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Introduction and Background 

¨  Count data arises naturally in a wide range of transportation and traffic 
applications. 
¤  Household (HH) Vehicle Ownership (Karlaftis and Golias 2014; Liu, Tremblay and Cirillo 

2014; Bhat et al. 2015) 
¤  Origin-Destination (O-D) Trip Frequencies (Parry and Hazelton 2012; Zhou and 

Mahmassani 2007) 
¤  Recreational Site Visits (Englin and Shonkwiler 1995; Englin, Boxall and Watson 1998) 
¤  Activity Participation Frequency (Ma and Goulias 1999; Mannering and Hamed 1990; 

Hamed and Mannering 1993) 
 

¨  Observed event counts are realized in connection with an underlying individual 
choice. 
¤  Household (HH) Vehicle Ownership 
¤  Trip Origin-Destination (O-D) Frequencies 
¤  Recreational Site Visits 
¤  Activity Participation Frequency 

Vehicle Type Choice 
Destination Choice 

Public Park/Site Choice 
Activity Choice 
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Introduction and Background 

¨  Approaches for Integrating Choice and Count Data in Models 

¤  Using the logsum of the choice model directly in estimating the Poisson rate 
parameter: 
n  (Mannering and Hamed 1990; Hamed and Mannering 1993) 
 

¤  Modeling the observed count using a Multinomial Probit (MNP) and linking this with a 
choice model (MNL, MNP): 
n  Castro et al. 2012 
n  Narayanamorthy et al. 2013 
n  Bhat et al. 2014; Bhat et al. 2015 
n  Liu, Tremblay and Cirillo 2014 
 

¤  Analytically approximating the joint choice-count distribution within a Bayesian 
MCMC estimation framework 
n  Burda, Harding and Hausman 2013 
n  Zhou and Carin 2015 



Introduction and Background 

¨  Linking Choice with Count Intensity 
¤  Few applications link choice with count, preserving a direct 

mapping between distribution parameters at both levels. 
¤  Preserving this mapping allows determining the marginal impact 

of individual choices on count intensity 

¨  Research Objectives 
¤  Estimate a joint count and multinomial choice model 

n  Preserve a mapping between the Poisson count intensity 𝜆 and the 
random utility of chosen alternatives. 

 
¤  Through this model, estimate the marginal impact of attributes on 

observed choices and their scaled impacts on observed counts. 
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Background: Poisson Model 

¨  Base-Case Poisson Count Data Model: 

¨  Mixed Poisson (Karlis and Xekalaki 2005): Mixing 𝜆 with 𝑔(𝜆) mixing  with 𝑔(𝜆) mixing 
distribution 

¨  In a temporal context, replace time-constant 𝜆 with a time-dependent 𝜆  
(𝜏) over a time interval 𝑡=[ 𝑡 ,¯𝑡 ), due to the Poisson independence 
assumption, the PMF of the resulting count y over the time interval is:  

 

𝑃𝑟(𝑦=𝑘)= exp(−𝜆) 𝜆↑𝑘 /𝑘!  𝜆=exp(Xβ) 

𝑃𝑟(𝑦=𝑘)=∫0↑∞▒exp(−𝜆) 𝜆↑𝑘 /𝑘! 𝑔(𝜆)𝑑𝜆  
𝜆=exp(Xβ) 

𝜆↓𝑡 =∫𝑡 ↑¯𝑡 ▒𝜆  (𝜏)dτ  𝑃𝑟(𝑦=𝑘)= exp(− 𝜆↓𝑡 ) (𝜆↓𝑡 )↑𝑘 /𝑘!  
𝜆↓𝑡 =exp(Xβ) 
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Model Formulation 

¨  Two-level decision process  
¤  Bottom Level: utility-maximizing choice 

 
 
¤  Top Level: count process on the time interval 𝑡=[ 𝑡 ,¯𝑡 )  
¤  Both levels are driven by the same alternative specific utility. Count intensity parameter is 

driven by the utility of the chosen alternative. 
 

¨  Utility of alternative j for person i at time instant 𝜏∈ [ 𝑡 ,¯𝑡 )  

𝑈 ↓𝑖𝑡𝑗 (𝜏)= 𝛽 ↓𝑖 𝑋↓𝑖𝑡𝑗 (𝜏)+ 𝜃 ↓𝑖 𝐷↓𝑖𝑡𝑗 (𝜏)+ 𝜀 ↓𝑖𝑡𝑗 (𝜏) 

𝑋↓𝑖𝑡𝑗  : alternative varying attributes (distance of activity location from home, etc.) 
𝐷↓𝑖𝑡𝑗  : other alternative specific attributes (morning occurrence, etc.) 
𝜀 ↓𝑖𝑡𝑗  : iid Gumbel random error 

𝛽 ↓𝑖 , 𝜃 ↓𝑖  : model parameters; can be randomly distributed 

𝑈 ↓𝑖𝑡𝑐 (𝜏)= max┬𝑗∈𝐽  𝑈 ↓𝑖𝑡𝑗 (𝜏)  



Model Formulation 

¨  Two-level decision process  
¤  Bottom Level: utility-maximizing choice 

 
 
¤  Top Level: count process on the time interval 𝑡=[ 𝑡 ,¯𝑡 )  
¤  Both levels are driven by the same alternative specific utility. Count intensity parameter is 

driven by the utility of the chosen alternative. 
 

¨  Utility of alternative j for person i at time instant 𝜏∈ [ 𝑡 ,¯𝑡 )  

𝑈 ↓𝑖𝑡𝑗 (𝜏)= 𝛽 ↓𝑖 𝑋↓𝑖𝑡𝑗 (𝜏)+ 𝜃 ↓𝑖 𝐷↓𝑖𝑡𝑗 (𝜏)+ 𝜀 ↓𝑖𝑡𝑗 (𝜏) 

𝑋↓𝑖𝑡𝑗  : alternative varying attributes (distance of activity location from home, etc.) 
𝐷↓𝑖𝑡𝑗  : other alternative specific attributes (morning occurrence, etc.) 
𝜀 ↓𝑖𝑡𝑗  : iid Gumbel random error 

𝛽 ↓𝑖 , 𝜃 ↓𝑖  : model parameters; can be randomly distributed 

𝑈 ↓𝑖𝑡𝑐 (𝜏)= max┬𝑗∈𝐽  𝑈 ↓𝑖𝑡𝑗 (𝜏)  



Model Formulation 

¨  Top Level: count process on the time interval 𝒕=[ 𝒕 ,¯𝒕 ) 

¨  The stochastic count variable  𝑌↓𝑖𝑡   is assumed distributed according to a Poisson 
PMF with intensity parameter 𝜆↓𝑖𝑡 , over a time interval 𝑡=[ 𝑡 ,¯𝑡 ) : 

 
 

¨  The intensity parameter  𝜆↓𝑖𝑡   is a function ℎ(.) of the utility of the chosen 
alternative 𝑐∈𝐽 

𝑃𝑟(𝑌↓𝑖𝑡 (𝜏)= 𝑦↓𝑖𝑡 )= 𝑒𝑥𝑝(− 𝜆↓𝑖𝑡 (𝜏))∙ [𝜆↓𝑖𝑡 
(𝜏)]↑𝑦↓𝑖𝑡  /𝑦↓𝑖𝑡 !  
 

𝜆↓𝑖𝑡 (𝜏)=ℎ(𝑈 ↓𝑖𝑡𝑐 (𝜏))                                                                                                                                                     

            = 𝛾↑′ 𝑍↓𝑖𝑡 (𝜏)+ 𝛽↓𝑖↑′ 𝑋↓𝑖𝑡𝑐 (𝜏)+ 𝜃↓𝑖↑′ 𝐷↓𝑖𝑡𝑐 (𝜏)+ 

𝜀↓𝑖𝑡𝑐 (𝜏)  

𝑍↓𝑖𝑡 (𝜏): person specific attributes (age, number of HH vehicles, etc.) 

𝛾↑′ , 𝛽↓𝑖↑′ , 𝜃↓𝑖↑′ : model parameters; can be randomly distributed 
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Model Formulation 

¨  For discrete 𝑘=1,…,𝑦↓𝑖𝑡𝑐 , denote a realization of the utility 𝑈 ↓𝑖𝑡𝑐 (𝜏) :  

¨  Assuming variables 𝑋↓𝑖𝑡𝑗 (𝜏) and 𝐷↓𝑖𝑡𝑗 (𝜏) are constant on equal-length time 
intervals   𝑡↓𝑠 ,  𝑡= ∪↓𝑠=1↑𝑆 𝑡↓𝑠  

¨  Approximate the integrated count intensity 𝜆↓𝑖𝑡  by: 
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↓𝑖𝑡𝑐  
               = 𝑉 ↓𝑖𝑡𝑐 + 𝜀 ↓𝑖𝑡𝑐   
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Model Formulation 

¨  For each time period or interval  𝑡=[ 𝑡 ,¯𝑡 ) , denote 𝛿↓𝑖𝑡𝑐  as the fraction of that 
time period over which the alternative 𝑐 was chosen. 𝜀 ↓𝑖𝑡𝑐𝑘  is assumed iid 
Gumbel. 


¨  𝛿↓𝑖𝑡𝑐   is the standard market share of c for time interval t given by: 

¨  The conditional PMF on 𝜆↓𝑖𝑡  is: 

𝛿↓𝑖𝑡𝑐 = 𝑒𝑥𝑝(𝑉 ↓𝑖𝑡𝑐 )/
∑𝑗=1↑𝐽▒𝑒𝑥𝑝(𝑉 ↓𝑖𝑡𝑗 )   𝑉 ↓𝑖𝑡𝑐  = 𝛽↓𝑖↑′  𝑋 ↓𝑖𝑡𝑐 + 𝜃↓𝑖↑′  𝐷 ↓𝑖𝑡𝑐  

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 | 𝜆↓𝑖𝑡 )= 𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )∙ [𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 ]↑
𝑦↓𝑖𝑡𝑐  /𝑦↓𝑖𝑡𝑐 !   
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Model Formulation 

𝛿↓𝑖𝑡𝑐  

1−𝛿↓𝑖𝑡𝑐  

𝛿↓𝑖𝑡𝑐 = 1/1−𝑒𝑥𝑝(𝑉↓2 − 𝑉↓1 )  

Another view: Subdividing a Poisson counting process rate into n processes: 𝐽={1,2} 

𝑁(𝑡) 

𝑁↓1 (𝑡) 

𝑁↓2 (𝑡) 
𝑟𝑎𝑡𝑒 𝜆 

𝑟𝑎𝑡𝑒= 𝛿↓𝑖𝑡𝑐 𝜆 

𝑟𝑎𝑡𝑒= (1−𝛿↓𝑖𝑡𝑐 )𝜆 

Choice 

The conditional PMF on 𝜆↓𝑖𝑡 , which is random, is: 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 | 𝜆↓𝑖𝑡 )= 𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )∙ [𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 ]↑
𝑦↓𝑖𝑡𝑐  /𝑦↓𝑖𝑡𝑐 !   



Model Formulation 

¨  The unconditional count PMF is: 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫↑▒𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )∙ [𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 ]↑𝑦↓𝑖𝑡𝑐  /𝑦↓𝑖𝑡𝑐 ! 
𝑔(𝜆↓𝑖𝑡 )∙𝑑𝜆↓𝑖𝑡   

𝜆↓𝑖𝑡 = 𝛾↑′ 𝑍↓𝑖𝑡 + 𝛽↓𝑖↑′  𝑋 ↓𝑖𝑡𝑐 + 𝜃↓𝑖↑′  𝐷 ↓𝑖𝑡𝑐 +  𝜀 
↓𝑖𝑡𝑐  
               = 𝑉 ↓𝑖𝑡𝑐 + 𝜀 ↓𝑖𝑡𝑐   

sum of 𝑦↓𝑖𝑡  densities of utility 
maximizing Gumbel terms 𝜺 
↓𝒊𝒕𝒄𝒌   

𝑔(𝜆↓𝑖𝑡 )=𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑔(𝑉 ↓𝑖𝑡𝑐 ) 

This distribution has no closed-form expression 



Model Formulation 

¨  The unconditional count PMF is: 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫↑▒𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )∙ [𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 ]↑𝑦↓𝑖𝑡𝑐  /𝑦↓𝑖𝑡𝑐 ! 
𝑔(𝜆↓𝑖𝑡 )∙𝑑𝜆↓𝑖𝑡   

𝜆↓𝑖𝑡 = 𝛾↑′ 𝑍↓𝑖𝑡 + 𝛽↓𝑖↑′  𝑋 ↓𝑖𝑡𝑐 + 𝜃↓𝑖↑′  𝐷 ↓𝑖𝑡𝑐 +  𝜀 
↓𝑖𝑡𝑐  
               = 𝑉 ↓𝑖𝑡𝑐 + 𝜀 ↓𝑖𝑡𝑐   

sum of 𝑦↓𝑖𝑡  densities of utility 
maximizing Gumbel terms 𝜺 
↓𝒊𝒕𝒄𝒌   

𝑔(𝜆↓𝑖𝑡 )=𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑔(𝑉 ↓𝑖𝑡𝑐 ) 

This distribution has no closed-form expression 



Model Formulation 

¨  The unconditional count PMF is: 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫↑▒𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )∙ [𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 ]↑𝑦↓𝑖𝑡𝑐  /𝑦↓𝑖𝑡𝑐 ! 
𝑔(𝜆↓𝑖𝑡 )∙𝑑𝜆↓𝑖𝑡   

𝜆↓𝑖𝑡 = 𝛾↑′ 𝑍↓𝑖𝑡 + 𝛽↓𝑖↑′  𝑋 ↓𝑖𝑡𝑐 + 𝜃↓𝑖↑′  𝐷 ↓𝑖𝑡𝑐 +  𝜀 
↓𝑖𝑡𝑐  
               = 𝑉 ↓𝑖𝑡𝑐 + 𝜀 ↓𝑖𝑡𝑐   

sum of 𝑦↓𝑖𝑡  densities of utility 
maximizing Gumbel terms 𝜺 
↓𝒊𝒕𝒄𝒌   

𝑔(𝜆↓𝑖𝑡 )=𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑔(𝑉 ↓𝑖𝑡𝑐 ) 

This distribution has no closed-form expression 

Gumbel does not help analytically here… 



Model Formulation: Likelihood Function 

¨  The joint count probability of the observed sample 𝑦={ 𝑦↓𝑖𝑡𝑐 } is 

 

 

𝑃𝑟(𝑌=𝑦)=∏𝑖=1↑𝑁▒∏𝑡=1↑𝑇↓𝑖 ▒∏𝑐=1↑𝐶↓𝑖𝑡 ▒𝑃𝑟(𝑦↓𝑖𝑡𝑐 | 𝛿↓𝑖𝑡𝑐 )     

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫Λ↑▒𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 ) ∙𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )𝑔(𝑉 ↓𝑖𝑡𝑐 )∙𝑑(𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 ) 

𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 )= 1/𝑦↓𝑖𝑡𝑐 ! 𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )(𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )↑𝑦↓𝑖𝑡𝑐   

 𝜆↓𝑖𝑡 =   𝑉 ↓𝑖𝑡𝑐 +   𝜀 
↓𝑖𝑡𝑐                 



Model Formulation: Likelihood Function 

¨  The joint count probability of the observed sample 𝑦={ 𝑦↓𝑖𝑡𝑐 } is 

 

 

𝑃𝑟(𝑌=𝑦)=∏𝑖=1↑𝑁▒∏𝑡=1↑𝑇↓𝑖 ▒∏𝑐=1↑𝐶↓𝑖𝑡 ▒𝑃𝑟(𝑦↓𝑖𝑡𝑐 | 𝛿↓𝑖𝑡𝑐 )     

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫Λ↑▒𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 ) ∙𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )𝑔(𝑉 ↓𝑖𝑡𝑐 )∙𝑑(𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 ) 

𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 )= 1/𝑦↓𝑖𝑡𝑐 ! 𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )(𝛿↓𝑖𝑡𝑐 𝜆↓𝑖𝑡 )↑𝑦↓𝑖𝑡𝑐   

 𝜆↓𝑖𝑡 =   𝑉 ↓𝑖𝑡𝑐 +   𝜀 
↓𝑖𝑡𝑐                 



Model Formulation: Evaluating the 
Likelihood Function 
¨  Partition the probability 

 

 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫Λ↑▒𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 ) ∙𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )𝑔(𝑉 ↓𝑖𝑡𝑐 )∙𝑑(𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 ) 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫𝜈↑▒∫𝜀↑▒𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 )𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )𝑑𝜀 ↓𝑖𝑡𝑐 ∙𝑔(𝑉 ↓𝑖𝑡𝑐 )𝑑𝑉 ↓𝑖𝑡𝑐    

𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )=∫𝜀↑▒𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 )𝑔(𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )𝑑𝜀 ↓𝑖𝑡𝑐   

Strategy: Evaluate analytically in a Bayesian estimation approach, using 
data augmentation (MCMC draws) for estimating the model parameters. 

𝑬↓𝜺  𝒇(𝒚↓𝒊𝒕𝒄 | 𝑽 ↓𝒊𝒕𝒄 ) 



Model Formulation: Approximating the 
Poisson Mixture 
¨  Derive in terms of series expansion 

¨  End Result: Sum of generalized moments 

𝑒𝑥𝑝(𝑥)=∑𝑟=0↑∞▒𝑥↑𝑟 /𝑟!   
Series expansion of the exponential function 

𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 )= 1/𝑦↓𝑖𝑡𝑐 ! 𝑒𝑥𝑝(− 𝛿↓𝑖𝑡𝑐 (𝑉 ↓𝑖𝑡𝑐 + 𝜀 ↓𝑖𝑡𝑐 ))(𝛿↓𝑖𝑡𝑐 (𝑉 ↓𝑖𝑡𝑐 + 𝜀 ↓𝑖𝑡𝑐 ))↑𝑦↓𝑖𝑡𝑐   

𝑓(𝑦↓𝑖𝑡𝑐 | 𝜀 ↓𝑖𝑡𝑐 , 𝑉 ↓𝑖𝑡𝑐 )= 𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )=∑𝑟=0↑∞▒(−1)↑𝑟 /𝑟!∙ 𝑦↓𝑖𝑡𝑐 ! ∙ (
𝛿↓𝑖𝑡𝑐 )↑𝑟+ 𝑦↓𝑖𝑡𝑐   ∙ 𝜂↓𝑤↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )  

𝑤=𝑟+ 𝑦↓𝑖𝑡𝑐  



Determining Moments with Cumulants 
of a Random Variable 
¨  Recursive relationship between Moments and Cumulants (Smith 1995; 

Severini 2005) 

¨  Separate out the first cumulant term:  

 

𝜂↓𝑤↑′ =∑𝑞=0↑𝑤−1▒(█𝑤−1@𝑞 )∙ 𝜅↓𝑤−𝑞 ∙ 𝜂↓𝑞↑′   
𝜂↓𝑤↑′ : w-th moment 𝜅↓𝑤 : w-th cumulant 

𝜂↓𝑤↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )=[∑𝑞=0↑𝑤−2▒(𝑤−1)!/𝑞!∙(𝑤−1−𝑞)!  ∙ 𝜅↓𝑤−𝑞 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙ 
𝜂↓𝑞↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )]+ 𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙ 𝜂↓𝑤−1↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) 



Determining Moments with Cumulants 
of a Random Variable 
¨  For w=1 (Burda et al. 2013) 

¨  For w>1(Burda et al. 2013) 

¨  Only the first 𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) is a function of model 

parameters (𝛽,𝜃,𝛾) ) 

¨  Only the first 𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) is updated in during an MCMC 
run. 

¨  Gumbel has analytical appeal here… 

 

𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )= 𝑉 ↓𝑖𝑡𝑐 + 1/𝑦 ∑𝑘=1↑𝑦▒[𝜇↓𝑘 + 𝛾↓𝑒 ]  𝜇↓𝑘 : ∑𝑗=1↑𝐽▒𝑒𝑥𝑝[−(𝑉↓𝑖𝑡𝑐𝑘 − 𝑉↓𝑖𝑡𝑐𝑗 )]   
𝛾↓𝑒 : Euler’s constant 
𝑦: 𝑦↓𝑖𝑡𝑐  

𝜅↓𝑤 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )= (1/𝑦 )↑𝑤−1 (𝑤−1)!𝜁(𝑤) 
𝑦: 𝑦↓𝑖𝑡𝑐  

𝜁(.): Zeta function 



Determining Moments with Cumulants 
of a Random Variable 
¨  Separate out first cumulant term: 

¨  Substitute 𝜅↓𝑤 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) 

¨  Only the first cumulant 𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) is updated each MCMC run 

¨  These terms can be pre-computed and stored prior to estimation 

¨  w-th moment 𝜂↓𝑤↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) is a sum of previous moments 
(recursive)  

 

𝜂↓𝑤↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )=[∑𝑞=0↑𝑤−2▒(𝑤−1)!/𝑞!∙(𝑤−1−𝑞)!  ∙ 𝜅↓𝑤−𝑞 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙ 
𝜂↓𝑞↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )]+ 𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙ 𝜂↓𝑤−1↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) 

𝜂↓𝑤↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )=[∑𝑞=0↑𝑤−2▒(𝑤−1)!/𝑞!  ∙ (1/𝑦 )↑𝑤−1 (𝑤−1)!𝜁(𝑤)∙ 𝜂↓𝑞↑′ (𝜀 
↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )]+ 𝜅↓1 (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙ 𝜂↓𝑤−1↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 ) 



Bayesian Analysis 

¨  The joint count-choice model is estimated using a hierarchical Bayesian 
approach. 

 

¨  Models parameters can be assumed randomly distributed (ex. MVN) and 
estimated through Bayesian augmentation (Train 2009, Ch. 12). 

𝑃𝑟(𝑌↓𝑖𝑡𝑐 = 𝑦↓𝑖𝑡𝑐 )=∫𝜈↑▒𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑔(𝑉 ↓𝑖𝑡𝑐 )𝑑𝑉 ↓𝑖𝑡𝑐   

Evaluate Analytically 

𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )=∑𝑟=0↑∞▒(−1)↑𝑟 /𝑟!∙ 𝑦↓𝑖𝑡𝑐 ! ∙ (𝛿↓𝑖𝑡𝑐 )↑𝑟+ 
𝑦↓𝑖𝑡𝑐   ∙ 𝜂↓𝜔↑′ (𝜀 ↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )  



Bayesian Analysis 

¨  The joint posterior distribution takes the form: 

¨  Prior structure: 
 

𝐾(𝐻, 𝑉 ↓𝑖𝑡𝑐 ∀𝑖,𝑡)∝∏𝑖↑▒∏𝑡↑▒𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑔(𝑉 
↓𝑖𝑡𝑐 )∙𝑘(𝐻)   

𝐻= set of hyper-parameters 𝑏,𝑏↓𝜃 ,𝑊, 𝜇↓𝛾 , Σ↓𝛾 , 𝑏 , 𝑏 ↓𝜃 , 𝑊  

𝛽↓𝑖 ~𝑁(𝑏,𝑊) 

𝜃↓𝑖 ~𝑁(𝑏↓𝜃 ,𝑊) 

𝛾~𝑁(𝜇↓𝛾 , Σ↓𝛾 ) 

𝛽 ↓𝑖 ~𝑁(𝑏 , 𝑊 ) 

𝜃 ↓𝑖 ~𝑁(𝑏 ↓𝜃 , 𝑊 ) 



Bayesian Analysis 

¨  Gibbs Sampling Blocks 

¤  Draw 𝛽|𝜃,𝛾,𝛿 for each i from 𝐾(𝛽|𝜃,𝛾,𝛿, 𝑍,𝑋,𝐷  ∀𝑖,𝑡)∝∏𝑡=1↑𝑇▒𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 
𝑉 ↓𝑖𝑡𝑐 )∙𝑘(𝛽|𝑏,𝑊)  

¤  Draw 𝜃 |𝛽,𝛾,𝛿 analogous to 𝛽 

¤  Draw 𝛾|𝛽,𝜃,𝛿 from the joint posterior 𝐾(𝛾|𝜃,𝛽,𝛿, 𝑍,𝑋,𝐷  
∀𝑖,𝑡)∝∏𝑖=1↑𝑁▒∏𝑡=1↑𝑇▒𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑘(𝛾)     

¤  Update 𝛿  
n  Draw 𝛽 | 𝜃  for each i from 𝐾(𝛽 | 𝜃 ,𝑋,𝐷  ∀𝑖,𝑡)∝∏𝑡=1↑𝑇▒𝐸↓𝜀  𝑓(𝑦↓𝑖𝑡𝑐 | 𝑉 ↓𝑖𝑡𝑐 )∙𝑘(𝛽 | 

𝑏 , 𝑊 )  
n  Draw 𝜃 | 𝛽  analogous to 𝛽   

¤  Update all remaining hyper-parameters according to Train (2009), Chapter 12, 
Results A and B 



Bayesian Analysis 

¨  Result A (Train 2009, Chapter 12) – updating of a normal random variable 
(unknown mean, known variance) 

¨  Result B (Train 2009, Chapter 12) – updating of a normal random variable 
(known mean, unknown variance) 



Application 

¨  Decision-Making Context: Discretionary Activity Participation 
 
¨  Dataset: 2011 Oregon Household Travel and Activity Survey (OHAS) – one 

weekday observed, no weekends 
¤  Geocoded Activity and Residential Locations 

 
¨  Activity Classification 

¤  Social/Recreational: Shopping, Shopping for Major Purchases or Specialty Items, 
Civil and Religious Activities, Outdoor Recreation/Entertainment, Indoor 
Recreation/Entertainment, Visit Friends or Relatives 

¤  Personal Business: Personal Business, Health Care, Household Errands, Service 
Private Vehicle 

¤  Others: Others, Pick-up/Drop-off Passenger from Car, Other, Loop Trip 



Application 

¨  Choice Set Generation 
 

¤  All decision-makers (DM) faced three alternatives: (i) Social, (ii) Personal 
Business, (iii) Other 

¤  The observed chosen alternative was observed 

¤  The other two non-chosen alternatives 
n  If the DM was observed participating in a non-chosen alt type later in the 

day (chosen later in the day), attributes taken randomly from one of these 
observed activities. 

n  If another HH member was observed  participating in a non-chosen alt type, 
attributes taken randomly from one of these observed activities. 

n  Otherwise, randomly drawn from the observed sample. 



Application 

¨  Bayesian Estimation MCMC parameters 
¤ 1,000 draw burn-in phase 
¤ Retained 2,000 MCMC draws, from a total of 10,000 

draws (saved every 5th draw) 

¨  Sample 
¤ OHAS 18,250 HH, 46,414 people 
¤ Only Households in the Portland METRO Region were 

used – 5,522 individuals 
¤ 500 randomly sampled individuals 



Application: Estimation Results 

¨  Three Sets of Parameters Estimated 
¤  Parameters of the Choice Model 

n  𝛽 ↓𝑖  and 𝜃 ↓𝑖  

¤  Parameters of the Choice Model attributes included in the 
Count Intensity 
n  𝛽↓𝑖↑′  and 𝜃↓𝑖↑′  
 

¤  Parameters of attributes in the Count Intensity (only) 
n  𝛾↑′  

¨  Parameters assumed fixed in this case. 



Estimation Results 

Attribute Coefficient t-statistic
Constant 2.565 35.525
Number	of	HH	Vehicles 0.193 3.038

Attribute Coefficient t-statistic
Distance	of	Activity	from	Home	(miles) -0.476 -50.628
Social	Activity	Occurs	in	Urban	Location	(1/0) 0.092 3.229
Social	Activity	Occurs	in	the	Evening	(1/0) 0.487 5.221
Personal	Business	Activity	Occurs	in	the	Afternoon	(1/0) 0.242 4.114
Personal	Business	Activity	Occurs	in	the	Evening	(1/0) 0.206 5.715
Alternative	Specific	Constant	Term	-	Social -0.980 -17.347
Alternative	Specific	Constant	Term	-	Personal	Business -0.386 -8.430

Attribute Coefficient t-statistic
Distance	of	Activity	from	Home	(miles) -0.005 -4.154
Social	Activity	Occurs	in	Urban	Location	(1/0) 0.336 17.846
Social	Activity	Occurs	in	the	Evening	(1/0) 0.331 5.356
Personal	Business	Activity	Occurs	in	the	Afternoon	(1/0) 0.147 5.951
Personal	Business	Activity	Occurs	in	the	Evening	(1/0) 0.545 24.759
Alternative	Specific	Constant	Term	-	Social -0.395 -23.801
Alternative	Specific	Constant	Term	-	Personal	Business 0.106 4.081

Attributes	in	the	Count	Intensity	Only

Attributes	from	the	Choice	Model	also	in	the	Count	Intensity

Attributes	in	the	Choice	Model
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Direction of impact 
similar between choice 
and count coefficients. 



Estimation Results 

Attribute Coefficient t-statistic
Constant 2.565 35.525
Number	of	HH	Vehicles 0.193 3.038

Attribute Coefficient t-statistic
Distance	of	Activity	from	Home	(miles) -0.476 -50.628
Social	Activity	Occurs	in	Urban	Location	(1/0) 0.092 3.229
Social	Activity	Occurs	in	the	Evening	(1/0) 0.487 5.221
Personal	Business	Activity	Occurs	in	the	Afternoon	(1/0) 0.242 4.114
Personal	Business	Activity	Occurs	in	the	Evening	(1/0) 0.206 5.715
Alternative	Specific	Constant	Term	-	Social -0.980 -17.347
Alternative	Specific	Constant	Term	-	Personal	Business -0.386 -8.430

Attribute Coefficient t-statistic
Distance	of	Activity	from	Home	(miles) -0.005 -4.154
Social	Activity	Occurs	in	Urban	Location	(1/0) 0.336 17.846
Social	Activity	Occurs	in	the	Evening	(1/0) 0.331 5.356
Personal	Business	Activity	Occurs	in	the	Afternoon	(1/0) 0.147 5.951
Personal	Business	Activity	Occurs	in	the	Evening	(1/0) 0.545 24.759
Alternative	Specific	Constant	Term	-	Social -0.395 -23.801
Alternative	Specific	Constant	Term	-	Personal	Business 0.106 4.081

Attributes	in	the	Count	Intensity	Only

Attributes	from	the	Choice	Model	also	in	the	Count	Intensity

Attributes	in	the	Choice	Model

Direction of impact 
similar between choice 
and count coefficients. 

Some coefficients scaled 
up in the count intensity 
from the choice model 



Estimation Results 
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Constant 2.565 35.525
Number	of	HH	Vehicles 0.193 3.038

Attribute Coefficient t-statistic
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Attributes	in	the	Count	Intensity	Only

Attributes	from	the	Choice	Model	also	in	the	Count	Intensity

Attributes	in	the	Choice	Model

Direction of impact 
similar between choice 
and count coefficients. 

Some coefficients scaled 
up in the count intensity 
from the choice model 

Other coefficients scaled 
down in the count intensity 
from the choice model 



Synthesis 

¨  The direction of impact of attributes in the choice model are consistent in 
the count model. 
¤  Attributes that lead to a higher likelihood of choice, had a similar direction of impact 

on count intensity.  

 

¨  However, the proportionality between the two sets of coefficients is not 
always consistent across attributes. 



Conclusion 

¨  A mixed Poisson model with a stochastic count intensity parameter that incorporates 
endogenously a latent utility maximization among choices was presented. 

¨  A recursive computational approach to approximating the Poisson mixture was also 
presented. 

¨  A joint model of count with choice offers an opportunity for estimating the marginal 
impact of individual choices on aggregate level event counts. 

¨  Methodological challenges exist 
¤  In a Bayesian estimation approach, drawing from a joint distribution where the marginal 

distributions are from different parametric families is necessary, and may require an 
analytical approximation. 

¤  This approximation needs low computational times for Bayesian MCMC approaches. 

¨  The analytical appeal of the Gumbel distribution should not be understated. 



Conclusion 

¨  Future Work 

 
¤  Extend model and estimation procedure to joining other count models 

with RUM choice models (i.e. Negative Binomial, etc.) 

¤  Consider correlation and dependency between coefficients in both the 
count and choice models. 

¤  Apply the model to other count-choice contexts. 

¤  Investigate the recovery of parameters from a synthetic dataset 



THANK YOU. 



Posterior Distribution 

¨  Probability of observing sample outcome Y 

¨  Bayes Rule for improving “idea” of 𝜃 

¨  L(Y) is a normalizing constant 

𝐿(𝑌|𝜃)=∏𝑛=1↑𝑁▒𝑃𝑟(𝑦↓𝑛 |𝜃)  

𝐾(𝜃|𝑌)𝐿(𝑌)=𝐿(𝑌|𝜃)𝑘(𝜃) 

𝐾(𝜃|𝑌)= 𝐿(𝑌|𝜃)𝑘(𝜃)/𝐿(𝑌)  

𝐾(𝜃|𝑌)∝𝐿(𝑌|𝜃)𝑘(𝜃) 



Moments and Cumulants 

¨  X is a random variable (real-valued) 
¨  Expected values of the form r=1,2…, are the moments of X 

¨  Moments of variables uniquely determine the distribution of X. 

¨  Let 𝜇=𝐸(𝑋); the central moments of X are the moments of  X
−𝜇  

𝐸(𝑋↑𝑟 ), r=1,2,…… 



Moments and Cumulants 

¨  Cumulants of a random variable X are defined by the cumulant-generating 
function CGF: 

¨  Cumulants have the following properties not shared by moments (Severini 
2005); let X and Y be statistically independent variables 
¤  Additivity 

¤  Homogeneity 

¤  Affine transformation 

𝜅↓𝑛 (𝑋)=𝑙𝑜𝑔[𝑀↓𝑛 (𝑋)] 

𝜅↓𝑛 (𝑋+𝑌)= 𝜅↓𝑛 (𝑋)+𝜅↓𝑛 (𝑌) 

𝜅↓𝑛 (𝑐𝑋)= 𝑐↑𝑛 𝜅↓𝑛 (𝑋) 

𝜅↓𝑛 (𝑎+𝑏𝑋)= 𝑏↑𝑛 𝜅↓𝑛 (𝑋) 


