an optimal allocation in which a machine underpays some SNV. We show there
exists an affordable allocation A” that produces strictly more net votes than A. Thus, A cannot be optimal.

Define 6§ = fP b;h as the resources the machine devotes to citizens in set P. In allocation A, 8 > 0.
Observe that since the machine underpays these citizens, it receives 0 net votes in return. Recall from
Lemma 1 that a machine can purchase all citizens on set A(ng) for resources 8, where A(ng) are citizens
who remain unbought under allocation A. Consider an allocation A” in which a machine reduces payments
to citizens on set P to 0 and uses the savings to purchase citizens on set A(n). Formally, define Q =
[X, X]x[0,C] = (P U A(np)). Let A” = A for all (z;,¢;) on Q, A” =0 for all (x;,¢;) on P, and A” = b, for
all (x;,¢;) on A(ng). Then the costs of A” are < the costs of A, and A” buys fA(no) h more citizens. Thus

A cannot be an optimal allocation. O

Comparative Statics

For analysis of comparative statics, we assume f and g are distributed uniformly. The machine’s con-

strained optimization problem, where A is the Lagrangian multiplier, is: mazx VM _vO _\E-B).
bre, bop, bve, bas

The machine maximizes the difference between its votes (VM) and opposition votes (V©), given that

S—bAB

c h and

total expenditures (F) must be less than or equal to its budget B. Note that VO = f; =S
VM = VB+TB+DP+S, where: Vote Buying (VB) = f wa fg h, Turnout Buying (TB) fo f:“m h,
Double Persuasion (DP) = ffg fsr+bDP h, and Supporters (S) = fo Jy h- Total expenditures for the
machine party are E = Eyg + Erg + Epp + Eap, where: VB Expenditures (Ey p) f e fg i h,
TB Expenditures (E7g) fo f:+b B h DP Expenditures (Epp) = f_g f:+b bi h7 and AB
Expenditures (Eap) = f f _pAB i h+f VB f b h. Solving the problem yields four first order

conditions. Solving all first order conditions for A yields the results from Proposition 1: b5 = 2b%g =



2bfp = 2bjy. For the following analyses, let I' = m Recall that C < 0, X <0, and X = —X.

Compulsory Voting: Substitute b* = %b** from the FOCs into the budget constraint. Implicit

3 Poti : NG N —4b™* : sk _ Opk : .
differentiation yields: - = 8(a+Y7meQ)fb** < 0. Substitute b** = 2b* into the budget constraint.

Implicit differentiation yields: —a = laix *T%f’; o

8(\9/aB — g |:2b** + (2(& M C) b**)aaba j| b* 3b;* b** %ba

o (e Y]y 0 ) 5 I <o) 22 15 <o

(4) agf =-r [b*% +(4X + b**)%—f} = {b** O~ 4 ox O ‘% ] < 0 (recall that X < 0 and that under

< 0. Comparative statics follow: (1)

an optimal allocation of resources, b* = %b** and % = %aga ).

Ballot Secrecy: In the constrained optimization problem above, replace Eyp with SEyp and Epp with

BEpp. The FOCs become Bby = 28bhp = 2b4y = 2bi . Substitute bjyp = 1b% and by = bip = ’BbVB

from the FOCs into the budget constraint. Implicit differentiation yields:

ALy b ((5—128)2b% 5 —12(8zM +C—28X)) . £ ok . s " . ..

avﬁM _ VB3ﬁ(46§(65\:%)b;‘,B+8(zM+Q)) < 0. Substitute b33 = 2b5,p and bz = bip = 52b5p and implicit
obhp — b:/B((5*Eﬁ)b<ﬂ3*6(595M+Q*25y))
9p 3B(2B8X (68—5)byp+4(xM+C))

differentiation yields: < 0. Let by = bap and substitute

by = %b:i‘B and bfyp = %b%B and implicit differentiation yields:

ag";ff = ag‘}f =3 g(?ggBg()iﬂ;;?sg?ztjg(ig;r%)ﬁ%)) > 0. Comparative statics follow: (1)

%2 = & [(bn — 20" + 0% — b — bn'Bh] =

L {(b{‘,B —2(zM + C’))abVB bVB 62733 by (5 (bys + ﬂabVB )} < 0 (using the fact that in an optimal
allocation of resources, bip = b* Yp and abAB = 1(byp + BabVB ). (2) agTB = Fyagj? > 0. (3)

65613 _ lgjP Phe (. (4)

%5 =1 [bAB T (X 4 ) T | = [ §6n % + 34X+ big) (b + B%5%)] > 0 (again

substituting b3y = 2b%p and a—ﬁB = 1(byp + ﬁabVB ))-
Salience of Political Preferences: Substituting FOCs into the budget constraint and implicitly
. s . . ab** b** (b**+120) _ b™ (b*+6C)
differentiating yields: (1)%— = 3&(8(wM+n(C )5 0 and (2)% = 3/1(4(1M+K(C =7 0.
Comparative statics follow: (1) 248 = — L, [2b**(b** +20) + 26(2(kz™ + C) + b* — nb**)%:] <0
= 3%5). () 22 =1 [X(50)| > 0. 3)

>0. (4) 248 =

ab*
oK

(using the fact that in an optimal allocation of resources,
ODP __ b x| * (b*+6C) _px
9 4”2 {2 b } a 4"‘2 [2% 3k (4(z M+f~”~(C X))+b*) b }

* (ko ob* s\ Ob | __ * [ 1kok Kok k(b +12C) *x\ Ob*
w? [b (0 — k%) = KUX +™)5 } = 3= {b b = O s mc ) ~ A )5 ] > 0.
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Political Polarization: Note that by the assumption of symmetric party platforms, 2™ — 2@ = 22M

Substitute b* = %b** from the FOCs into the budget constraint. Implicit differentiation yields:

ab** Ab** . o . . .. . c . . .
7Ty g prg s > 0. Substitute b** = 2b* into the budget constraint. Implicit differentiation yields:

(2) gz—% = W > 0. Comparative statics then follow: (1).

W = L@ + (2a™ + C) + b)) o |~ Lo 467 R = £ [ =267 + (2™ + C) +5™))8
b**

(where the last two terms of the first equation cancel after substituting b* = %b** nd ab



218 — 1 [X(2%)] > 0. (3) 286 =5 [ 2] > 0. (8)

9z M oM oxM ox
gf}j = _g [b* ggj\; +(4X + b**);;’;} = —% [b** gi; + 2&22;} > 0 (recall that X < 0 and that under an
optimal allocation of resources, b* = %b** and 6‘3;’;4 = %gz; ).

Machine Support: Substituting FOCs into the budget constraint and implicitly differentiating yields:

831’;* = %b; = 0. Comparative statics follow: (1) 8XEB =-r [(2(3@M +C)—-bv"* + b*)ag—; + b**%—”;] =0. (2)

—
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oTB _T [b* + (X +7) %12] =Tb*>0. (3) 222 =T [b*(%)} — 0. (4)

04 — L (44 225 + (X +2) +b7) 2| = -To* <.



