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A Proof of Theorem 1’: Statement 4

I show statement 4 of Theorem 1’ and some of its useful corollaries, which further clarifies the differences be-

tween pure and mixed commitment actions in interdependent value environments. In subsection A.1, I state and

prove Proposition A.1, which characterizes when Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2) coincide. This result identi-

fies situations in which attaining commitment payoff from non-trivially mixed actions requires more demand-

ing conditions than attaining commitment payoff from a nearby pure action. Motivated by situations in which

Λ(θ∗, α∗1, u2) ( Λ(θ∗, α∗1, u2), I introduce the notion of mixed-ε elaboration in subsection A.2. I state Proposition

A.2 that when the prior likelihood ratio λ(µ, α∗1) ∈ Λ(θ∗, α∗1, u2)\Λ(θ∗, α∗1, u2), small perturbations of a pure

commitment action can lead to a significant decrease in player 1’s lowest equilibrium payoff.

In subsections A.3-A.5, I develop the building blocks to prove Proposition A.2 and statement 4 of Theorem 1’.

In subsections A.6 and A.7, I provide constructive proofs to these results. The proofs use similar ideas as that of

statement 2 Theorem 1’ (Appendix B of the main text), while applying the conclusions in subsections A.3-A.5 to

adjust for the differences between pure and non-trivially mixed commitment actions.

A.1 When Do Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2) Coincide?

Recall that A∗1 ⊂ ∆(A1) is the set of commitment actions, which is assumed to be finite. For every (θ∗, α∗1) ∈

Θ×A∗1 and u2 : Θ×A1 ×A2 → R, let Λ(θ∗, α∗1, u2) be the set of likelihood ratio vectors λ ∈ Rm+ such that:

arg max
a2∈A2

{
u2(φα∗1 , α

∗
1, a2) +

∑
θ∈Θ

λ(θ)u2(θ, α∗1, a2)
}

= arg max
a2∈A2

u2(θ∗, α∗1, a2).

I call Λ(θ∗, α∗1, u2) the best response set. Recall the definitions of Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2) in Appendix A

of the main text. Let Θb
(α∗1,θ

∗) be the set of states θ′ ∈ Θ, such that BR2(θ′, α∗1|u2) 6= BR2(θ∗, α∗1|u2). For every
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θ′ ∈ Θb
(α∗1,θ

∗), let ψ(θ′) be the largest ψ ∈ R+ such that:

a∗2 ∈ arg max
a2∈A2

{
u2(φα∗1 , α

∗
1, a2) + ψu2(θ′, α∗1, a2)

}
.

Motivated by the statement of Theorem 1’, one may wonder when Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2) coincide and

when the former is a strict subset of the latter. Proposition A.1 provides a complete answer to this question.

Proposition A.1. Λ(θ∗, α∗1, u2) = Λ(θ∗, α∗1, u2) if and only if there exists a′2 6= a∗2 such that for every θ̃ ∈

Θb
(α∗1,θ

∗),

u2(φα∗1 , α
∗
1, a
∗
2) + ψ(θ̃)u2(θ̃, α∗1, a

∗
2) = u2(φα∗1 , α

∗
1, a
′
2) + ψ(θ̃)u2(θ̃, α∗1, a

′
2). (A.1)

According to Proposition A.1, Λ(θ∗, α∗1, u2) = Λ(θ∗, α∗1, u2) if and only if there exists an alternative action a′2

such that player 2 is indifferent between a∗2 and a′2 for every λ on the hyperplane
∑

θ̃∈Θb
(α∗1,θ

∗)
λ(θ̃)/ψ(θ̃) = 1. In

another word, there exists a common binding incentive constraint for player 2 in all the bad states. This condition

is always satisfied when |A2| = 2 or when Θb
(α∗1,θ

∗) is a singleton set. It is violated for example, in the following

3 × 3 × 3 game for commitment action α∗1 ≡ 1
2H + 1

2L and state θ∗. In this game, Θb
(α∗1,θ

∗) = {θ1, θ2}, and

player 2’s best reply in state θ1 and state θ2 are different. This leads to a difference between Λ(θ∗, α∗1, u2) and

Λ(θ∗, α∗1, u2).

θ = θ∗ l m r

H 1, 3 0, 0 0, 0

L 2,−1 0, 0 0, 0

D 3,−1 1/2, 0 1/2, 0

θ = θ1 l m r

H 0, 1/2 0, 3/2 0, 0

L 0, 1/2 0, 3/2 0, 0

D 0, 0 0, 0 0, 0

θ = θ2 l m r

H 0, 1/2 0, 0 0, 3/2

L 0, 1/2 0, 0 0, 3/2

D 0, 0 0, 0 0, 0

PROOF OF PROPOSITION A.1: I start with the if statement. According to (A.1), for every λ̃ ∈ Rm+ satisfying∑
i λ̃i/ψi = 1, we have:

u2(φα∗1 , α
∗
1, a
∗
2) +

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ′)u2(θ′, α∗1, a
∗
2) =

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ′)

ψ(θ′)

(
u2(φα∗1 , α

∗
1, a
∗
2) + ψ(θ′)u2(θ′, α∗1, a

∗
2)
)

=
∑

θ′∈Θb
(α∗1,θ

∗)

λ̃(θ′)

ψ(θ′)

(
u2(φα∗1 , α

∗
1, a
′
2) + ψ(θ′)u2(θ′, α∗1, a

′
2)
)

= u2(φα∗1 , α
∗
1, a
′
2) +

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ′)u2(θ′, α∗1, a
′
2).

Hence for every λ̂ /∈ Λ(θ∗, α∗1, u2), or equivalently
∑

i λ̂i/ψi ≥ 1, there exists λ̃ ∈ Rm+ such that 0� λ̃� λ̂ and
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∑
i λ̃i/ψi = 1. But this suggests that:

u2(φα∗1 , α
∗
1, a
∗
2) +

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ′)u2(θ′, α∗1, a
∗
2) = u2(φα∗1 , α

∗
1, a
′
2) +

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ′)u2(θ′, α∗1, a
′
2).

This is to say, a∗2 is not a strict best reply at λ̃, and therefore, λ̂ /∈ Λ(θ∗, α∗1, u2).

Next, I show the ‘only if ’ direction. Let Π(θ∗, α∗1, u2) and Π(θ∗, α∗1, u2) be the exteriors of Λ(θ∗, α∗1, u2) and

Λ(θ∗, α∗1, u2), respectively. First, since Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2) are open at the boundaries intersecting

Π(θ∗, α∗1, u2) and Π(θ∗, α∗1, u2), therefore,

int
(

Λ(θ∗, α∗1, u2)
∖

Λ(θ∗, α∗1, u2)
)
6= {∅}

if and only if

Λ(θ∗, α∗1, u2)
∖

Λ(θ∗, α∗1, u2) 6= {∅}.

The key step is to establish the following Lemma:

Lemma A.1. If Λ(θ∗, α∗1, u2)
∖

Λ(θ∗, α∗1, u2) = {∅}, then Λ(θ∗, α∗1, u2) = Λ(θ∗, α∗1, u2).

PROOF OF LEMMA A.1: Suppose towards a contradiction that Λ(θ∗, α∗1, u2) % Λ(θ∗, α∗1, u2) but

Λ(θ∗, α∗1, u2)
∖

Λ(θ∗, α∗1, u2) = {∅},

then there exists λ̃ ∈ Λ(θ∗, α∗1, u2) and θ′ ∈ Θb
(α∗1,θ

∗) such that the projection of λ̃ on the λ̃(θ′) coordinate is not in

Λ(θ∗, α∗1, u2). This implies that λ̃(θ′)/ψ(θ′) > 1. Let

λ̂ ≡
(

min{λ̃(θ̃), ψ(θ̃)}
)
θ̃∈Θb

(α∗1,θ
∗)

and Ψ ≡
{(
φ(θ̃)

)
θ̃∈Θb

(α∗1,θ
∗)

∣∣∣φ(θ̃) ∈ {0, ψ(θ̃)}
}
.

Let ort(Ψ) be the orthotope with Ψ being the set of vertices. By construction, λ̂ ∈ ort(Ψ) and λ̂ ∈ co({λ̃} ∪ Ψ).

Since Λ(θ∗, α∗1, u2) is convex and

Λ(θ∗, α∗1, u2) = Λ(θ∗, α∗1, u2)
⋂

co
(
{λ̃} ∪Ψ

)
,

we know that λ̂ belongs to the closure of Λ(θ∗, α∗1, u2). Therefore, for every ε > 0, we have:

B(λ̂, ε)
⋂

Λ(θ∗, α∗1, u2) 6= {∅}.
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But according to the definition of λ̂, we have
∑

θ̃∈Θb
(α∗1,θ

∗)
λ̂(θ̃)

/
ψ(θ̃) > 1, in which caseB(λ̂, ε)

⋂
Λ(θ∗, α∗1, u2) =

{∅} for small enough ε > 0. This leads to a contradiction.

According to Lemma A.1, Λ(θ∗, α∗1, u2)
∖

Λ(θ∗, α∗1, u2) = {∅} implies that

Λ(θ∗, α∗1, u2) = Λ(θ∗, α∗1, u2) = Λ(θ∗, α∗1, u2). (A.2)

That is to say, for every λ̃ with
∑

θ̃∈Θb
(α∗1,θ

∗)
λ̃(θ̃)

/
ψ(θ̃) = 1, there exists a′2 6= a∗2 such that:

u2(φα∗1 , α
∗
1, a
∗
2) +

∑
θ̃∈Θb

(α∗1,θ
∗)

λ̃(θ̃)u2(θ̃, α∗1, a
∗
2) = u2(φα∗1 , α

∗
1, a
′
2) +

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ̃)u2(θ̃, α∗1, a
′
2). (A.3)

This is because otherwise, λ̃ ∈ int
(

Λ(θ∗, α∗1, u2)
)

, which contradicts (A.2). Pick λ̃ such that λ̃(θ̃) > 0 for all

θ̃ ∈ Θb
(α∗1,θ

∗). Suppose towards a contradiction that there exists no such a′2 6= a∗2, then for every a2 6= a∗2, we have:

u2(φα∗1 , α
∗
1, a
∗
2) +

∑
θ̃∈Θb

(α∗1,θ
∗)

λ̃(θ̃)u2(θ′, α∗1, a
∗
2) > u2(φα∗1 , α

∗
1, a2) +

∑
θ′∈Θb

(α∗1,θ
∗)

λ̃(θ̃)u2(θ̃, α∗1, a2), (A.4)

which contradicts (A.3). This finishes the proof of the only if direction.

A.2 Discontinuity in Equilibrium Payoffs Between Pure and Mixed Commitment Actions

Motivated by the differences between Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2), I formalize the idea that small perturbations

to a pure commitment action can lead to a large decrease in player 1’s lowest equilibrium payoff. Fixing Θ, A1,

A2, u2 and (θ∗, a∗1) ∈ Θ×A∗1. Let a∗2 be the unique element in the set BR2(θ∗, a∗1|u2) and let

u1(θ, a1, a2) ≡ 1{θ = θ∗, a1 = a∗1, a2 = a∗2}.

I start from introducing the exact notion of small perturbations. Let Γ ≡ (A∗1, µ, φ) be the original game, where

a∗1 ∈ A∗1 satisfying:

1. Λ(θ∗, a∗1, u2) 6= Λ(θ∗, a∗1, u2),

2. The elements in A∗1 are convex independent.

An elaboration of Γ is denoted by Γε ≡ (A∗,ε1 , µε, φε), where µε is the new joint distribution between the state

and player 1’s characteristics, φε = (φεα′1
)α′1∈A

∗,ε
1

with φεα′1 ∈ ∆(Θ) and A∗,ε1 is a finite subset of ∆(A1). Next I

introduce the definition of mixed ε-elaboration:
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Definition 1. For every ε > 0, (A∗,ε1 , µε, φε) is a mixed ε-elaboration of Γ with respect to a∗1 if:

1. For every α′1 ∈ A
∗,ε
1 , α′1(a∗1) < 1.

2. For every θ ∈ Θ,
∣∣µ(θ)− µε(θ)

∣∣ < ε.

3. |A∗,ε1 | = |A∗1| and for every α1 ∈ A∗1, there exists α′1 ∈ A
∗,ε
1 such that:

∥∥α′1 − α1

∥∥ < ε,
∣∣µ(α1)− µε(α′1)

∣∣ < ε and
∥∥φα1 − φεα′1

∥∥ < ε.

Intuitively, in a mixed ε-elaboration of the original game, the commitment actions, the probabilities of com-

mitment and strategic types are close to the original game. To embody the idea that the elaboration is mixed, no

commitment type in A∗,ε1 plays a∗1 with probability 1. Let vθ(δ, µ
ε, u1, u2) be type θ’s lowest equilibrium payoff

in Γε. Proposition A.2 uncovers the discontinuity in player 1’s lowest equilibrium payoff once we perturb a pure

commitment action into a non-trivially mixed commitment action:

Proposition A.2. For every λ ∈ int
(

Λ(θ∗, a∗1, u2)
∖

Λ(θ∗, a∗1, u2)
)

, there exist ε > 0 and τ > 0 such that for

every ε ∈ (0, ε) and every mixed ε-elaboration of the original game Γε, we have:

lim inf
δ→1

vθ(δ, µ, u1, u2) > τ + lim sup
δ→1

vθ(δ, µ
ε, u1, u2). (A.5)

According to Proposition A.2, when λ ∈ int
(

Λ(θ∗, a∗1, u2)
∖

Λ(θ∗, a∗1, u2)
)

, even small perturbations to a pure

commitment action can lead to a substantial decrease in player 1’s lowest equilibrium payoff. This is in sharp

contrast with Fudenberg and Levine (1989,1992) in which there is no discontinuity in guaranteed payoffs between

pure and mixed commitment actions. A sufficient condition for this discontinuity is given by Proposition A.1.

As a technical remark, Proposition A.2 only claims the discontinuity in the δ → 1 limit of type θ∗’s lowest

equilibrium payoff, i.e. the sup over all mixed ε-elaborations is taken after lim infδ→1. Once we swap the order

between sup and lim infδ→1, this conclusion is no longer valid. This is because as ε→ 0, the mixed commitment

action places very low probability on actions other than a∗1 so that it takes a long time for µt to escape Λ(θ∗, a∗1, u2).

Although these periods have negligible impact on player 1’s discounted average payoff when δ → 1, the payoff

consequences can be substantial for any fixed δ ∈ (0, 1).

A.3 Distinction Between Pure and Mixed Commitment Payoffs

In this subsection, I state and show a result which constructs a T -period strategy for the bad strategic types under

which player 2’s posterior in period T will be bounded away from the best response set Λ(θ∗, α∗1, u2) regardless
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Figure 1: Set Λ(θ∗, α∗1, u2) in green. Set Λ(M) is the solid blue line and Λς0 is the red line. Proposition A.3 says
that for any β ∈ (0, 1), the union of finite rounds of (β, 1− β) convex combinations of Λς0 can cover Λ(M).

of player 1’s action choices.

The motivation to study this is twofold. First, it highlights the distinction between pure and mixed commitment

payoffs caused by the differences in the set of feasible belief updating processes. Second, it will be used to construct

low-payoff equilibria in the proofs of Proposition A.2 and statement 4 of Theorem 1. Let d(·, ·) be the Hausdorff

distance between sets, let A∗1 ≡ supp(α∗1) and let Ht∗ be the set of period t histories such that player 1 has played

actions in A∗1 in every period from 0 to t− 1. Let λ(ht) be the likelihood ratio vector induced by player 2’s belief

at history ht. The result is stated below:

Proposition A.3. For every ς > 0, α∗1 ∈ ∆(A1) and λ ∈ Π(θ∗, α∗1, u2), there exist T ∈ N and player 1’s

strategy {σθ̃}θ̃ 6=θ such that for every hT ∈ HT∗ , we have d
(
λ(hT ),Λ(θ∗, α∗1, u2)

)
> ς .

The content of Proposition A.3 is illustrated graphically in Figure 1. To prove this result, notice that the

conclusion is trivially true when λ /∈ Λ(θ∗, α∗1, u2). Therefore, it is without loss of generality to assume that:

λ ∈ Λ(θ∗, α∗1, u2)
∖

Λ(θ∗, α∗1, u2).

I consider strategies in which every strategic type θ̃ ∈ Θb
(α∗1,θ

∗) plays actions in A∗1 in every period. Therefore,

E[λ(ht+1)|ht] = λ(ht) for every ht ∈ Ht∗.

Pick an arbitrary a1 ∈ A∗1 and let β ≡ α∗1(a1) for every a1 ∈ A1. Since α∗1 is mixed, we have β ∈ (0, 1). Consider

strategies of player 1 such that:

λ(ht, a′1) = λ(ht, a′′1) for every a′1, a
′′
1 ∈ A∗1\{a∗1} and ht ∈ Ht∗.
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The martingale property of likelihood ratio vectors implies that

βλ(ht, a1) + (1− β)λ(ht, a′1) = λ(ht) for every a′1 ∈ A∗1\{a1}. (A.6)

This translates into the following behavior strategy for every strategic type θ̃ ∈ Θb
(α∗1,θ)

:

σθ̃(h
t)[ã1] ≡

 βλ(ht, a1)[θ̃]
/
λ(ht)[θ̃] if ã1 = a1

α∗1(ã1)λ(ht, ã1)[θ̃]
/
λ(ht)[θ̃] if ã1 ∈ A∗1\{a1}.

Let ψi be the intersection of Λ(θ∗, α∗1, u2) with the i-th coordinate and let M ≡
∑k(α∗1,θ

∗,u2)
i=1 λi/ψi. The assump-

tion that λ ∈ Π(θ∗, α∗1, u2) implies that M > 1. Let

Λ(M) ≡
{
λ̃
∣∣∣λ̃� 0 and

∑
i

λ̃i/ψi = M
}

(A.7)

and let Ψ(M) be the set of intersections of Λ(M) on the coordinates. We know that co(Ψ(M)) = Λ(M). Let

Λς0 ≡ int
({
λ ∈ Λ(M)

∣∣d(λ,Λ(θ∗, α∗1, u2)
)
> ς
})
.

where int(·) denotes the relative interior. GivenM > 1, when ς is small enough, we have d
(
Ψ(M),Λ(θ∗, α∗1, u2)

)
<

ς/2, in which case Ψ(M) ⊂ Λς0. So there exists ς > 0 such that for every ς ∈ (0, ς), we have co(Ψ(M)) =

co(Λς0) = Λ(M).

Take such a small enough ς > 0. I define a sequence of sets {Λςk}
+∞
k=1 recursively as follows:

Λςk ≡
{
λ
∣∣∣ there exist λ′, λ′′ ∈ Λςk−1 such that βλ′ + (1− β)λ′′ = λ

}
. (A.8)

By definition, Λςk−1 ⊂ Λςk for all k ∈ N. Let Λς ≡
⋃+∞
k=0 Λςk. I show the following Lemma:

Lemma A.2. Λς = int(Λ(M)).

PROOF OF LEMMA A.2: By definition, Λς ⊂ int(Λ(M)). In what follows, I show that Λς ⊃ int(Λ(M)). Note that

for every λ∗ ∈ int(Λ(M)), according to the Carathéodory Theorem (Eckhoff 1993), there existsX0 ≡ {λi}i ⊂ Λς0

such that λ∗ ∈ int(co(X0)). Define Xk with k ∈ N recursively according to:

Xk ≡
{
λ
∣∣∣ there exist λ′, λ′′ ∈ Xk−1 such that βλ′ + (1− β)λ′′ = λ

}
. (A.9)

and let X ≡ ∪∞k=0Xk. I show the following Lemma:
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Lemma A.3. X is a dense subset of co(X0).

PROOF OF LEMMA A.3: Let Υ ≡ int
(

co(X0)\X
)

. I show that Υ = {∅}. Suppose towards a contradiction

that Υ 6= {∅}, then for every λ ∈ ∂Υ and every η > 0, there exists λη ∈ Λς ∩ B(λ, η). Since there exist

λ∗ ∈ Υ and λ′, λ′′ ∈ ∂Υ such that λ∗ = βλ′ + (1 − β)λ′′. We know that when η is small enough, there also

exist λ∗∗ ∈ B(λ∗, η) ⊂ Υ and λ̂, λ̃ ∈ X such that λ∗∗ = βλ̂ + (1 − β)λ̃, leading to a contradiction. The above

argument implies that Υ = {∅}, and therefore, co(X0)\X is hallow so X is dense in co(X0).

Back to the proof of Lemma A.2. If λ∗ ∈ X , then since X ⊂ Λς , we have λ∗ ∈ Λς . If λ∗ /∈ X , then for every

η > 0, there exists λ′ such that λ′ ∈ B(λ∗, η) ∩X . By definition of X , there exists K ∈ N such that:

λ′ =
∑
i

%(i)λi

where every %(i) can be written as the sum of terms in the form of (1− β)mβn with 0 ≤ m+ n ≤ K, m,n ≥ 0.

Pick η > 0 small enough such that B(λi, η) ⊂ Λς0 for every i ∈ {1, 2, ..., k(α∗1, θ)}, then

λ∗ =
∑
i

%(i)
(
λi + (λ∗ − λ′)

)
. (A.10)

According to (A.10), we know that λ∗ ∈ Λς0 as by construction, λi + (λ∗ − λ′) ∈ Λς0 for every i.

After knowing that Λς = int(Λ(M)), since int(Λ(M)) is compact and {Λςk}
∞
k=1 is an open cover, the Heine-

Borel Finite Cover Theorem implies the existence of T ∈ N such that Λ(M) ⊂
⋃T
k=0 Λςk.

A.4 Continuity Properties of Sets Λ(θ∗, α∗1, u2) and Λ(θ∗, α∗1, u2)

I start with introducing some notation. For every λ /∈ clo
(

Λ(θ∗, α∗1, u2)
)

, depict the line segment connecting λ to

the origin. Let λ′ be the intersection between the line segment and ∂Λ(θ∗, α∗1, u2)\{0}. Let

r(λ) ≡ d(λ′, λ)
/
d(0, λ′), (A.11)

where d(·, ·) denotes the Hausdorff distance. By definition, r(λ) > 0. Let

M ≡ max
(a1,a2,a′2)

|u2(θ∗, a1, a2)− u2(θ∗, a1, a
′
2)|. (A.12)

Let Γε = (A∗,ε1 , µε, φε) be a generic mixed ε-elaboration. Abusing notation, let Λ
ε, Λε and Λε be its best response

set, saturation set and strong saturation set, respectively. I start with the following proposition:
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Proposition A.4. For every {εn}∞n=1 with εn > 0 and limn→∞ εn = 0, and every {Γεn}∞n=1 with Γεn being a

mixed-εn elaboration, we have:

lim
n→∞

clo
(

Λεn(θ∗, αn1 , u2)
)

= clo
(

Λ(θ∗, a∗1, u2)
)
, (A.13)

and

lim
n→∞

Λ
εn

(θ∗, αn1 , u2) ⊂ clo
(

Λ(θ∗, a∗1, u2)
)
, 1 (A.14)

in which αn1 ∈ A
∗,m,ε
1 satisfies 1− εn < αn1 (a∗1) < 1 and max

{
||αn1 − a∗1||, ||φa∗1 − φ

εn
αn1
||
}
< εn.

PROOF OF PROPOSITION A.4: I start from showing (A.13). For every θ′ ∈ Θb
(a∗1,θ

∗), let ψn(θ′) be the intercept

of Λ
εn

(θ∗, αn1 , u2) on the λ(θ′) axis. According to the definition of Λεn(θ∗, αn1 , u2), (A.13) is implied by:

• limn→∞ ψ
n(θ′) = ψ(θ′) for every θ′ ∈ Θb

(a∗1,θ
∗).

Since {a∗2} = BR2(φa∗1 , a
∗
1|u2) = BR2(θ∗, a∗1|u2), we know that BR2(φεnαn1

, αn1 |u2) = {a∗2} when εn is small

enough. Moreover, since a∗2 /∈ BR2(θ′, a∗1|u2) for every θ′ ∈ Θb
(a∗1,θ

∗), a
∗
2 /∈ BR2(θ′, α1|u2) for every θ′ ∈ Θb

(a∗1,θ
∗)

and α1 satisfying α1(a∗1) ≥ 1− εn when εn is small enough.

It is without loss of generality to focus on small enough εn > 0 that meets the above two requirements. For

every a2 6= a∗2 and θ′ ∈ Θb
(a∗1,θ

∗), let

∆n
+(a2) ≡ u2(φεnαn1

, αn1 , a
∗
2)− u2(φεnαn1

, αn1 , a2) and ∆n
−(a2, θ

′) ≡ u2(θ′, αn1 , a
∗
2)− u2(θ′, αn1 , a2).

Since limn→∞ εn = 0, we have:

lim
n→∞

∆n
+(a2) = u2(φa∗1 , a

∗
1, a
∗
2)− u2(φa∗1 , a

∗
1, a2) and lim

n→∞
∆n
−(a2, θ

′) = u2(θ′, a∗1, a
∗
2)− u2(θ′, a∗1, a2).

Recall that ψn(θ′) is the largest ψ ∈ (0,∞) such that:

a∗2 ∈ arg max
a2∈A2

{
u2(φεnαn1

, αn1 , a2) + ψu2(θ′, αn1 , a2)
}
,

which implies that:

ψn(θ′) = min
a2 6=a∗2

∆n
+(a2)∣∣∣min{∆n
−(a2, θ′), 0}

∣∣∣ .
1The converse limn→∞ clo

(
Λ

Γεn
(θ∗, αn1 , u2)

)
⊃ Λ(θ∗, a∗1, u2) is also true, albeit it is not needed for the proof of Proposition A.2.
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Since θ′ ∈ Θb
(a∗1,θ

∗), we have min{∆n
−(a2, θ

′), 0} < 0 for some a2 6= a∗2, which implies that:

lim
n→∞

ψn(θ′) = lim
n→∞

min
a2 6=a∗2

∆n
+(a2)∣∣∣min{∆n
−(a2, θ′), 0}

∣∣∣ = min
a2 6=a∗2

u2(φa∗1 , a
∗
1, a
∗
2)− u2(φa∗1 , a

∗
1, a2)

|min{u2(θ′, a∗1, a
∗
2)− u2(θ′, a∗1, a2), 0}|

= ψ(θ′).

(A.15)

This establishes (A.13).

Next, I show (A.14). Suppose there exists a converging sequence {λn}∞n=1 with λn ∈ Λ
εn

(θ∗, αn1 , u2) but

λ ≡ lim
n→∞

λn /∈ clo
(

Λ(θ∗, a∗1, u2)
)
. (A.16)

According to (A.11), there exists a2 6= a∗2 such that

u2(φa∗1 , a
∗
1, a2) +

∑
θ′∈Θb

(a∗1,θ
∗)

λ(θ′)u2(θ′, a∗1, a2)− u2(φa∗1 , a
∗
1, a
∗
2)−

∑
θ′∈Θb

(a∗1,θ
∗)

λ(θ′)u2(θ′, a∗1, a
∗
2)

≥ r(λ)
(
u2(φa∗1 , a

∗
1, a
∗
2)− u2(φa∗1 , a

∗
1, a2)

)
︸ ︷︷ ︸

≡η, which is strictly positive

. (A.17)

For any n ∈ N large enough such that εn < η/6M and d(λn, λ) < η/3M , we have:

u2(φαn1 , α
n
1 , a2) +

∑
θ′∈Θb

(a∗1,θ
∗)

λ(θ′)u2(θ′, αn1 , a2)− u2(φαn1 , α
n
1 , a
∗
2)−

∑
θ′∈Θb

(a∗1,θ
∗)

λ(θ′)u2(θ′, αn1 , a
∗
2) ≥ η/3

contradicting the assumption that λn ∈ Λ
εn

(θ∗, αn1 , u2).

Implication of Proposition A.4: For every ε > 0, let Gε be the set of mixed ε-elaborations. Let

Λε(θ∗, a∗1, u2) ≡
⋃
Gε

Λε(θ∗, αε1, u2), (A.18)

where every αε1 belongs to someA∗,m,Γ
ε

1 and satisfies: 1−ε < αε1(a∗1) < 1 and max
{
||αε1−a∗1||, ||φa∗1−φ

ε
αε1
||
}
<

ε. Proposition A.4 implies that for every λ ∈ int
(

Λ(θ∗, a∗1, u2)
∖

Λ(θ, a∗1, u2)
)

, there exists ε > 0 such that:

d
(
λ,Λε(θ∗, a∗1, u2)

)
> ε. (A.19)

10



For every θ′ ∈ Θb
(a∗1,θ

∗), let ψε(θ′) be the intercept of Λε(a∗1, θ
∗, u2) on the λ(θ′) axis. According to (A.18), ψε(θ′)

converges to ψ(θ′) as ε→ 0. For every λ satisfying (A.19), there exists γ ∈ R+ such that:

∑
θ′∈Θb

(a∗1,θ)

λ(θ′)/ψε(θ′) ≥ 1 + εγ. (A.20)

The RHS of (A.20) provides a lower bound on
∑

θ′∈Θb
(a∗1,θ

∗)
λ(θ′)/ψn(θ′) for every εn < ε. The above analysis

implies the following proposition:

Proposition A.5. For every ε small enough, there exists ξ > 0 such that for every λ with λ(θ′) < ξ for all

θ′ ∈ Θb
(a∗1,θ

∗) except for one, if λ satisfies (A.19) then r(λ) > εγ/2 under every mixed ε-elaboration Γε.

PROOF OF PROPOSITION A.5: Consider the set of likelihood ratio vectors λ ∈ Rm+ satisfying (A.20). Suppose

λ(θ̃) = 0 for every θ̃ ∈ Θb
(a∗1,θ

∗)\{θ
′}, then r(λ) ≥ εγ. Since r(λ) is locally continuous in λ, there exists ξ > 0

such that every λ satisfying: λ(θ̃) < ξ for every θ̃ ∈ Θb
(a∗1,θ

∗)\{θ
′}. Therefore, we have r(λ) > εγ/2.

A.5 Upper Bound on Abnormal Phase Payoff

In this subsection, I derive a uniform upper bound on type θ∗’s continuation payoff after his first deviation. (from

his equilibrium strategy), no matter when this first deviation occurs and how he deviates. The construction modifies

the one in Appendix B of the main text, while allowing for the target commitment action to be mixed.

Throughout this subsection, let u1(θ′, a1, a2) = 0 for every θ′ 6= θ∗ and/or a2 6= a∗2. Let A1 ≡ {a1
1, ..., a

n
1}

and let vi ≡ u1(θ∗, ai1, a
∗
2) for i ∈ {1, 2, ..., n} with vi > 0 for all i. Without loss of generality, I assume that

v1 ≥ v2 ≥ ... ≥ vn. Let v ≡ (v1, ..., vn) ∈ Rn.

The main result of this subsection is an upper bound on type θ∗’s payoff at histories where player 2’s posterior

belief µ̃ satisfies the following conditions:

• µ̃ attaches zero probability to θ∗.

• The distribution over strategic types is such that there exists a′2 6= a∗2 such that:

µ̃(α∗1)
(
u2(φα∗1 , α

∗
1, a
′
2)− u2(φα∗1 , α

∗
1, a
∗
2)
)

+
∑
θ̃

µ̃(θ̃)
(
u2(θ̃, α∗1, a

′
2)− u2(θ̃, α∗1, a

∗
2)
)
> ς. (A.21)

• There exists η > 0 such that for every α1 ∈ Ã∗1 ≡ A∗1\{α∗1} such that µ̃(α1) > 0, we have:

v∗ ≡ α∗1 · v > η + α1 · v (A.22)
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with “·” being the inner product between two vectors in Rn.

Let µ∗ ≡ µ(Ã∗1) and let l ≡ |Ã∗1|. The result is stated below:

Proposition A.6. For every µ satisfying the above requirement, there exist σ1 ≡ {σθ̃}θ̃ 6=θ∗ and σ2 such that:

1. σ2 is optimal for player 2 given σ1 and µ at every on-path history.

2. Type θ’s continuation payoff at such belief is no more than:

v∗ − η + %(δ, µ∗, ς), (A.23)

such that for every fixed (µ∗, ς) ∈ [0, 1)× (0,+∞), we have limδ→1 %(δ, µ∗, ς) = 0.

If l = 0, then all the strategic types play α∗1 in every period with probability 1, player 2’s belief about player 1’s

type remains constant along the equilibrium path and moreover, a∗2 is strictly dominated in every period according

to (A.21). Therefore, type θ’s equilibrium payoff is 0.

If l 6= 0, the proof follows along the same line as the abnormal phase construction in the proof of statement 2

Theorem 1’ (Appendix B of the main text). Let p ∈ (0, 1) be chosen such that:

µ(α∗1)
(
u2(φα∗1 , α

∗
1, a
′
2)− u2(φα∗1 , α

∗
1, a
∗
2)
)

+ p
∑
θ̃

µ(θ̃)
(
u2(θ̃, α∗1, a

′
2)− u2(θ̃, α∗1, a

∗
2)
)

= ς/2,

where a′2 is the same as (A.21). According to (A.21), such p exists. The strategic types play α∗1 in every period

with probability p, and adopts non-stationary strategy σ(α1) with probability (1 − p)/l for every α1 ∈ Ã∗1. I use

θ(α1) to denote the strategic type who plays σ(α1).

In what follows, I establish the existence of σ(α1) under which type θ∗’s payoff is bounded from above by

(A.23). Let µt be the belief in period t with µ0 ≡ µ. Let

βt(α1) ≡ µt
(
θ(α1)

)/
µt
(
α1

)
and β(α1) ≡ µ

(
θ(α1)

)/
µ
(
α1

)
.

I will be keeping track of the l-dimensional likelihood ratio vector {βt(α1)}α1∈Ã∗1
. First, for small enough ε > 0,

there exists αε1 ∈ ∆(A1) such that αε1(a1) > ε for all a1 ∈ A1 and

∑
θ̃∈Θb

(α∗1,θ
∗)

µ(θ̃)u2(θ̃, αε1, a
′
2) >

∑
θ̃∈Θb

(α∗1,θ
∗)

µ(θ̃)u2(θ̃, αε1, a
∗
2).
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For every α1, let

β(α1) ≡ inf
{
β ∈ R+

∣∣∣µ(α1)u2(φα1 , α1, a
′
2) + β

∑
θ̃∈Θb

(α∗1,θ
∗)

µ(θ̃)u2(θ̃, αε1, a
′
2)

> µ(α1)u2(φα1 , α1, a
∗
2) + β

∑
θ̃∈Θb

(α∗1,θ
∗)

µ(θ̃)u2(θ̃, αε1, a
∗
2)
}
. (A.24)

By definition, β(α1) ∈ (0,∞). Next, I describe σ(α1).

1. If βt(α1) > β(α1) for all α1 ∈ Ã∗1, then type θ(α1) plays αε1 for every α1 ∈ Ã∗1. Apparently, a∗2 is strictly

dominated by a′2 in period t. Therefore, type θ’s flow payoff is 0 in this period.

2. If βt(α1) ≤ β(α1) for some α1 ∈ Ã∗1, type θ(α1) plays mixed strategy ᾰ1(α1) ∈ ∆(A1) for every α1 ∈ Ã∗1,

which will be described below. Abusing notation, I write ᾰ1 instead of ᾰ1(α1) for simplicity.

Next, I specify ᾰ1(α1). For every constant κ ∈ (0, 1), let

Gκ ≡ {i|vi > v∗ − κη} and Bκ ≡ {j|vj ≤ v∗ − κη}.

By construction, Gκ and Bκ are non-empty, and {Gκ, Bκ} is a partition of A1. For every i ∈ Gκ and j ∈ Bκ, let

βκ(i, j) ∈ [0, 1] be defined as:

βκ(i, j)vi + (1− βκ(i, j))vj = v∗ − κη. (A.25)

I construct ᾰ1 for every α1 ∈ Ã∗1 in the next Lemma:

Lemma A.4. For every α1 ∈ Ã∗1, there exists ᾰ1 ∈ ∆(A1) such that for every i ∈ Gκ and j ∈ Bκ, ᾰ1(ai1) >

α(ai1) and ( ᾰ1(ai1)

α1(ai1)

)βκ(i,j)( ᾰ1(aj1)

α1(aj1)

)1−βκ(i,j)
> 1. (A.26)

PROOF OF LEMMA A.4: For every ι ∈ R+ and α1(i), α1(j) ∈ (0, 1), define the following function of ε > 0:

f
(
ε
∣∣ι, α1(i), α1(j)

)
≡
(
α1(i) + ε

)β(
α1(j)− ιε

)1−β
.

Expanding f around ε = 0, we obtain:

f
(
ε
∣∣ι, α1(i), α1(j)

)
= α1(i)βα1(j)1−β +

(
βα1(i)β−1α1(j)1−β − ι(1− β)α1(i)βα1(j)−β︸ ︷︷ ︸ )ε+O(ε2)
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The term in the bracket is strictly positive if and only if:

ι <
β

1− β
α1(j)

α1(i)
. (A.27)

For every i ∈ Gκ and j ∈ Bκ, replace β with βκ(i, j), and α1(i), α1(j) with α1(ai1) and α1(aj1), we can define

ι(i, j) analogously. According to (A.25),

βκ(i, j) =
v∗ − κη − vj

vi − vj

Plugging the above expression into (A.27), we have:

ι(i, j) <
α1(aj1)

α1(ai1)

v∗ − κη − vj

vi − (v∗ − κη)
.

For some ζ > 0 small enough, let

ᾰ1(ai1) ≡ α1(ai1) + ζα1(ai1)
[
vi − (v∗ − κη)

]
(A.28)

for every i ∈ Gκ, and let

ᾰ1(aj1) ≡ α1(aj1)− ζα1(aj1)
[
(v∗ − κη)− vj

]
+ ζ(1− κ)η (A.29)

for every j ∈ Bκ. We can verify that first,

α1(aj1)− ᾰ1(aj1)

ᾰ1(ai1)− α1(ai1)
< ι(i, j)

for all i ∈ Gκ and j ∈ Bκ, and hence, inequality (A.26) holds when ζ is small enough. Second, ᾰ1(ai1) > α1(ai1)

for all i ∈ Gκ. Third,

∑
i∈Gκ

ᾰ1(ai1) +
∑
j∈Bκ

ᾰ1(aj1) =
∑
i∈Gκ

α1(ai1) +
∑
j∈Bκ

α1(aj1) = 1,

which guarantees that the constructed ᾰ1 is indeed a probability measure.

To understand the intuition behind the constructed ᾰ1 in Lemma A.4. Player 1’s action is classified into ‘good’

and ‘bad’ actions. Type θ can obtain a stage game payoff no less than v∗ − κη if and only if he plays an action in

Gκ and player 2 best responds by playing a∗2.

14



• By definition of β(α1), a∗2 is not a best respond when βt(α1) > β(α1) for all α1 ∈ Ã∗1.

• When βt(α1) ≤ β(α1) for some α1 ∈ Ã∗1, the constructed ᾰ1 implies that βt+1(α1) > βt(α1) if a1,t ∈ Gκ.

Moreover, there exists a constant χ > 0 such that βt+1(α1) ≥ χβt(α1) for all a1 ∈ A1.

In another word, in every period such that type θ obtains flow payoff no less than v∗ − κη, the likelihood

ratio βt(α1) increases. Since ᾰ1(a1) is bounded from below for every a1 ∈ A1, βt(α1) will not decline

too fast even when actions in Bκ are being played. Once βt(α1) > β(α1) for all α1 ∈ Ã∗1, a∗2 is strictly

dominated by a′2 and type θ∗ will obtain a low stage game payoff in that period.

• Equation (A.26) ensures that when δ is close enough to 1, type θ∗ can obtain payoff no more than v∗ − κη

while keeping at least one βt(α1) below its cutoff, β(α1).

To see why, for every α1 ∈ Ã∗1, let

r(ai1|α1) ≡ ᾰ1(ai1)

α1(ai1)
.

Consider the following constraint optimization problem:

max
α1∈∆(A1)

n∑
i=1

α(ai1)(vi − v∗ + κη),

subject to:

min
α1∈Ã∗1

{ n∑
i=1

α(ai1) log r(ai1|α1)
}
≤ 0

If the value of this program is non-negative, then there exists at least one α1 ∈ Ã∗1 such that

n∑
i=1

α(ai1) log r(ai1|α1) ≤ 0

at the optimum. Focusing on a revised program with the same objective but just the above inequality con-

straint. This is a relaxed program of the original one. Since the objective function and the constraint both

are linear, there exists an optimum in which there exists at most two ai1 such that α(ai1) > 0, i.e.

arg max
i∈Gκ

∣∣∣vi − v∗ + κη

log r(ai1|α1)

∣∣∣ and arg min
i∈Bκ

∣∣∣vi − v∗ + κη

log r(ai1|α1)

∣∣∣.
Applying the duality theorem, inequality (A.26) then implies that the value of this program must be strictly

negative.

15



• Let

K ≡
⌈ − log ε

mina1∈Gκ log ᾰ1(a1)
α1(a1)

⌉
+ 1,

and when δ close enough to 1, choose M large enough such that

Kv1 < (K + 1)M. (A.30)

The above inequality puts an upper bound on type θ∗’s payoff and ensures that he cannot get more than

v∗ − κη by choosing actions in Gκ too frequently such that βt(α1) exceeds β(α1).

Therefore, under the constructed σ, type θ∗’s highest continuation payoff in the abnormal phase is bounded below

v∗ − κη when δ is large enough. Since κ can take any value between 0 and 1, the bound in (A.23) is established in

the δ → 1 limit. Moreover, according to our construction, κ only depends on δ and {β(α1)}α1∈Ã∗1
, and the latter

only depend on µ∗ and ς .

A.6 Proof of Proposition A.2

Proposition A.2 is only meaningful when λ ∈ int
(

Λ(θ∗, a∗1, u2)
∖

Λ(θ∗, a∗1, u2)
)

, which I assume throughout this

subsection. For ε small enough, I construct sequential equilibrium for every mixed ε-elaboration under which type

θ player 1 receives significantly lower payoff than his payoff lower bound in the original game. Throughout this

subsection, let u1 be given as in the proof of statement 2, Theorem 1. I construct sequential equilibria for high

enough δ, in which type θ∗’s equilibrium payoff is strictly bounded below 1, or equivalently u1(θ∗, a∗1, a
∗
2).

Since λ ∈ int
(

Λ(θ∗, a∗1, u2)
∖

Λ(θ∗, a∗1, u2)
)

, there exists M > 1 such that λ ∈ Λ(M). For every mixed ε-

elaboration Γε, according to Proposition A.4, there exists ν : (0,+∞)→ (0,+∞) with limε→0 ν(ε) = 0 such that

λε ∈ Λε(M ε) with |M ε−M | ≤ ν(ε). Pick ε small enough such that ν(ε) < (M−1)/2. Let M̃ ε ≡ βM ε+(1−β)

with β ∈ (0, 1) specified later. There exists λ∗ � λε such that λ∗ ∈ Λε(M̃ ε) and

∑
θ̃∈Θb

(α∗1,θ
∗)

(λε(θ̃)− λ∗(θ̃))
(
u2(θ̃, α∗1, a

′
2)− u2(θ̃, α∗1, a

∗
2)
)
> 0 (A.31)

for some a′2 6= a∗2. Let β be close enough to 1 such that for every λ̃ ∈ Λε(M̃ ε) with d(λ̃,Λ
ε
) > ς , we have:

d
(
λ̃+ (λε − λ∗),Λε

)
> ς/2.

Next, let us consider the following strategy profile in game Γε:
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• Strategic Type θ: Plays a∗1 from period 0 to T −1. Starting from period T , plays a∗1 with probability 1−η/2

and plays a1 6= a∗1 with probability η/2, depending on the realization of the public randomization device.2

• Other Good Strategic Types: Play a commitment strategy other than α∗1, as in the proof of statement 2,

Theorem 1.

• Bad Strategic Types:

– From period 0 to T − 1, type θ̃ plays σ∗ with probability λ∗(θ̃)/λε(θ̃); plays σ̂(α1) with probability(
λε(θ̃)− λ∗(θ̃)

)/
lλε(θ̃) for every α1 ∈ Ã∗1, where λ∗ ∈ Rk is defined in (A.31).

– In the beginning of period T , compute the likelihood ratio vector of all the bad strategic types and the

commitment types, denoted by λ(hT ) and plays σ̆(λ(hT )).3

In what follows, I describe σ∗, σ̂(α1) and σ̆(α1).

• σ∗ : Consider prior belief λ̃ε. Since λ̃ε ∈ Λε(M̃ ε) with M̃ ε > 1, according to Proposition A.3, there exists

{σθ̃}θ̃ 6=θ and T ∈ N such that d
(
λ(hT ),Λ

ε
(θ∗, α∗1, u2)

)
> ς for every hT consisting of actions in supp(α∗1).

Under σ∗, type θ̃ plays according to σθ̃ from period 0 to T − 1.

• σ̂(α1) : Player 1 plays α1 from period 0 to T − 1.

• σ̆(λ(hT )) : Suppose an action a1 /∈ A∗1 has occurred in hT , then every strategic type in Θb
(α∗1,θ

∗) plays

σ(α1) starting from period T , where σ(α1) is constructed in Proposition A.6.

Suppose all actions played from period 0 to T−1 are inA∗1, according to the construction of β or equivalently

M̃ ε, we have d(λ(hT ),Λ
ε
) > ς/2. There exists a2(hT ) 6= a∗2 such that:

∑
θ̃∈Θb

(α∗1,θ
∗)

λ(hT )(θ̃)
(
u2(θ̃, α∗1, a2(hT ))− u2(θ̃, α∗1, a

∗
2)
)
> 0

Let p(hT ) ∈ (0, 1) be chosen such that

(
u2(φα∗1 , α

∗
1, a2(hT ))−u2(φα∗1 , α

∗
1, a
∗
2)
)

+p(hT )
∑

θ̃∈Θb
(α∗1,θ

∗)

λ(hT )(θ̃)
(
u2(θ̃, α∗1, a2(hT ))−u2(θ̃, α∗1, a

∗
2)
)
> 0

2This step uses the definition of mixed ε-elaboration, i.e. there is no pure strategy commitment type that plays a∗1 in every period
according to Γε. Therefore, if play remains in the normal phase in period T , player 2 has ruled out all pure strategy commitment types.

3If player 2 has ruled out commitment type α∗1 by period T , then let λ(hT ) = (∞,∞, ...,∞).
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Type θ̃ plays α∗1 in every period with probability p(hT ) and with probability (1−p(hT ))/l, plays σa2(hT )(α1)

for every α1 ∈ Ã∗1, where σa2(hT )(α1) is the strategy σ(α1) constructed in Proposition A.6 applying to

a2(hT ) instead of a′2.

Play is in the normal phase in period t if ht is consistent with type θ∗’s equilibrium play and in the abnormal

phase otherwise. According to Proposition A.6, type θ’s continuation payoff at the start of the abnormal phase is

bounded from above by (1 − δT ) + δT
(
v∗ − η + %(δ, µ∗, ς)

)
. By construction, µ∗ is bounded from above and ς

is bounded from below, so therefore, when δ is large enough, his continuation payoff at the start of the abnormal

phase cannot exceed v∗ − 3η/4. Type θ∗’s continuation payoff at the normal phase is at least δT (1− η/2), which

is strictly greater than v∗ − 3η/4 when δ is large enough. This verifies incentive compatibility for type θ. The

other types’ incentive constraints are trivial, and therefore, the constructed strategy profile is a Bayesian Nash

Equilibrium. One can also verify that this strategy profile together with the belief system it induces constitute a

sequential equilibrium.

In the above equilibrium, type θ∗’s equilibrium payoff is at most (1 − δT ) + δT (1 − η/2), which is strictly

lower than 1 − η/4 when δ is close enough to 1. Since η is uniformly bounded from below across all mixed

ε-elaborations, this establishes Proposition A.2.

A.7 Proof of Statement 4 Theorem 1’

I modify the construction in the previous subsection to show statement 4 of Theorem 1’. The abnormal phase

construction remains the same as before. The normal phase is different because for a generic α∗1 ∈ ∆(A1), there

is no guarantee that there exists a1 ∈ A1 such that

BR2(θ∗, a1|u2) = BR2(θ∗, α∗1|u2) = {a∗2}.

Therefore, we need to modify the normal phase construction and type θ∗’s payoff function in order to make sure

that type θ∗ receives strictly higher payoff than the upper bound on the continuation payoff in the beginning of the

abnormal phase. The main idea is to chooseM ∈ N for every δ such that all bad strategic types are separated from

type θ∗ in period M , thus giving type θ∗ a high continuation payoff.

Player 1’s Payoff Function: Let A1 ≡ {a1
1, ..., a

n
1} and let A∗1 ≡ supp(α∗1) = {a1

1, ..., a
m
1 } with 2 ≤ m ≤ n.

Recall the definition of a′2. Since {a∗2} ≡ BR2(θ∗, α∗1|u2), there exists 1 ≤ j ≤ m such that a′2 /∈ BR2(θ∗, aj1|u2).
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Let type θ∗’s payoff function be:

u1(θ∗, ai1, a2) =

 vi if a2 = a∗2

0 otherwise

where v = (v1, v2, ..., vm, 0, 0..., 0) ∈ Rn has the following properties:

• vi > 0 for all 1 ≤ i ≤ m.

• v∗ ≡ α∗1 · v > η + α1 · v for every α1 ∈ Ã∗1.

The existence of such v and η follows directly from the separating hyperplane theorem using the fact that α∗1 /∈

co(Ã∗1). Moreover, one can verify that v∗ − η/2 > η/2 > 0.

Modified Normal Phase Construction: In what follows, I describe type θ∗’s strategy in the normal phase, i.e.

one in which he has not deviated from his equilibrium strategy before. His equilibrium strategy is pure from period

0 to Mδ ∈ N, which is a large integer to be specified later.

• In period t ∈ {0, 1, ...,m− 1}, type θ∗ plays at−1
1 .

• From period m to period Mδ, type θ∗ plays aj1 with j ≤ m and vj < v∗ − η/4.

• Starting from period Mδ + 1, he plays any equilibrium strategy in the continuation game.

The strategic types in Θb
(α∗1,θ

∗) plays according to the construction in the previous subsection from period 0 to

Mδ − 1. They play ai1 6= aj1 for sure in period Mδ. Play starts from the normal phase, and remains in it as long

as player 1’s history of actions being consistent with type θ’s equilibrium strategy up to period Mδ, and transits

to the abnormal phase otherwise. Players’ abnormal phase strategy is described as in the previous subsection, and

according to Proposition A.6, type θ∗’s continuation payoff at the beginning of the abnormal phase cannot exceed

v∗ − 3η/4 when δ is large enough.

Next I show how to compute Mδ for δ close enough to 1. For every M ∈ N and δ ∈ (0, 1), let V (M, δ) be the

set of continuation payoffs (starting from period M + 1) for type θ conditional on:

• The period M history is consistent with type θ’s equilibrium strategy.

Since there is a public randomization device, V (M, δ) is a convex subset of [0, v1] for every M . Under this

assessment, player 2’s posterior belief in period M + 1 attaches probability 0 to all types in Θb
(α∗1,θ

∗).

For every 0 ≤ t ≤M , let ut be type θ’s expected payoff in period t conditional on staying in the normal phase.

By definition, ut ≤ vj < v∗ − κη. According to statement 3 of theorem 1, when M = 1, there exists δ such that
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for all v ∈ V (1, δ) and δ > δ,

v > v∗ − η

4

and given δ is large enough,

(1− δ)vn + δv > v∗ − η

4
.

Moreover, for any δ, there exists M δ such that for all M > M ,

(1− δ)
M∑
t=0

δtvj + δT+1v1 < v∗ − 3η

4
.

Therefore, for every δ > δ, either one of the two circumstances will occur:

1. There exists Mδ ∈ [0,M ] such that [v∗ − 3η/4, v∗ − η/4] ∩ V (Mδ, δ) 6= {∅},

2. Or there exists Mδ ∈ [0,M ] such that v > v∗ − η/4 for every v ∈ V (Mδ, δ), and v′ < v∗ − 3η/4 for every

v′ ∈ V (Mδ + 1, δ).

I show that the second situation cannot occur for large enough δ. First, conditional on δ, V (M, δ) only depends

on player 2’s belief at hM where hM is the period M history that is consistent with type θ’s equilibrium strategy.

When all bad strategic types separate in period M , player 2’s posterior belief is

{λ(hM )[θ]/α∗1(aj1), 0, λ(hM )[α1]α1(aj1)/α∗1(aj1)}

His belief after period M + 1 if type θ plays his equilibrium action a∗1 is:

{λ(hM )[θ]/α∗1(aj1)α∗1(a∗1), 0, λ(hM )[α1]α1(aj1)α1(a∗1)/α∗1(aj1)α∗1(a∗1)}

This is the same if type θ plays a∗1 in period M and aj1 in period M + 1 while the bad strategic types separate in

period M + 1. Therefore, the differences in continuation payoffs under these strategies cannot exceed (1− δ2)v1,

which contradicts the assumption that the payoff difference between these strategies is at least η/2.

B Proof of Theorem 1’: Statement 3

I complete the proof of statement 3 of Theorem 1’ after establishing the following proposition:

Proposition C.1 of Pei (2019). For every ψ ∈ Rm+ and χ > 0, if λ ∈ Λ(ψ, χ), then for every strategy profile

σ and every ε > 0, there exist δ ∈ (0, 1) and T ∈ N such that for every δ > δ, there exists σ̂1 : H → ∆(A∗1) such
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that if player 2s update their beliefs according to σ and player 1 plays according to σ̂1 then:

1.

λ(ht) ∈ Λ(ψ, χ+ ε) for every ht ∈ H(σ̂1,σ2). (B.1)

2. ∣∣∣ ∞∑
t=0

(1− δ)δt1{h∞t = a1} − α∗1(a1)
∣∣∣ < ε

2(2χ+ ε)
for every h∞ ∈ H(σ̂1,σ2) and a1 ∈ A∗1. (B.2)

3.

E(σ̂θ,σ2)
[
#
{
t
∣∣∣d(α∗1∥∥α1(·|ht)

)
> ε2/2

}]
< T. (B.3)

The above proposition implies the following corollary once we set ψ(θ) = ψ∗(θ) for all θ ∈ Θb
(α∗1,θ

∗), and for

every θ /∈ Θb
(α∗1,θ

∗), choose ψ(θ) ∈ R+ to be large enough such that λ ∈ Λ(ψ, 1).

Corollary B.1. If λ ∈ Λ(θ∗, α∗1, u2) and δ is large enough, then for every strategy profile σ, there exists

σ̂1 : H → ∆(A∗1), such that if player 2’s beliefs are updated according to σ but player 1 plays according to σ̂1,

then player 1 can achieve the following three objectives simultaneously:

1. Player 2’s posterior likelihood ratio vector stays in Λ(θ∗, α∗1, u2) for all periods.

2. The discounted average frequency of player 1’s actions approximately matches α∗1.

3. In expectation, P2’s prediction about P1’s action is close to α∗1 in all but a bounded number of periods.

The rest of the proof consists of two steps. In step 1, I show that if all entries of λ except for at most one

is sufficiently small, then player 2 has a strict incentive to play a∗2 when player 1’s average action is close to α∗1

regardless of the correlation. Let Λ0 be the set of beliefs with this feature. By construction, one can directly apply

Proposition C.1 in the main text to establish the commitment payoff theorem.

In step 2, I show that if player 1’s average action is close to α∗1 but player 2 does not have a strict incentive to

play a∗2, then different types of player 1’s actions must be sufficiently different. This implies that there is significant

learning about player 1’s type after observing his action choice. I then show that for every λ ∈ Λ, there exists an

integerK and a strategy for type θ∗ player 1 such that if type θ∗ player 1 picks his action according to this strategy,

then after at most K such periods, player 2’s belief about his type will be in Λ0, which concludes the proof.
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B.1 Step 1

For every ξ > 0, a likelihood ratio vector λ is of ‘size ξ’ if there exists ψ̃ ≡ (ψ̃1, ..., ψ̃m) ∈ Rm+ such that:

ψ̃i ∈ (0, ψi) for all i and moreover,

λ ∈
{
λ̃ ∈ Rm+

∣∣∣ m∑
i=1

λ̃i/ψ̃i < 1
}
⊂
{
λ̃ ∈ Rm+

∣∣∣#{i|λ̃i ≤ ξ} ≥ m− 1
}
. (B.4)

Intuitively, λ is of size ξ if there exists a downward sloping hyperplane such that all likelihood ratio vectors below

this hyperplane have at least m − 1 entries that are no larger than ξ. By definition, for every ξ′ ∈ (0, ξ), if λ is of

size ξ′, then it is also of size ξ. Proposition B.1 establishes the commitment payoff theorem when λ is of size ξ for

ξ small enough.

Proposition B.1. There exists ξ > 0, such that for every λ of size ξ, we have:

lim inf
δ→1

vθ∗(δ, µ, u1, u2) ≥ u1(θ∗, α∗1, a
∗
2).

PROOF OF PROPOSITION B.1: Let α1(·|ht, ωi) ∈ ∆(A1) be the equilibrium action of type ωi at history ht. Let

Bi,a1(ht) ≡ λi(ht)
(
α∗1(a1)− α1(a1|ht, ωi)

)
. (B.5)

Recall that

α1(·|ht) ≡
α∗1 +

∑m
i=1 λi(h

t)α1(·|ht, ωi)
1 +

∑m
i=1 λi(h

t)
.

is the average action anticipated by player 2. For evert λ ∈ Λ(α∗1, θ
∗, u2) and ε > 0, there exists ε > 0 such that at

every likelihood ratio vector λ̃ satisfying:

m∑
i=1

λ̃i/ψi <
1

2

(
1 +

m∑
i=1

λi/ψi

)
, (B.6)

a∗2 is player 2’s strict best reply to every {α1(·|ht, ωi)}mi=1 satisfying the following two conditions

1. |Bi,a1(ht)| < ε for all i and a1.

2.
∥∥α∗1 − α1(·|ht)

∥∥ ≤ ε.
This is because when the prior belief satisfies (B.6), a∗2 is player 2’s strict best reply when all types of player 1 are

playing α∗1. When ε and ε are both small enough, an ε-deviation of the average action together with an ε correlation

between types and actions cannot overturn this strictness.
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According to the Pinsker’s Inequality,
∥∥α∗1 − α1(·|ht)

∥∥ ≤ ε is implied by d(α∗1||α1(·|ht)) ≤ ε2/2. Pick ε and

ξ small enough such that:

ε <
ε

2(1 + ψ)
(B.7)

and

ξ <
ε

(m− 1)(1 + ε)
. (B.8)

Suppose λi(ht) ≤ ξ for all i ≥ 2, since
∥∥α∗1 − α1(·|ht)

∥∥ ≤ ε, we have:

∥∥∥λ1(α∗1 − α1(a1|ht, ω1)) +

m∑
i=2

λi
(
α∗1 − α1(a1|ht, ωi)

)∥∥∥
1 + λ1 + ξ(m− 1)

≤ ε.

The triangular inequality implies that:

∥∥∥λ1(α∗1 − α1(a1|ht, ω1))
∥∥∥ ≤

m∑
i=2

∥∥∥λi(α∗1 − α1(a1|ht, ωi))
∥∥∥+ ε

(
1 + λ1 + ξ(m− 1)

)
≤ ξ(m− 1) + ε

(
1 + ψ + ξ(m− 1)

)
≤ ε. (B.9)

where the last inequality uses (B.7) and (B.8). Inequality (B.9) implies that ||B1,a1(ht)|| ≤ ε. As a result, for

every λ of size ξ, a∗2 is player 2’s strict best reply at every history ht satisfying d(α∗1||α1(·|ht)) ≤ ε2/2. This in

turn implies the validity of the commitment payoff bound.

B.2 Step 2

In this step, I apply the conclusions in Proposition C.1 of the main text and Proposition B.1 shown above to

establish the commitment payoff theorem when the commitment action is mixed. Recall the definition ofBi,a1(ht)

in (B.5). According to Bayes Rule, if a1 ∈ A∗1 is observed at ht, then

λi(h
t)− λi(ht, a1) =

Bi,a1(ht)

α∗1(a1)
and

∑
a1∈A∗1

α∗1(a1)
(
λi(h

t)− λi(ht, a1)
)
≥ 0.

Let

D(ht, a1) ≡
(
λi(h

t)− λi(ht, a1)
)m
i=1
∈ Rm.

Suppose Bi,a1(ht) ≥ ε for some i and a1 ∈ A∗1, we have ||D(ht, a1)|| ≥ ε where || · || denotes the L2-norm. Pick

ξ > 0 small enough to meet the requirement in Proposition B.1. I define two sequences of subsets of Λ(θ∗, α∗1, u2),

namely {Λk}∞k=0 and {Λ̂k}∞k=1, recursively as follows:
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• Let Λ0 be the set of likelihood ratio vectors that are of size ξ,

• For every k ≥ 1, let Λ̂k be the set of likelihood ratio vectors in Λ(θ∗, α∗1, u2) such that if λ(ht) ∈ Λ̂k, then

either λ(ht) ∈ Λk−1 or, For every {α1(·|ht, ωi)}mi=1 such that ||D(ht, a1)|| ≥ ε for some a1 ∈ A∗1, there

exists a∗1 ∈ A∗1 such that λ(ht, a∗1) ∈ Λk−1.

• Let Λk be the set of likelihood ratio vectors in Λ(θ∗, α∗1, u2) such that for every λ̃ ∈ Λk, there exists

ψ̃ ≡ (ψ̃1, ..., ψ̃m) ∈ Rm+ such that: ψ̃i ∈ (0, ψi) for all i and

λ ∈
{
λ̃ ∈ Rm+

∣∣∣ m∑
i=1

λ̃i/ψ̃i < 1
}
⊂
( k−1⋃
j=0

Λj
)⋃

Λ̂k. (B.10)

By construction, we know that:

{
λ̃ ∈ Rm+

∣∣∣ m∑
i=1

λ̃i/ψ̃i < 1
}
⊂

k⋃
j=0

Λj = Λk. (B.11)

Since (0, ..., ψi − υ, ..., 0) ∈ Λ0 for any i ∈ {1, 2, ...,m} and υ > 0, so co(Λ0) = Λ(θ∗, α∗1, u2). By definition,

{Λk}k∈N is an increasing sequence with Λk ⊂ Λ(θ∗, α∗1, u2) = co(Λk) for any k ∈ N, i.e. it is bounded from

above by a compact set. Therefore limk→∞
⋃k
j=0 Λj ≡ Λ∞ exists and is a subset of clo

(
Λ(θ∗, α∗1, u2)

)
. The next

Lemma shows that clo(Λ∞) coincides with clo
(

Λ(θ∗, α∗1, u2)
)

.

Lemma B.1. clo(Λ∞) = clo
(

Λ(θ∗, α∗1, u2)
)

PROOF OF LEMMA B.1: Since Λk ⊂ Λ(θ∗, α∗1, u2) for every k ∈ N, we know that clo(Λ∞) ⊂ clo
(

Λ(θ∗, α∗1, u2)
)

.

The rest of the proof establishes the other direction. Suppose towards a contradiction that

clo(Λ∞) ( clo
(

Λ(θ∗, α∗1, u2)
)

(B.12)

1. Let Λ̂ ⊂ Λ(θ∗, α∗1, u2) be such that if λ(ht) ∈ Λ̂, then either λ(ht) ∈ Λ∞, or for every {α1(·|ht, ωi)}mi=1

such that ||D(ht, a1)|| ≥ ε for some a1 ∈ A∗1, there exists a∗1 ∈ A∗1 such that λ(ht, a∗1) ∈ Λ∞.

2. Let Λ̆ be the set of likelihood ratio vectors in Λ(θ∗, α∗1, u2) such that for every λ̃ ∈ Λ̆, there exists ψ̃ ≡

(ψ̃1, ..., ψ̃m) ∈ Rm+ such that:

ψ̃i ∈ (0, ψi) for all i and λ ∈
{
λ̃ ∈ Rm+

∣∣∣ m∑
i=1

λ̃i/ψ̃i < 1
}
⊂
(

Λ∞
⋃

Λ̂
)
. (B.13)

24



Since Λ∞ is defined as the limit of the above operator, so in order for (B.12) to be true, it has to be the case that

Λ̆ = Λ∞, or Ξ
⋂

Λ̆ = {∅} where

Ξ ≡ clo
(

Λ(θ∗, α∗1, u2)
)∖

clo(Λ∞). (B.14)

One can check that Ξ is convex and has non-empty interior. For every % > 0, there exists x ∈ Ξ, θ ∈ (0, π/2) and

a halfspace H(χ) ≡
{
λ̃
∣∣∣∑m

i=1 λ̃i/χi ≤ χ
}

with φ > 0 satisfying:

1.
∑m

i=1 xi/ψi = χ.

2. ∂B(x, r)
⋂
H(χ)

⋂
Λ(θ∗, α∗1, u2) ⊂ Λ∞ for every r ≥ %.

3. For every r ≥ ρ and y ∈ ∂B(x, r)
⋂

Λ(θ∗, α∗1, u2), either y ∈ Λ∞ or d(y,H(χ)) > r sin θ, where d(·, ·)

denotes the Hausdorff distance.

The second and third property used the non-convexity of clo(Λ∞). Suppose λ(ht) = x for some ht and there

exists a1 ∈ A∗1 such that ||D(ht, a1)|| ≥ ε,

• Either λ(ht, a1) ∈ Λ∞, in which case x ∈ Λ̆ but x ∈ Ξ, leading to a contradiction.

• Or λ(ht, a1) /∈ Λ∞. Requirement 3 implies that d(λ(ht, a1), H(χ)) > ε sin θ. On the other hand,

∑
a′1∈A∗1

α∗1(a′1)λi(h
t, a′1) ≤ λi(ht) (B.15)

for every i. Requirement 1 then implies that
∑

a′1∈A∗1
α∗1(a′1)λi(h

t, a′1) ∈ H(χ), which is to say:

∑
a′1∈A∗1

α∗1(a′1)

m∑
i=1

λi(h
t, a′1)/ψi ≤ χ. (B.16)

According to Requirement 2, λ(ht, a1) /∈ H(χ), i.e.
∑m

i=1 λi(h
t, a1)/ψi > χ+εκ for some constant κ > 0.

Take

ρ ≡ 1

2
min
a1∈A∗1

{α∗1(a1)}εκ,

(B.15) implies the existence of a∗1 ∈ A∗1\{a1} such that λ(ht, a∗1) ∈ H(χ)
⋂
B(x, ρ). Requirement 2 then

implies that x = λ(ht) ∈ Λ̆. Since x ∈ Ξ, this leads to a contradiction.

Therefore, (B.12) cannot be true, which validates the conclusion of Lemma B.1.

Lemma B.1 implies that for every λ ∈ Λ(θ∗, α∗1, u2), there exists an integer K ∈ N independent of δ such that

λ ∈ ΛK . Statement 3 of Theorem 1’ can then be shown by induction on K. According to Proposition B.1, the
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statement holds for K = 0. Suppose it applies to every K ≤ K∗ − 1, let us consider the case when K = K∗.

According to the construction of ΛK
∗
, there exists a strategy for player 1 such that whenever a∗2 is not player 2’s

best reply despite d(α∗1‖α1(·|ht)) < ε2/2, then the posterior belief after observing a1,t is in ΛK
∗−1, under which

the commitment payoff bound is attained by the induction hypothesis.

C Proof of Theorem 2

I state a generalized version of Theorem 2 by allowing for arbitrary correlations between the two dimensions

of player 1’s private information (satisfying the full support condition), as well as commitment types that play

stationary mixed commitment strategies. Recall the framework in Appendix A of the main text. I introduce the

definition of optimistic and pessimistic prior beliefs, taken into account the correlations between the commitment

actions and the state. For every µ defined in (2.1) in section 2. For every θ ∈ Θ, let µ(θ) be the probability of

commitment type θ. Recall that A∗1 ⊂ ∆(A1) is the set of commitment actions. For every α∗1 ∈ A∗1, let µ(α∗1) be

the probability of commitment type α∗1. I say that µ is optimistic if

µ(a1)D(φa1 , a1) +
∑

θ∈Θg∪Θp

µ(θ)D(θ, a1) > 0, (C.1)

and is pessimistic if

µ(a1)D(φa1 , a1) +
∑

θ∈Θg∪Θp

µ(θ)D(θ, a1) ≤ 0.

I state the following theorem that generalizes Theorem 2:

Theorem 2’. Suppose the payoff environment satisfies Assumptions 1,2 and 3, µ satisfies Assumption 4 and

(C.1), then

lim inf
δ→1

vθ(δ, µ, u1, u2) ≥ u1(θ, a1, a2) for every θ ∈ Θ∗.

I show Theorem 2’, which implies Theorem 2 as a special case. This is because when the two dimensions

of player 1’s private information are independently distributed, the prior state distribution φ satisfies (3.7) in the

main text, and given that BR2(φa1 , a1|u2) = {a2}, the joint distribution µ satisfies condition (C.1). Different

from simplified proof in Appendix D of the main text, I allow player 2 to observe her predecessors’ actions

and potentially, the current and past realizations of public randomization devices. When a2,t depends on ht ≡

{a1,s, a2,s, ξs}s≤t−1, the analysis of irregular equilibria is more complicated since there may not exist a last history

such that types in Θp ∪Θn separate from commitment type a1.

The proof consists of seven parts. In subsections C.1-C.3, I introduce some useful concepts and define some
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constants that will be referred to later on in the proof. In subsection C.4, I present four useful observations, stated

as Lemma C.1-C.4. Subsections C.5 and C.6 establish Theorem 2, starting from the case where Θn is empty and

then generalizing it to the case where Θn is non-empty.

C.1 Several Useful Constants

I start from defining several useful constants which only depend on µ, u1 and u2, but are independent of σ and δ.

Let M ≡ maxθ,a1,a2 |u1(θ, a1, a2)| and

K ≡
max
θ∈Θ

{
u1(θ, a1, a2)− u1(θ, a1, a2)

}
min
θ∈Θ

{
u1(θ, a1, a2)− u1(θ, a1, a2)

} .
Since D(φa1 , a1) > 0, expression (C.1) implies the existence of κ ∈ (0, 1) such that:

κµ(a1)D(φa1 , a1) +
∑
θ∈Θ

µ(θ)D(θ, a1) > 0.

For any κ ∈ (0, 1), let

ρ0(κ) ≡ (1− κ)µ(a1)D(φa1 , a1)

2 max(θ,a1)∈Θ×A1
|D(θ, a1)|

> 0 (C.2)

and

T 0(κ) ≡ d1/ρ0(κ)e. (C.3)

Let

ρ1(κ) ≡ κµ(a1)D(φa1 , a1)

max(θ,a1) |D(θ, a1)|
. (C.4)

and

T 1(κ) ≡ d1/ρ1(κ)e. (C.5)

Let δ ∈ (0, 1) be close enough to 1 such that for every δ ∈ [δ, 1) and θp ∈ Θp,

(1− δT 0(0))u1(θp, a1, a2) + δT 0(0)u1(θp, a1, a2) >
1

2

(
u1(θp, a1, a2) + u1(θp, a1, a2)

)
. (C.6)

C.2 Random History & Random Path

Let Ω ≡ A∗1
⋃

Θ be the entire set of types with ω a typical element of Ω. Abusing notation, I write the prior belief,

i.e., the joint distribution µ, as a full support distribution on the finite set Ω, which is without loss of generality
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given that all commitment types are playing stationary strategies and player 2s can only observe past actions.

Let ht ≡ (at, rt), with at ≡ (a1,s)s≤t−1 and rt ≡ (a2,s, ξs)s≤t−1. Let at∗ ≡ (a1, ..., a1). I call ht a public

history, rt a random history and r∞ a random path. Let H and R be the set of public histories and random

histories, respectively, with �, %, ≺ and - naturally defined. Recall that a strategy profile σ consists of (σθ)θ∈Θ

with σθ : H → ∆(A1) and σ2 : H → ∆(A2). Let Pσ(θ) be the probability measure over public histories

induced by (σθ, σ2). Let Pσ ≡
∑

ω∈Ω µ(ω)Pσ(ω) be the probability measure induced by σ, taken into account

the possibilities of commitment types. Let vσ(ht) ≡
{
vσθ (ht)

}
θ∈Θ
∈ R|Θ| be the continuation payoff vector for

strategic types at ht under strategy profile σ.

LetHσ ⊂ H be the set of histories ht such that Pσ(ht) > 0, and letHσ(ω) ⊂ H be the set of histories ht such

that Pσ(ω)(ht) > 0. Let

Rσ∗ ≡
{
r∞
∣∣∣(at∗, rt) ∈ Hσ for all t and rt ≺ r∞

}
be the set of random paths consistent with player 1 playing a1 in every period. For every ht = (at, rt), let

σ1[ht] : H → A1 be a strategy in the continuation game at ht that satisfies σ1[ht](hs) = a1 for all hs % ht with

hs = (at, a1, ..., a1, r
s) ∈ Hσ. Let σ1[ht] : H → A1 be a strategy in the continuation game at ht that satisfies

σ1[ht](hs) = a1 for all hs % ht with hs = (at, a1, ..., a1, r
s) ∈ Hσ. For every θ ∈ Θ, let

Rσ(θ) ≡
{
rt
∣∣∣σ1[at∗, r

t] is type θ’s best reply to σ2

}
andRσ(θ) ≡

{
rt
∣∣∣σ1[at∗, r

t] is type θ’s best reply to σ2

}
.

C.3 Beliefs & Best Response Sets

Let µ(at, rt) ∈ ∆(Ω) be player 2’s posterior belief at (at, rt) and specifically, let µ∗(rt) ≡ µ(at∗, r
t). Let

Bκ ≡
{
µ̃ ∈ ∆(Ω)

∣∣∣κµ̃(a1)D(φa1 , a1) +
∑
θ∈Θ

µ̃(θ)D(θ, a1) ≥ 0
}
. (C.7)

By definition, Bκ′ ( Bκ for every κ, κ′ ∈ [0, 1] with κ′ < κ.

For every rt ∈ Rt and ω ∈ Ω, let q∗(rt)(ω) be the ex ante probability that (1) player 1 is type ω; (2)

player 1 has played a1 from period 0 to t − 1, conditional on the realization of random history being rt. Let

q∗(rt) ≡
{
q∗(rt)(ω)

}
ω∈Ω

. For every δ ∈ (0, 1) and strategy profile σ ∈ NE(δ, µ),

1. For every at and rt, r̂t � rt−1 satisfying (at, rt), (at, r̂t) ∈ Hσ, we have µ(at, rt) = µ(at, r̂t).

2. For every rt, r̂t � rt−1 with (at∗, r
t), (at∗, r̂

t) ∈ Hσ, we have q∗(rt) = q∗(r̂t).

This is because player 1’s action in period t − 1 depends on rt only through rt−1, so is player 2’s belief at every

on-path history. Since the commitment type plays a1 in every period, we have q∗(rt)(a1) = µ0(a1).
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For future reference, I introduce two sets of random histories based on player 2’s posterior beliefs. Let

Rσg ≡
{
rt
∣∣∣(at∗, rt) ∈ Hσ and µ∗(rt)

(
Θp ∪Θn

)
= 0
}
, (C.8)

and let

R̂σg ≡
{
rt
∣∣∣there exists rT % rt such that rT ∈ Rσg

}
. (C.9)

Intuitively, R̂σg is the set of on-path random histories under which all the strategic types in Θp∪Θn will be separated

from commitment type a1 at some random histories in the future.

C.4 Four Useful Lemmas

Recall that σθ : H → ∆(A1) is type θ’s strategy. The first lemma outlines the implications of monotone-

supermodularity (Assumption 2 in the main text) on different types of player 1’s equilibrium strategies:

Lemma C.1. Suppose σ ∈ NE(δ, µ), θ � θ̃ and ht∗ = (at∗, r
t) ∈ Hσ(θ) ∩Hσ(θ̃),

1. If rt ∈ Rσ(θ̃), then σθ(as∗, r
s)(a1) = 1 for every (as∗, r

s) ∈ H(σ1(ht∗),σ2)(θ) with rs % rt.

2. If rt ∈ Rσ(θ), then σθ̃(a
s, rs)(a1) = 1 for every (as, rs) ∈ H(σ1(ht∗),σ2)(θ̃) with (as, rs) % (at∗, r

t).

PROOF OF LEMMA C.1: I only need to show the first part, as the second part is symmetric after switching signs.

Without loss of generality, I focus on history h0. For notation simplicity, let σ1[h0] = σ1. For every σω and σ2, let

P (σω ,σ2) : A1 ×A2 → [0, 1] be defined as:

P (σω ,σ2)(a1, a2) ≡
+∞∑
t=0

(1− δ)δtp(σω ,σ2)
t (a1, a2)

where p(σω ,σ2)
t (a1, a2) is the probability of (a1, a2) occurring in period t under (σω, σ2). Let P (σ1,σ2)

i ∈ ∆(A2) be

P (σ1,σ2)’s marginal distribution on Ai, for i ∈ {1, 2}.

Suppose towards a contradiction that σ1 is type θ̃’s best reply and there exists σθ with P (σθ,σ2)
1 (a1) < 1 such

that σθ is type θ’s best reply, then type θ̃ and θ’s incentive constraints require that:

∑
a2∈A2

(
P

(σ1,σ2)
2 (a2)− P (σθ,σ2)

2 (a2)
)
u1(θ̃, a1, a2) ≥

∑
a2∈A2,a1 6=a1

P (σθ,σ2)(a1, a2)
(
u1(θ̃, a1, a2)− u1(θ̃, a1, a2)

)
,
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and

∑
a2∈A2

(
P

(σ1,σ2)
2 (a2)− P (σθ,σ2)

2 (a2)
)
u1(θ, a1, a2) ≤

∑
a2∈A2,a1 6=a1

P (σθ,σ2)(a1, a2)
(
u1(θ, a1, a2)− u1(θ, a1, a2)

)
.

Since P (σθ,σ2)
1 (a1) < 1 and u1 has strictly increasing differences in θ and a1, we have:

∑
a2∈A2,a1 6=a1

P (σθ,σ2)(a1, a2)
(
u1(θ̃, a1, a2)− u1(θ̃, a1, a2)

)

>
∑

a2∈A2,a1 6=a1

P (σθ,σ2)(a1, a2)
(
u1(θ, a1, a2)− u1(θ, a1, a2)

)
which implies that:

∑
a2∈A2

(
P

(σθ,σ2)
2 (a2)− P (σ1,σ2)

2 (a2)
)(
u1(θ, a1, a2)− u1(θ̃, a1, a2)

)
> 0. (C.10)

On the other hand, since u1 is strictly decreasing in a1, we have:

∑
a2∈A2,a1 6=a1

P (σθ,σ2)(a1, a2)
(
u1(θ̃, a1, a2)− u1(θ̃, a1, a2)

)
> 0

Strategic type θ̃’s incentive constraint implies that:

∑
a2∈A2

(
P

(σ1,σ2)
2 (a2)− P (σθ,σ2)

2 (a2)
)
u1(θ̃, a1, a2) > 0. (C.11)

Since both P (σθ,σ2)
2 and P (σ1,σ2)

2 are probability distributions, we have

∑
a2∈A2

(
P

(σθ,σ2)
2 (a2)− P (σ1,σ2)

2 (a2)
)

= 0.

Since u1(θ, a1, a2)−u1(θ̃, a1, a2) is weakly increasing in a2, (C.10) implies that P (σθ,σ2)
2 (a2)−P (σ1,σ2)

2 (a2) > 0.

Since u1(θ̃, a1, a2) is strictly increasing in a2, (C.11) implies that P (σθ,σ2)
2 (a2) − P (σ1,σ2)

2 (a2) < 0, leading to a

contradiction.

The next Lemma places a uniform upper bound on the number of periods in which a2 is not player 2’s strict

best reply although a1 has been played in all previous periods and µ∗(rt) ∈ Bκ.

Lemma C.2. If µ∗(rt) ∈ Bκ and a2 is not a strict best reply at (at∗, r
t), then for every rt+1 � rt with
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(at+1
∗ , rt+1) ∈ Hσ, we have: ∑

θ∈Θ

(
q∗(rt)(θ)− q∗(rt+1)(θ)

)
≥ ρ0(κ). (C.12)

PROOF OF LEMMA C.2: If µ∗(rt) ∈ Bκ, then:4

κµ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt)(θ)D(θ, a1) ≥ 0.

Suppose a2 is not a strict best reply at (at∗, r
t), then,

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt+1)(θ)D(θ, a1) +
∑
θ∈Θ

(
q∗(rt)(θ)− q∗(rt+1)(θ)

)
D(θ, a1) ≤ 0,

for every rt+1 � rt with (at+1
∗ , rt+1) ∈ Hσ, or equivalently

κµ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt)(θ)D(θ, a1)︸ ︷︷ ︸
≥0

+ (1− κ)µ(a1)D(φa1 , a1)︸ ︷︷ ︸
>0

+
∑
θ∈Θ

(
q∗(rt+1)(θ)− q∗(rt)(θ)

)
D(θ, a1) +

∑
θ∈Θ

(
q∗(rt)(θ)− q∗(rt+1)(θ)

)
D(θ, a1) ≤ 0,

According to (C.2), we have:

∑
θ∈Θ

(
q∗(rt)(θ)− q∗(rt+1)(θ)

)
≥ (1− κ)µ(a1)D(φa1 , a1)

2 max(θ,a1)∈Θ×A1
|D(θ, a1)|

= ρ0(κ).

Lemma C.2 implies that for every σ ∈ NE(δ, µ) and along every r∞ ∈ Rσ∗ , the number of rt such that

µ∗(rt) ∈ Bκ but a2 is not a strict best reply is at most T 0(κ). The next Lemma obtains an upper bound for player

1’s continuation payoff after separating from commitment type a1 at a history with an unfavorable posterior belief.

Lemma C.3. For every σ ∈ NE(δ, µ) and ht ∈ Hσ with

µ(ht)(a1)D(φa1 , a1) +
∑
θ

µ(ht)(θ)D(θ, a1) < 0. (C.13)

Let θ ≡ min
{

supp
(
µ(ht)

)}
, then:

vθ(h
t) = u1(θ, a1, a2).

4According to Bayes Rule, µ∗(rt)(θ) ≥ q∗(rt)(θ) for all θ ∈ Θ and µ∗(rt)(θ)
q∗(rt)(θ)

is independent of θ as long as q∗(rt)(θ) 6= 0.
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PROOF OF LEMMA C.3: Let

Θ′ ≡
{
θ̃ ∈ Θp ∪Θn

∣∣∣µ(ht)(θ̃) > 0
}
.

Since D(φa1 , a1) > 0, (C.13) implies that Θ′ 6= {∅}. The rest of the proof is done via induction on |Θ′|. When

|Θ′| = 1, there exists a pure strategy σ∗θ : H → A1 in the support of σθ such that (C.13) holds for all hs satisfying

hs ∈ H(σ∗θ ,σ2) and hs % ht. At every such hs, a2 is player 2’s strict best reply. When playing σ∗θ , type θ’s stage

game payoff is no more than u1(θ, a1, a2) in every period.

Suppose towards a contradiction that the conclusion holds when |Θ′| ≤ k − 1 but fails when |Θ′| = k, then

there exists hs ∈ Hσ(θ) with hs % ht such that

1. µ(hτ ) /∈ Bκ for all hs % hτ % ht.

2. vθ(hs) > u1(θ, a1, a2).

3. For all a1 such that µ(hs, a1) /∈ Bκ, σθ(hs)(a1) = 0.5

Since belief is a martingale, there exists a1 such that (hs, a1) ∈ Hσ and µ(hs, a1) satisfies (C.13). Since

µ(hs, a1)(θ) = 0, there exists θ̃ ∈ Θ∗\{θ} such that (hs, a1) ∈ Hσ(θ̃). Our induction hypothesis suggests

that:

vθ̃(h
s) = u1(θ̃, a1, a2).

The incentive constraints of type θ and type θ̃ at hs require the existence of (α1,τ , α2,τ )∞τ=0 with αi,τ ∈ ∆(Ai)

such that:

E
[ ∞∑
τ=0

(1− δ)δτ
(
u1(θ, α1,τ , α2,τ )−u1(θ, a1, a2)

)]
> 0 ≥ E

[ ∞∑
τ=0

(1− δ)δτ
(
u1(θ̃, α1,τ , α2,τ )−u1(θ̃, a1, a2)

)]
,

where E[·] is taken over probability measure Pσ. However, the supermodularity condition implies that,

u1(θ, α1,τ , α2,τ )− u1(θ, a1, a2) ≤ u1(θ̃, α1,τ , α2,τ )− u1(θ̃, a1, a2).

This leads to a contradiction.

The next Lemma outlines an important implication of rt /∈ R̂σg .

Lemma C.4. If rt /∈ R̂σg and (at∗, r
t) ∈ Hσ, then there exists θ ∈

(
Θp ∪ Θn

)⋂
supp

(
µ∗(rt)

)
such that

rt ∈ Rσ(θ).

5I omit (a2,s, ξs) in the expression for histories since they play no role in the posterior belief on Ω at every on-path history.
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PROOF OF LEMMA C.4: Suppose towards a contradiction that rt /∈ R̂σg but no such θ exists. Let

θ1 ≡ max
{(

Θp ∪Θn

)⋂
supp

(
µ∗(rt)

)}
.

The set on the RHS is non-empty according to the definition of R̂σg andRσg
Let (at1∗ , r

t1) % (at∗, r
t) be the history at which type θ1 has a strict incentive not to play a1 with (at1∗ , r

t1) ∈ Hσ.

For any (at1+1
∗ , rt1+1) � (at1∗ , r

t1) with (at1+1
∗ , rt1+1) ∈ Hσ, on one hand, we have µ∗(rt1+1)(θ1) = 0. On the

other hand, the fact that rt /∈ R̂σg implies that µ∗(rt1+1)(Θn ∪Θp) > 0.

Let

θ2 ≡ max
{(

Θp ∪Θn

)⋂
supp

(
µ∗(rt1+1)

)}
,

and let us examine type θ1 and θ2’s incentive constraints at (at1∗ , r
t1). According to Lemma C.1, there exists

rt2 � rt1 such that type θ2 has a strict incentive not to play a1 at (at2∗ , r
t2) ∈ Hσ.

One can iterate the above process and construct rt3 � rt4 ... Since

∣∣∣supp
(
µ∗(rtk+1)

)∣∣∣ ≤ ∣∣∣supp
(
µ∗(rtk)

)∣∣∣− 1,

for any k ∈ N, there exists m ≤ |Θp ∪ Θn| such that (atm∗ , r
tm) ∈ Hσ, rtm % rt and µ∗(rtm)(Θn ∪ Θp) = 0,

which contradicts rt /∈ R̂σg .

C.5 Proof of Statement 1 Theorem 2: Θn = {∅}

This subsection examines the case in which Θn = {∅}. I will incorporate states in Θn in subsection C.6. The

main result in this part is the following proposition:

Proposition C.1. If Θn = {∅} and µ ∈ Bκ, then for every θ ∈ Θ, we have:

vθ(a
0
∗, r

0) ≥ u1(θ, a1, a2)− 2M(1− δT 0(κ)).

Despite Proposition C.1 is stated in terms of player 1’s guaranteed payoff at h0, the conclusion applies to all

rt and θ ∈ Θg ∪Θp as long as µ∗(rt) ∈ Bκ and (at∗, r
t) ∈ Hσ(θ) but (at∗, r

t) /∈
⋃
θn∈Θn

Hσ(θn). I show Lemma

C.5 and Lemma C.6, which together imply Proposition C.1.

Lemma C.5. For every σ ∈ NE(δ, µ), if µ∗(rt) ∈ Bκ for all rt ∈ R̂σg , then for every r∞ ∈ Rσ∗ ,

∣∣∣{t ∈ N
∣∣∣r∞ � rt and a2 is not a strict best reply at (at∗, r

t)
}∣∣∣ ≤ T 0(κ). (C.14)
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PROOF OF LEMMA C.5: Pick any r∞ ∈ Rσ∗ , if r0 /∈ R̂σg , then let t∗ = −1. Otherwise, let

t∗ ≡ max
{
t ∈ N ∪ {+∞}

∣∣∣rt ∈ R̂σg and r∞ � rt
}
.

According to Lemma C.2, for every t ≤ t∗, if a2 is not a strict best reply at (at∗, r
t), then we have inequality (C.12).

Next, I show that µ∗(rt
∗+1) ∈ Bκ. If t∗ = −1, this is a direct implication of (C.1). If t∗ ≥ 0, then there

exists r̂t
∗+1 � rt

∗
such that r̂t

∗+1 ∈ R̂σg . Let rt
∗+1 ≺ r∞, we have q∗(rt

∗+1) = q∗(r̂t
∗+1). Moreover, since

µ∗(rt) ∈ Bκ for every rt ∈ R̂σg , we have µ∗(rt
∗+1) = µ∗(r̂t

∗+1) ∈ Bκ.

Since rt
∗+1 /∈ R̂σg , Lemma C.4 implies the existence of

θ ∈
(
Θp ∪Θn

)⋂
supp

(
µ∗(rt

∗+1)
)

such that rt
∗+1 ∈ Rσ(θ). Since θg � θ for all θg ∈ Θg, Lemma C.1 implies that for every θg and r∞ � rt % rt

∗+1,

we have σθg(a
t
∗, r

t) = 1, and therefore, q∗(rt)(θg) = q∗(rt+1)(θg). This implies that µ∗(rt) ∈ Bκ for every

r∞ � rt % rt
∗+1. If a2 is not a strict best reply at (at∗, r

t) for any t > t∗, inequality (C.12) again applies.

To sum up, for every t ∈ N, if a2 is not a strict best reply at (at∗, r
t), then:

∑
θ∈Θ

(
q∗(rt)(θ)− q∗(rt+1)(θ)

)
≥ ρ0(κ),

from which we obtain (C.14).

The next result shows that the condition required in Lemma C.5 holds in every equilibrium when δ is large

enough. Moreover, it applies regardless of the short-run players’ prior belief, which will be useful in the proof of

the second statement in subsection C.7.

Lemma C.6. For every σ ∈ NE(δ, µ) with δ > δ, µ∗(rt) ∈ B0 for every rt ∈ R̂σg with µ∗(rt)(Θn) = 0.

PROOF OF LEMMA C.6: For any given δ > δ, according to (C.6), there exists κ∗ ∈ (0, 1) such that:

(1− δT 0(κ∗))u1(θp, a1, a2) + δT 0(κ∗)u1(θp, a1, a2) >
1

2

(
u1(θp, a1, a2) + u1(θp, a1, a2)

)
. (C.15)

Suppose towards a contradiction that there exist rt1 and rT1 such that:

• rT1 � rt1 , rT1 ∈ Rσg and µ∗(rt1) /∈ B0.

Since µ∗(rT1) ∈ B0, let t∗1 be the largest t ∈ N such that µ∗(rt) /∈ B0 for rT1 � rt % rt1 . Then there exists

a1 6= a1 and rt
∗
1+1 � rt

∗
1 such that µ

(
(a
t∗1
∗ , a1), rt

∗
1+1
)
/∈ B0 and

(
(a
t∗1
∗ , a1), rt

∗
1+1
)
∈ Hσ. This also implies the
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existence of θp ∈ Θp
⋂

supp
(
µ
(
(a
t∗1
∗ , a1), rt

∗
1+1
))

.

According to Lemma C.3, type θp’s continuation payoff at (a
t∗1
∗ , r

t∗1) by playing a1 is at most

(1− δ)u1(θp, a1, a2) + δu1(θp, a1, a2). (C.16)

His incentive constraint at history (a
t∗1
∗ , r

t∗1) requires that his expected payoff from σ1 is weakly lower than (C.16),

i.e. there exists rt
∗
1+1 � rt

∗
1 satisfying (a

t∗1+1
∗ , rt

∗
1+1) ∈ Hσ and type θp’s continuation payoff at (a

t∗1+1
∗ , rt

∗
1+1) is

no more than:
1

2

(
u1(θp, a1, a2) + u1(θp, a1, a2)

)
. (C.17)

If µ∗(rt) ∈ Bκ∗ for every rt ∈ R̂σg ∩{rt % rt
∗
1}, then according to Lemma C.5, his continuation payoff at (a

t∗1
∗ , r

t∗1)

by playing σ1 is at least:

(1− δT 0(κ∗))u1(θp, a1, a2) + δT 0(κ∗)u1(θp, a1, a2),

which is strictly larger than (C.17) by the definition of κ∗ in (C.15), leading to a contradiction.

Suppose on the other hand, there exists rt2 � rt∗1 such that: rt2 ∈ R̂σg while µ∗(rt2) /∈ Bκ∗ . There exists rT2 �

rt2 such that rT2 ∈ Rσg and rT2 � rt2 . Again, we can find rt
∗
2 such that t∗2 be the largest t ∈ {t2, t2 +1, ..., T2} such

that µ∗(rt) /∈ B0 for rT2 � rt % rt2 . Then there exists a1 6= a1 and rt
∗
2+1 � rt∗2 such that µ

(
(a
t∗2
∗ , a1), rt

∗
2+1
)
/∈ B0

and
(
(a
t∗2
∗ , a1), rt

∗
2+1
)
∈ Hσ.

Iterating the above process and repeatedly apply the aforementioned argument, we know that for every k ≥ 1,

in order to satisfy player 1’s incentive constraint to play a1 6= a1 at (a
t∗k
∗ , r

t∗k), we can find a triple (rtk+1 , rt
∗
k+1 , rTk+1).

It implies that this process cannot stop after a finite number of rounds. Since µ∗(rtk) /∈ Bκ∗ but µ∗(rt
∗
k+1) ∈ B0

as well as rtk+1 � rt∗k+1, we have:

∑
θ∈Θ

q∗(rtk)(θ)− q∗(rtk+1)(θ) ≥
∑
θ∈Θ

q∗(rtk)(θ)− q∗(rt∗k+1)(θ) ≥ ρ1(κ∗) (C.18)

for every k ≥ 2. (C.18) and (C.5) together suggest that this iteration process cannot last for more than T 1(κ∗)

rounds, which is an integer independent of δ, leading to a contradiction.

The next Lemma is not needed for the proof of Proposition C.1 but will be useful for future reference.

Lemma C.7. For every δ ≥ δ and σ ∈ NE(δ, µ). If rt satisfies (at∗, r
t) ∈ Hσ, µ∗(rt)(Θn) = 0, rt /∈ R̂σg and

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt)(θ)D(θ, a1) > 0, (C.19)
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then a2 is player 2’s strict best reply at every (as∗, r
s) % (at∗, r

t) with (as∗, r
s) ∈ Hσ.

PROOF OF LEMMA C.7: Since µ∗(rt)(Θn) = 0 and rt /∈ R̂σg , Lemma C.4 implies the existence of θp ∈ Θp ∩

supp(µ∗(rt)) such that rt ∈ Rσ(θp). According to Lemma C.1, σθ(as∗, r
s)(a1) = 1 for every (as∗, r

s) ∈ Hσ(θ)

with rs % rt. From (C.19), we know that a2 is not a strict best reply only if there exists type θp ∈ Θp who plays

a1 6= a1 with positive probability. In particular, (C.19) implies the existence of κ ∈ (0, 1) such that:6

κµ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt)(θ)D(θ, a1) > 0.

According to (C.12), we have: ∑
θ∈Θp

(
q∗(rs)(θ)− q∗(rs+1)(θ)

)
≥ ρ0(κ)

whenever a2 is not a strict best reply at (as∗, r
s) % (at∗, r

t). Therefore, there can be at most T 0(κ) such periods.

Hence, there exists rN with (aN∗ , r
N ) ∈ Hσ such that:

1. a2 is not a strict best reply at (aN∗ , r
N ).

2. a2 is a strict best reply for all (as∗, r
s) � (aN∗ , r

N ) with (as∗, r
s) ∈ Hσ.

Then there exists θp ∈ Θp that plays a1 6= a1 in equilibrium at (aN∗ , r
N ), his continuation payoff by playing a1

in every subsequent period is at least (1 − δ)u1(θp, a1, a2) + δu1(θp, a1, a2) while his equilibrium continuation

payoff from playing a1 is at most (1 − δ)u1(θp, a1, a2) + δu1(θp, a1, a2) according to Lemma C.3. The latter is

strictly less than the former when δ > δ, leading to a contradiction.

C.6 Proof of Statement 1 Theorem 2: Incorporating Types in Θn

Next, we extend the proof in subsection C.5 by allowing for types in Θn. Lemmas C.5 and C.6 imply the following

result in this general environment:

Proposition C.2. For every δ > δ and σ ∈ NE(δ, µ), there exists no θp ∈ Θp, random histories rt+1 and rt

with rt+1 � rt and a1 6= a1 that simultaneously satisfy the following three requirements:

1. rt+1 ∈ R̂σg .

2.
(
(at∗, a1), rt+1

)
∈ Hσ(θp).

3. vθp
((

(at∗, a1), r̂t+1
))

= u1(θp, a1, a2) for all r̂t+1 � rt.

6There are two reasons for why one cannot directly apply the conclusion in Lemma C.2. First, a stronger conclusion is required for
Lemma C.7. Second, κ can be arbitrarily close to 1, while κ is uniformly bounded below 1 for any given µ.

36



PROOF OF PROPOSITION C.2: Suppose towards a contradiction that such θp ∈ Θp, rt, rt+1 and a1 exist. From

requirement 3, we know that rt ∈ Rσ(θp). According to Lemma D.1 in the main text, θn ≺ θp for all θn ∈ Θn.

The second part of Lemma C.1 then implies that µ∗(r̂t+1)(Θn) = 0 for all r̂t+1 � rt with (at+1
∗ , r̂t+1) ∈ Hσ.

If µ∗(rt+1) ∈ Bκ, then requirement 2 and Proposition C.1 result in a contradiction when examining type θp’s

incentive at (at∗, r
t) to play a1 as opposed to a1. If µ∗(rt+1) /∈ Bκ, since δ > δ and rt+1 ∈ R̂σg , we obtain a

contradiction from Lemma C.6.

The rest of the proof consists of several steps by considering a given σ ∈ NE(δ, µ) when δ is large enough.

First,

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt)(θ)D(θ, a1) ≥ 0 (C.20)

for all t ≥ 1 and rt satisfying (at∗, r
t) ∈ Hσ. This is because otherwise, according to Lemma C.3, there exists

θ ∈ supp(µ∗(rt)) such that vθ(at∗, r
t) = u1(θ, a1, a2). But then, at (at−1

∗ , rt−1) with rt−1 ≺ rt, he could obtain

strictly higher payoff by playing a1 instead of a1, leading to a contradiction.

Next comes the following Lemma:

Lemma C.8. If µ is optimistic, then vθ(at∗, r
t) ≥ u1(θ, a1, a2)− 2M(K + 1)(1− δ) for every θ and rt /∈ R̂σg

satisfying the following two requirements:

1. (at∗, r
t) ∈ Hσ.

2. Either t = 0 or t ≥ 1 but there exists r̂t such that rt, r̂t � rt−1, (at∗, r̂
t) ∈ Hσ and r̂t ∈ R̂σg .

PROOF OF LEMMA C.8: If µ∗(rt) ∈ Bκ and rt /∈ R̂σg , then Lemmas C.1 and C.4 suggest that µ∗(rs) ∈ Bκ for all

rs % rt and the conclusion is straightforward from Lemma C.2.

Therefore, for the rest of the proof, I consider the adverse circumstance in which µ∗(rt) /∈ Bκ. I consider two

cases. First, when µ∗(rt)(Θn) > 0, then according to (C.20),7

µ(a1)D(φa1 , a1) +
∑

θ∈Θp∪Θg

q∗(rt)(θ)D(θ, a1) > 0.

Since rt /∈ R̂σg , according to Lemma C.4, there exists θ ∈ Θp ∪ Θn with (at∗, r
t) ∈ Hσ(θ) such that rt ∈ Rσ(θ).

According to Lemma C.1, for all θg ∈ Θg with (at∗, r
t) ∈ Hσ(θg) and every (as∗, r

s) ∈ Hσ(θ) with rs % rt, we

have σθg(a
s
∗, r

s)(a1) = 1.

7Consider three cases. If Θp = {∅}, then this inequality is obvious. If Θp 6= {∅}, then D(θn, a1) ≤ 0 for all θn ∈ Θn according
to Lemma D.1 in the main text. When D(θn, a1) < 0 for all θn, then the inequality follows from (C.20). When D(θn, a1) = 0 for some
θn ∈ Θn, then D(θp, a1) = 0 for all θp ∈ Θp. The inequality then follows from D(θg, a1) > 0 for all θg ∈ Θg as well as θ̂ ∈ Θg .
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This implies that for every hs = (as, rs) � (at∗, r
t) with as 6= as∗ and hs ∈ Hσ, we have µ(hs)(Θg) = 0.

Therefore, for every θ we have:

vθ(h
s) = u1(θ, a1, a2). (C.21)

Let τ : Rσ∗ → N∪ {+∞} be such that for rτ ≺ rτ+1 ≺ r∞, we have: µ∗(rτ )(Θn) > 0 while µ∗(rτ+1)(Θn) = 0.

Let

θn ≡ max
{

supp(µ∗(rt))
⋂

Θn

}
.

The second part of Lemma C.1 and (C.21) together imply that µ∗(rτ )(θn) > 0. Let us examine type θn’s incentive

at (at∗, r
t) to play his equilibrium strategy as opposed to play a1 in every period. This requires that:

E
[ τ−1∑
s=t

(1− δ)δs−tu1(θn, a1, α2,s) + (δτ−t− δτ+1−t)u1(θn, a1,τ , α2,τ ) + δτ+1−tu1(θn, a1, a2)
]
≥ u1(θn, a1, a2).

where E[·] is taken over Pσ and α2,s ∈ ∆(A2) is player 2’s action in period s.

Using the fact that u1(θn, a1, a2) ≥ u1(θn, a1, a2), the above inequality implies that:

E
[ τ−1∑
s=t

(1−δ)δs−t
(
u1(θn, a1, α2,s)−u1(θn, a1, a2)

)
+(δτ−t−δτ+1−t)

(
u1(θn, a1, α2,τ )−u1(θn, a1, a2)

)]
≤ 0.

According to the definitions of K and M , we know that for all θ,

E
[ τ∑
s=t

(1− δ)δs−t
(
u1(θn, a1, α2,s)− u1(θn, a1, a2)

)]
≤ 2M(K + 1)(1− δ). (C.22)

This bounds the loss (relative to the payoff from the highest action profile) from above in periods before all types

in Θn separate from the commitment type. For every r∞ ∈ Rσ∗ , since rt /∈ R̂σg , we have:

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rτ(r∞)+1)(θ)D(θ, a1) ≥ µ(a1)D(φa1 , a1) +
∑

θ∈Θp∪Θg

q∗(rt)(θ)D(θ, a1)

> µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(rt)(θ)D(θ, a1) ≥ 0

According to Lemma C.7, we know that vθ(a
τ(r∞)+1
∗ , rτ(r∞)+1) = u1(θ, a1, a2) for all θ ∈ Θg∪Θp and r∞ ∈ Rσ∗ .

This together with (C.22) gives the conclusion.

Second, when µ∗(rt)(Θn) = 0. If t = 0, the conclusion directly follows from Proposition C.1. If t ≥ 1 and
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there exists r̂t such that rt, r̂t � rt−1, (at∗, r̂
t) ∈ Hσ and r̂t ∈ R̂σg . Then, since

µ∗(rt) = µ∗(r̂t),

we have µ∗(r̂t)(Θn) = 0. Since r̂t ∈ R̂σg , according to Lemma C.6, µ∗(r̂t) = µ∗(rt) ∈ Bκ. The conclusion then

follows from Lemma C.7.

The next Lemma puts an upper bound on type θn ∈ Θn’s continuation payoff at (at∗, r
t) with rt /∈ R̂σg .

Lemma C.9. For every θn ∈ Θn such that a2 /∈ BR2(θn, a1|u2) and rt /∈ R̂σg with (at∗, r
t) ∈ Hσθn and

µ∗(rt) /∈ Bκ, we have:

vθn(at∗, r
t) ≤ u1(θn, a1, a2) + 2(1− δ)M. (C.23)

This is implied by Lemma C.8 (Part I). Let

A(δ) ≡ 2M(K + 1)(1− δ), B(δ) ≡ 2M(1− δT 0(κ))

and

C(δ) ≡ 2MK|Θn|(1− δ).

Notice that when δ → 1, all three functions converge to 0. The next lemma puts a uniform upper bound on player

1’s payoff when rt ∈ R̂σg .

Lemma C.10. When δ > δ and σ ∈ NE(δ, µ), for every rt ∈ R̂σg ,

vθ(a
t
∗, r

t) ≥ u1(θ, a1, a2)−
(
A(δ) +B(δ)

)
− 2T 1(κ)

(
A(δ) +B(δ) + C(δ)

)
.8 (C.24)

for all θ such that (at∗, r
t) ∈ Hσ(θ).

PROOF OF LEMMA C.10: The non-trivial part of the proof deals with situations where µ∗(rt) /∈ Bκ. Since

rt ∈ R̂σg , Lemma C.6 implies that µ∗(rt)(Θn) 6= 0. Without loss of generality, assume Θn ⊂ supp
(
µ∗(rt)

)
. Let

me introduce |Θn|+ 1 integer valued random variables on the spaceRσ∗ .

• Let τ : Rσ∗ → N ∪ {+∞} be the first period s ∈ N along random path r∞ such that either one of the

following two conditions is met.

1. µ∗(rs+1) ∈ Bκ/2 for rs+1 � rs with (as+1
∗ , rs+1) ∈ Hσ.

8One can further tighten this bound. However, (C.24) is sufficient for the purpose of proving Theorem ??.
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2. rs /∈ R̂σg .

In the first case, there exists a1 6= a1 and rτ+1 � rτ such that

–
(
(aτ∗ , a1), rτ+1

)
∈ Hσ(θ̃) for some θ̃ ∈ Θp ∪Θn.

– µ
(
(aτ∗ , a1), rτ+1

)
/∈ B0.

Lemma C.3 implies the existence of θ ∈ Θp ∪Θn with
(
(aτ∗ , a1), rτ+1

)
∈ Hσ(θ) such that

vθ
(
(aτ∗ , a1), rτ+1

)
= u1(θ, a1, a2).

Suppose towards a contradiction that θ ∈ Θp, then Lemma C.1 implies that µ∗(rτ+1)(Θn) = 0. Since

µ∗(rτ+1) ∈ Bκ/2, Proposition C.1 implies that type θ’s continuation payoff by playing a1 in all subsequent

periods is at least:

(1− δT 0(κ/2))u1(θ, a1, a2) + δT 0(κ/2)u1(θ, a1, a2),

which is strictly larger than his payoff from playing a1, which is at most 2M(1−δ)+u1(θ, a1, a2), leading to

a contradiction. Hence, there exists θn ∈ Θn such that vθn
(
(aτ∗ , a1), rτ+1

)
= u1(θn, a1, a2), which implies

that vθn
(
aτ∗ , r

τ
)
≤ u1(θn, a1, a2) + 2(1− δ)M .

In the second case, Lemma C.9 implies that vθn
(
aτ∗ , r

τ
)
≤ u1(θn, a1, a2) + 2(1− δ)M for all θn ∈ Θn with

rτ ∈ Hσ(θn).

• For every θn ∈ Θn, let τθn : Rσ∗ → N ∪ {+∞} be the first period s along random path r∞ such that either

one of the following three conditions is met.

1. µ∗(rs+1) ∈ Bκ/2 for rs+1 � rs with (as+1
∗ , rs+1) ∈ Hσ.

2. rs /∈ R̂σg .

3. µ∗(rs+1)(θn) = 0 for rs+1 � rs with (as+1
∗ , rs+1) ∈ Hσ, .

By definition, τ ≥ τθn , so τ ≥ maxθn∈Θn{τθn}. Next, I show that

τ = max
θn∈Θn

{τθn}. (C.25)

Suppose toward a contradiction that τ > maxθn∈Θn{τθn} for some r∞ ∈ Rσ∗ . Then there exists (as∗, r
s) % (at∗, r

t)

such that rs ∈ R̂σg , µ∗(rs) /∈ Bκ and µ∗(rs)(Θn) = 0. This contradicts Lemma C.6 when δ > δ.
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Next, I show by induction on the number of states in Θn that:

E
[ τ∑
s=t

(1− δ)δτ−t
(
u1(θ, a1, a2)− u1(θ, a1, α̂2,s)

)]
≤ 2MK|Θn|(1− δ), (C.26)

for all θ ∈ Θ and

vθ̃n(a
τθn
∗ , rτθn ) ≤ u1(θn, a1, a2) + 2(1− δ)M, (C.27)

for

θ̃ ≡ min
{

Θn

⋂
supp

(
µ∗(rτθn+1)

)}
with θn, θ̃n ∈ Θn, where E[·] is taken over Pσ and α̂2,s ∈ ∆(A2) is player 2’s (mixed) action at (as∗, r

s).

When |Θn| = 1, let θn be its unique element. Consider player 1’s pure strategy of playing a1 until rτ and then

play a1 forever. This is one of type θn’s best responses according to (C.25), which results in payoff at most:

E
[ τ−1∑
s=t

(1− δ)δs−tu1(θn, a1, α̂2,s) + δτ−t
(
u1(θn, a1, a2) + 2(1− δ)M

)]
.

The above expression cannot be smaller than u1(θn, a1, a2), which is the payoff he can guarantee by playing a1 in

every period. Since u1(θn, a1, a2) ≥ u1(θn, a1, a2), and from the definition of K, we get for all θ,

E
[ τ−1∑
s=t

(1− δ)δs−t
(
u1(θ, a1, a2)− u1(θ, a1, α̂2,s)

)]
≤ 2MK(1− δ).

We can then obtain (C.27) for free since τ = τθn and type θn’s continuation value at (aτ∗ , r
τ ) is at most u1(θn, a1, a2)+

2(1− δ)M by Lemma C.3.

Suppose the conclusion holds for all |Θn| ≤ k − 1, consider when |Θn| = k and let θn ≡ min Θn. If

(aτ∗ , r
τ ) /∈ Hσ(θn), then there exists (a

τθn
∗ , rτθn ) ≺ (aτ∗ , r

τ ) with (a
τθn
∗ , rτθn ) ∈ Hσ(θn) at which type θn plays

a1 with probability 0. I put an upper bound on type θn’s continuation payoff at (a
τθn
∗ , rτθn ) by examining type

θ̃n ∈ Θn\{θn}’s incentive to play a1 at (a
τθn
∗ , rτθn ), where

θ̃ ≡ min
{

Θn

⋂
supp

(
µ∗(rτθn+1)

)}
This requires that:

E
[ ∞∑
s=0

(1− δ)δsu1(θ̃n, α1,s, α2,s)
]
≤ u1(θ̃n, a1, a2) + 2(1− δ)M︸ ︷︷ ︸

by induction hypothesis

.
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where {(α1,s, α2,s)}s∈N is the equilibrium continuation play following (a
τθn
∗ , rτθn ). By definition, θ̃n � θn, so the

supermodularity condition implies that:

u1(θn, a1, a2)− u1(θ̃n, a1, a2) ≥ u1(θn, α1,s, α2,s)− u1(θ̃n, α1,s, α2,s).

Therefore, we have:

vθn(a
τθn
∗ , rτθn ) = E

[ ∞∑
s=0

(1− δ)δsu1(θn, α1,s, α2,s)
]

≤ E
[ ∞∑
s=0

(1− δ)δs
(
u1(θ̃n, α1,s, α2,s) + u1(θn, a1, a2)− u1(θ̃n, a1, a2)

)]
≤ u1(θn, a1, a2) + 2(1− δ)M.

Back to type θn’s incentive constraint. Since it is optimal for him to play a1 until rτθn and then play a1 forever,

doing so must give him a higher payoff than playing a1 forever starting from rt, which gives:

E
[ τθn−1∑

s=t

(1− δ)δs−tu1(θn, a1, α̂2,s) + δτθn
(
u1(θn, a1, a2) + 2(1− δ)M

)]
≥ u1(θn, a1, a2).

This implies that:

E
[ τθn−1∑

s=t

(1− δ)δs−t
(
u1(θn, a1, a2)− u1(θn, a1, α̂2,s)

)]
≤ 2M(1− δ),

which also implies that for every θ ∈ Θ,

E
[ τθn−1∑

s=t

(1− δ)δs−t
(
u1(θ, a1, a2)− u1(θ, a1, α̂2,s)

)]
≤ 2MK(1− δ). (C.28)

When τ > τθn , the induction hypothesis implies that:

E
[ τθ−1∑
s=τθn

(1− δ)δs−τθn
(
u1(θ, a1, a2)− u1(θ, a1, α2,s)

)]
≤ 2MK(k − 1)(1− δ). (C.29)

According to (C.28) and (C.29).

E
[ τ∑
s=t

(1− δ)δτ−t
(
u1(θ, a1, a2)− u1(θ, a1, α̂2,s)

)]
≤ 2MKk(1− δ),
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which shows (C.26) when |Θn| = k. (C.27) can be obtained directly from the induction hypothesis.

Next, I examine player 1’s continuation payoff at on-path histories following (aτ+1
∗ , rτ+1) ∈ Hσ. I consider

three cases:

1. If rτ+1 /∈ R̂σg , by Lemma C.8, then for every θ,

vθ(a
τ+1
∗ , rτ+1) ≥ u1(θ, a1, a2)−A(δ).

2. If rτ+1 ∈ R̂σg and µ∗(rs) ∈ Bκ for all rs satisfying rs % rτ+1 and rs ∈ R̂σg , then for every θ,

vθ(a
τ+1
∗ , rτ+1) ≥ u1(θ, a1, a2)−B(δ).

3. If there exists rs such that µ∗(rs) /∈ Bκ with rs % rτ+1 and rs ∈ R̂σg , then repeat the procedure in the

beginning of this proof by defining random variables

• τ ′ : Rσ∗ → {n ∈ N ∪ {+∞}|n ≥ s}

• τ ′θn : Rσ∗ → {n ∈ N ∪ {+∞}|n ≥ s}

similarly as we have defined τ and τθn , and then examine continuation payoffs at rτ
′+1...

Since µ∗(rτ+1) ∈ Bκ/2 but µ∗(rs) /∈ Bκ, then

∑
θ∈Θ

(
q∗(rτ+1)(θ)− q∗(rs)(θ)

)
≥ ρ1(κ)

2
. (C.30)

Therefore, such iterations can last for at most 2T 1(κ) rounds.

Next, I establish the payoff lower bound in case 3. For future reference, I introduce the notion of trees. Let

Rσb ≡
{
rt
∣∣∣µ∗(rt) /∈ Bκ and rt ∈ R̂σg

}
For k ∈ N, I define setRσ(k) ⊂ R recursively as follows. Let

Rσ(1) ≡
{
rt
∣∣∣rt ∈ Rσb and there exists no rs ≺ rt such that rs ∈ Rσb

}
.

For every rt ∈ Rσ(1), let τ [rt] : Rσ∗ → N ∪ {+∞} be the first period s > t (starting from rt) such that either one

of the following two conditions is met:
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1. µ∗(rs+1) ∈ Bκ/2 for rs+1 � rs with (as+1
∗ , rs+1) ∈ Hσ,

2. rs /∈ R̂σg ,

then I call

T (rt) ≡
{
rs
∣∣∣rτ [rt1 ] % rs % rt

}
a tree with root rt. For any k ≥ 2, let

Rσ(k) ≡
{
rt
∣∣∣rt ∈ Rσb , rt � rτ [rs] for some rs ∈ Rσ(k−1) and there exists no rs ≺ rt that satisfy these two conditions

}
.

Let T be the largest integer such that Rσ(T ) 6= {∅}. According to (C.30), we know that T ≤ 2T 1(κ). Similarly,

one can define trees with roots inR(k) for every k ≤ T .

In what follows, I show that for every θ and every rt ∈ Rσ(k),

vθ(a
t
∗, r

t) ≥ u1(θ, a1, a2)− (T + 1− k)
(
A(δ) +B(δ) + C(δ)

)
. (C.31)

The proof is done by inducting on k from T to 0. When k = T , player 1’s continuation value at (a
τ [rt]+1
∗ , rτ [rt]+1)

is at least u1(θ, a1, a2)−A(δ)−B(δ) according to Lemma C.2 and Lemma C.8. His continuation value at rt is at

least:

u1(θ, a1, a2)−A(δ)−B(δ)− C(δ).

Suppose the conclusion holds for all k ≥ n + 1, then when k = n, type θ’s continuation payoff at (at∗, r
t) is at

least:

E
[
(1− δτ [rt]−t)u1(θ, a1, a2) + δτ [rt]−tVθ(a

τ [rt]+1
∗ , rτ [rt]+1)

]
− C(δ)

Pick any (a
τ [rt]+1
∗ , rτ [rt]+1), consider the set of random paths r∞ that it is consistent with. Denote this set by

R∞(a
τ [rt]+1
∗ , rτ [rt]+1).

Partition it into the following two subsets:

1. R∞+ (a
τ [rt]+1
∗ , rτ [rt]+1) consists of r∞ such that for all s ≥ τ [rt] + 1 and rs ≺ r∞, we have rs /∈ Rσb .

2. R∞− (a
τ [rt]+1
∗ , rτ [rt]+1) consists of r∞ such that there exists s ≥ τ [rt] + 1 and rs ≺ r∞ at which rs ∈

Rσ(n+ 1).
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Conditional on r∞ ∈ R∞+ (a
τ [rt]+1
∗ , rτ [rt]+1), we have:

vθ(a
τ [rt]+1
∗ , rτ [rt]+1) ≥ u1(θ, a1, a2)−A(δ)−B(δ).

Conditional on r∞ ∈ R∞− (a
τ [rt]+1
∗ , rτ [rt]+1), type θ’s continuation payoff is no less than

vθ(a
s
∗, r

s) ≥ u1(θ, a1, a2)− (T − n)
(
A(δ) +B(δ) + C(δ)

)
after reaching rs ∈ Rσ(n) according to the induction hypothesis. Moreover, since his payoff lost is at most

A(δ) +B(δ) before reaching rs (according to Lemmas C.2 and C.8), we have:

vθ(a
τ [rt]+1
∗ , rτ [rt]+1) ≥ u1(θ, a1, a2)− (T + 1− n)

(
A(δ) +B(δ) + C(δ)

)
.

which obtains (C.31). (C.24) is implied by (C.31) since player 1’s loss is bounded above by A(δ) +B(δ) from r0

to every rt ∈ Rσ(0).

Theorem 2 is implied by Lemmas C.8, C.9 and C.10.

D Proof of Theorem 3 and its Generalizations

I show Theorem 3 and then generalize it by allowing for mixed strategy commitment types and correlations in the

two dimensions of player 1’s private information. I inherit notation from Appendix C, in particular, the definitions

of Ω,Hσ,Hσ(ω), q(ht) and R̂σg .

D.1 Proof of Theorem 3: Equilibrium Payoff

First, I show that if no restrictions are made on the probability of commitment types (namely, it can be large), then

for every θ ∈ Θ, strategic type θ secures payoff wθ(φ) in all equilibria.

Let κ ∈ (0, 1). Given δ > δ and σ ∈ NE(δ, µ), let us examine r1 such that (a1
∗, r

1) ∈ Hσ. If µ∗(r1) ∈ Bκ,

then for every r̂1 with (a1
∗, r̂

1) ∈ Hσ, we have µ∗(r̂1) ∈ Bκ. The conclusion is then implied by Theorem 2. If

µ∗(r1) /∈ Bκ, then we still have:

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(r1)(θ)D(θ, a1) ≥ 0. (D.1)

This is because otherwise, there exists θ ∈ suppµ∗(r1) such that vθ(a1
∗, r

1) = u1(θ, a1, a2) according to Lemma
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C.3, contradicting type θ’s incentive to play a1 in period 0. I consider two cases separately.

1. If Θn
⋂

suppµ∗(r1) = {∅}, then Lemma C.6 implies that r1 /∈ R̂σg . According to Lemma C.4, there exists

θ ∈ (Θp ∪Θn)
⋂

suppµ∗(r1) such that r1 ∈ Rθ. According to Lemma C.1, for every θg ∈ Θg, type θg will

play a1 at every (at∗, r
t) % (a1

∗, r
1) with (at∗, r

t) ∈ Hσ(θg).

According to the definition of wθ(φ), and given that the two dimensions of player 1’s private information

are independently distributed, we know that type θ can secure payoff wθ(φ) at r1 for every θ ∈ Θ. Since

µ∗(r1) /∈ Bκ, µ∗(r̂1) /∈ Bκ for every r̂1 with (a1
∗, r̂

1) ∈ Hσ. The argument in the previous paragraph applies

symmetrically, which implies that type θ’s discounted average payoff at h0 is at least

(1− δ)u1(θ, a1, a2) + δwθ(φ).

2. If Θn
⋂

suppµ∗(r1) 6= {∅}, then according to Lemma C.10, type θ can guarantee payoff at least the RHS

of (C.24), which leads to the same conclusion.

Next, I uniquely pin down every type’s equilibrium payoff when the total probability of commitment types is

arbitrarily small. The key is to show that for every Nash equilibrium σ, we have:

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(r1)(θ)D(θ, a1) = 0,

for every r1 such that (a1
∗, r

1) ∈ Hσ. This is because when the total probability of commitment types is small

enough and φ is pessimistic,

µ(a1)D(φa1 , a1) +
∑
θ∈Θ∗

q0(θ)D(θ, a1) < 0.

Suppose towards a contradiction that

µ(a1)D(φa1 , a1) +
∑
θ∈Θ

q∗(r1)(θ)D(θ, a1) > 0.

On one hand, Theorem 2 suggests that every type θ ∈ Θ∗ receives continuation payoff at least u1(θ, a1, a2) after

playing a1 in period 0. On the other hand, it also implies that there exists type θ ∈ Θ∗ that plays actions other

than a1 with positive probability, and according to Lemma C.3, this type’s continuation payoff in period 1 is

u1(θ, a1, a2). As a result, this type has a strict incentive to deviate by playing a1 in period 0, which leads to a

46



contradiction. Similarly, one can show by induction that for every t ≥ 1 and (at∗, r
t) ∈ Hσ,

µ(a1)D(φa1 , a1) +
∑
θ∈Θ∗

q∗(rt)(θ)D(θ, a1) = 0.

The rest of proof follows the same steps as Appendix D in the main text.

D.2 Proof of Theorem 3: On-Path Behavior

Step 1: Let

X(ht) ≡ µ(a1)D(φa1 , a1) +
∑

θ∈Θg∪Θp

q(ht)(θ)D(θ, a1). (D.2)

and

Y (ht) ≡ µ(A∗1)D(θ, a1) +
∑

θ∈Θg∪Θp

q(ht)(θ)D(θ, a1). (D.3)

When belief is pessimistic, X(h0) < 0 and Y (h0) < 0. Moreover, at every ht ∈ Hσ with Y (ht) < 0, player 2

has a strict incentive to play a2. According to Lemma C.3, there exists θp ∈ Θp with ht ∈ H(θp) such that type

θp’s continuation value at ht is u1(θp, a1, a2), which further implies that playing a1 in every period is one of his

best replies. According to Lemma C.1 and using the implication that Y (h0) < 0, every θn ∈ Θn plays a1 with

probability 1 at every ht ∈ H(θn).

Step 2: Let us examine the equilibrium behaviors of the types in Θp ∪Θg. I claim that for every h1 = (a1, r
1) ∈

Hσ, we have: ∑
θ∈Θg∪Θp

q(h1)(θ)D(θ, a1) < 0. (D.4)

Suppose towards a contradiction that
∑

θ∈Θg∪Θp
q(h1)(θ)D(θ, a1) ≥ 0, then X(h1) ≥ µ(a1)D(φa1 , a1). Accord-

ing to Proposition C.1, there exists K ∈ R+ independent of δ such that type θ’s continuation payoff is at least

u1(θ, a1, a2)− (1−δ)K at every h1
∗ ∈ Hσ. When δ is large enough, this contradicts the conclusion in the previous

step that there exists θp ∈ Θp such that type θp’s continuation value at h0 is u1(θp, a1, a2), as he can profitably

deviate by playing a1 in period 0.

Step 3: According to (D.4), we have µ∗(r1) /∈ B0. Step 1 also implies that µ∗(r1)(Θn) = 0. According to

Lemma C.6, we have r1 /∈ R̂σg . According to Lemma C.1, type θg plays a1 at every ht ∈ H(θg) with t ≥ 1 for

every θg ∈ Θg. Next, I show that r0 /∈ R̂σg . Suppose towards a contradiction that r0 ∈ R̂σg , then there exists

hT = (aT∗ , r
T ) ∈ Hσ such that µ(hT )(Θp ∪ Θn) = 0. If T ≥ 2, it contradicts our previous conclusion that
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r1 /∈ R̂σg . If T = 1, then it contradicts (D.4). Therefore, we have r0 /∈ R̂σg . This implies that type θg plays a1 at

every ht ∈ H(θg) with t ≥ 0 for every θg ∈ Θg.

Step 4: In the last step, I pin down the strategies of type θp by showing that X(ht) = 0 for every ht = (at∗, r
t) ∈

Hσ with t ≥ 1. First, I show that X(h1) = 0. The argument at other histories follows similarly. Suppose first that

X(h1) > 0, then according to Lemma C.7, type θp’s continuation payoff at (at+1
∗ , rt+1) is u1(θp, a1, a2) by playing

a1 in every period, while his continuation payoff at (at∗, a1, r
t+1) is u1(θp, a1, a2), leading to a contradiction.

Suppose next that X(h1) < 0, similar to the previous argument, there exists type θp ∈ Θp with h1 ∈ H(θp) such

that his incentive constraint is violated. Similarly, one can show that X(ht) = 0 for every t ≥ 1, ht = (at∗, r
t) ∈

Hσ. This establishes the uniqueness of player 1’s equilibrium behavior.

D.3 Generalizations to Mixed Strategy Commitment Types

I generalize Theorem 3 by accommodating mixed strategy commitment types as well as arbitrary correlations

between player 1’s characteristics and the state. Recall that γ : Θ→ ∆(A1) is a typical commitment plan, with Γ

a finite set of commitment plans. The set of commitment actions is:

A∗1 ≡ {α1 ∈ ∆(A1)| there exist γ ∈ Γ and θ ∈ Θ such that γ(θ) = α1},

Abusing notation, let µ(A∗1) be the total probability player 2’s prior belief assigns to all commitment types.

For every θ ∈ Θ, let λ(θ) be the prior likelihood ratio between strategic type θ and the lowest strategic type

θ ≡ min Θ and let λ ≡ {λ(θ)}θ∈Θ be the likelihood ratio vector between strategic types. I use this likelihood

ratio vector to characterize the sufficient conditions for behavioral uniqueness as the result under multiple com-

mitment type requires that the total probability of commitment types being small enough. The upper bound of this

probability depends on the distribution of strategic types. Let

Ag1 ≡ {α1 ∈ A∗1|D(α1, φα1) > 0},

which is analogous to the definition of Ag1 in the main text when all commitment actions are pure. Let Ht1 be the

set of action paths with length t and letHt1 ≡ {(a1, ...a1), (a1, ...a1)}, which is a subset ofHt1. For every strategy

profile σ ≡
(

(σθ)θ∈Θ, σ2

)
and state θ, let Pσ1,t(θ) be the probability measure over Ht1 induced by (σθ, σ2) and let

Hσ(θ) be the set of histories that occur with positive probability under (σθ, σ2). For every γ ≥ 0 and two equilibria
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σ and σ′, strategic type θ’s on-path behaviors in these equilibria are γ-close if for every t ≥ 1,

DB

(
Pσ1,t(θ),Pσ

′
1,t(θ)

)
≤ γ,

whereDB(p, q) denotes the Bhattacharyya distance between distributions p and q.9 If γ = 0, then type θ’s on-path

behavior in these two equilibria are the same. Intuitively, the above distance measures the difference between the

ex ante distributions over player 1’s action paths. The generalization of Theorem 3 that allows for mixed strategy

commitment types is stated below.

Theorem 3’. Suppose a1 ∈ A∗1 and D(φa1 , a1) > 0, then for every λ ∈ [0,+∞)|Θ| satisfying:

∑
θ∈Θp∪Θg

λ(θ)D(θ, a1) < 0, (D.5)

there exist ε > 0 and γ : (0, ε)→ R+ satisfying limε↓0 γ(ε) = 0, such that for every µ with {µ(θ)/µ(θ)}θ∈Θ = λ

and the total probability of commitment types is less than ε, there exist δ ∈ (0, 1) and θ∗p ∈ Θp such that for every

δ > δ and σ, σ′ ∈ NE(δ, µ):

• For every θ � θ∗p and ht ∈ Hσ(θ), type θ plays a1 at ht.

• For every θ ≺ θ∗p and ht ∈ Hσ(θ), type θ plays a1 at ht.

• Type θ∗p’s on-path behavior is γ(ε)-close between σ and σ′.

• Pσ1,t(θ∗p)(Ht1) > 1− γ(ε) for every t ≥ 1.

If all the actions in Ag1 are pure, then type θ∗p’s on-path behavior is the same across all equilibria under generic

parameter values, according to which he behaves consistently over time with probability 1.

For the conditions in Theorem 3’, when Ag1 contains elements other than a1, obtaining sharp predictions on

player 1’s on-path behavior requires the total probability of commitment types to be small enough. This is because

the presence of multiple good commitment types gives the strategic types many good reputations to choose from. In

particular, if a good commitment type other than a1 occurs with sufficiently high probability, then the bad strategic

types can imitate this type with high probability which weakens the punishment for behaving inconsistently.
9One can replace the Bhattacharyya distance with the Rényi divergence or Kullback-Leibler divergence in the following way: strategic

type θ’s on-path behavior is γ-close between σ and σ′ if there exists a probability measure P onH such that for every t ≥ 1,

max
{
D
(
P1,t

∣∣∣∣∣∣Pσ1,t(θ)), D(P1,t

∣∣∣∣∣∣Pσ1,t(θ′))} ≤ γ,
where D(·||·) is either the Rényi divergence of order greater than 1 or the Kullback-Leibler divergence.

49



Next, I provide a sufficient condition on ε, namely the upper bound on the total probability of commitment

types. Let

Y (ht) ≡ µ(ht)(a1)D(φa1 , a1) +
∑
α1∈Ag1

µ(ht)(α1)D(φα1 , α1) +
∑

θ∈Θp∪Θg

µ(ht)(θ)D(θ, a1), (D.6)

which is an upper bound on player 2’s incentive to play a2 at ht. I require ε to be small enough such that

εD(θ, a1) + (1− ε)
∑

θ∈Θp∪Θg

λ(θ)∑
θ̃∈Θ λ(θ̃)

D(θ, a1) < 0. (D.7)

Such ε exists since
∑

θ∈Θp∪Θg
λ(θ)D(θ, a1) < 0. Inequality (D.7) implies that Y (h0) < 0.

Third, when there are mixed strategy commitment types, the probabilities with which type θ∗p mixes may not

be the same across all equilibria for two reasons.

1. Suppose player 2 has no incentive to play a2 against any mixed commitment type, then given that all strategic

types either plays a1 in every period or plays a1 in every period, player 2’s incentive to play a2 is increasing

over time as long as a1 has been observed in every period of the past. As a result, there will be T (δ) periods

in which player 2 has a strict incentive to play a2, followed by at most one period in which she is indifferent

between a2 and a2, followed by periods in which she has a strict incentive to play a2, with T (δ) and the

probabilities with which she mix between a2 and a2 in period T (δ) pinned down by type θ∗p’s indifference

condition in period 0. Under degenerate parameter values in which there exists an integer T such that type

θ∗p is just indifferent between playing a1 in every period and playing a1 in every period when a2 will be

played in the first T periods, his mixing probability between playing a1 in every period and playing a1 in

every period is not unique. Nevertheless, when the ex ante probability ofA∗1 is smaller than ε, his probability

of mixing cannot vary by more than γ(ε) even in this degenerate case, with γ(·) diminishes as ε ↓ 0.

2. When there are good mixed strategy commitment types, the probability with which type θ∗p behaves inconsis-

tently and builds a reputation for being a good mixed strategy commitment type cannot be uniquely pinned

down by his equilibrium payoff. Nevertheless, the differences between these probabilities across different

equilibria will vanish as the total probability of commitment types vanishes. Intuitively, this is because if

type θ∗p imitates the mixed commitment type with sufficiently high probability relative to the probability of

that good commitment type, then player 2 will have a strict incentive to play a2. This implies that as the

probability of commitment type vanishes, the upper bound on the probability with which type θ∗p builds a

mixed reputation also vanishes.
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D.4 Proof of Theorem 3’

Unique Equilibrium Behavior for Strategic Types in Θn and Θg: This part of the proof is similar to the proof

of Theorem 3, by replacing X(ht) with Y (ht). First, I show that every type θn ∈ Θn will play a1 at every

ht ∈ Hσ(θn) in every equilibrium σ. This is similar to Step 1 in the proof of Theorem 3. Since Y (h0) < 0 and

at every ht ∈ Hσ with Y (ht) < 0, player 2 has a strict incentive to play a2. Applying Lemma C.3, there exists

θp ∈ Θp with ht ∈ Hσ(θp) such that type θp’s continuation value at ht is u1(θp, a1, a2). Therefore, playing a1 in

every period is his best reply. Type θn’s on-path behavior is pinned down by Lemma C.1.

Next, I establish (D.4). Suppose towards a contradiction that
∑

θ∈Θg∪Θp
q(h1)(θ)D(θ, a1) ≥ 0, then Y (h1) ≥

µ(a1)D(φa1 , a1). According to Theorem 2, there exists K ∈ R+ independent of δ such that type θ’s continuation

payoff is at least u1(θ, a1, a2)−(1−δ)K at every h1
∗ ∈ Hσ. When δ is large enough, this contradicts the conclusion

in the previous step that there exists θp ∈ Θp such that type θp’s continuation value at h0 is u1(θp, a1, a2), as he

can profitably deviate by playing a1 in period 0. According to (D.4), we have µ∗(r1) /∈ B0. Following the same

procedure, one can show that r1 /∈ R̂σg and r0 /∈ R̂σg for every r1 satisfying (a1
∗, r

1) ∈ Hσ. This implies that for

every equilibrium σ and every θg ∈ Θg, type θg plays a1 at every ht ∈ Hσ(θg).

Consistency of Equilibrium Behavior and Generic Uniqueness of Equilibrium Payoff when θ ∈ Θp: Let

Agm1 ≡
{
α1 ∈ A∗1

∣∣∣α1 is non-trivially mixed
}
, (D.8)

be the set of good mixed commitment actions. I start from showing that when Agm1 = {∅}, type θp will behave

consistently over time for every θp ∈ Θp in every equilibrium. For every t ≥ 1, let

Z(ht) ≡ µ(ht)(a1)D(φa1 , a1) +
∑
α1∈Âb1

q(ht)(α1)D(φα1 , α1) +
∑

θ∈Θp∪Θg

q(ht)(θ)D(θ, a1) (D.9)

where

Âb1 ≡
{
α1 ∈ A∗1\{a1}

∣∣∣D(α1, φα1) < 0
}
. (D.10)

Intuitively,Z(ht) provides a lower bound on player 2’s incentives to play a2. IfAgm1 = {∅}, then µ(ht)(Ag1\{a1}) =

0 for every ht = (at∗, r
t) ∈ Hσ with t ≥ 1. Therefore, player 2 has a strict incentive to play a2 if Z(ht) < 0. More-

over, according to the conclusion in the previous step that type θg ∈ Θg plays a1 for sure at every ht = (at∗, r
t),

we know that for every ht � ht−1, we have Z(ht) ≥ Z(ht−1).
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Subcase 1: No Mixed Commitment Types Consider the case where there exists noα1 ∈ Â1
b

such thatα1 /∈ A1,

i.e. there are no mixed strategy commitment types that affect player 2’s best reply. By definition, Z(ht) = X(ht)

for every t ≥ 1. As shown in Theorem 3, we know that Z(ht) = 0 for every ht = (at∗, r
t) ∈ Hσ and t ≥ 1.

Let Ag1 ≡ {a1
1, ..., a

n−1
1 , an1} with a1

1 ≺ a2
1 ≺ ... ≺ an−1

1 ≺ an1 ≡ a1. When n ≥ 2, there exists q : Θp →

∆(Ag1 ∪ {a1}) such that:

• Monotonicity: For every θp � θ′p and ai1 ∈ A
g
1 ∪ {a1}. First, if q(θp)(ai1) > 0, then q(θ′p)(a

j
1) = 0 for

every aj1 � ai1. Second, if q(θ′p)(a
i
1) > 0, then q(θp)(a

j
1) = 0 for every aj1 ≺ ai1.

• Indifference: For every ai1 ∈ A
g
1\{a1}, we have:

µ(ai1)D(φai1
, ai1) +

∑
θp∈Θp

µ(θp)q(θp)(a
i
1)D(θp, a

i
1) = 0. (D.11)

These two conditions uniquely pin down function q(·), and therefore, the behavior of every type in Θp. According

to player 1’s unique equilibrium behavior, every strategic type plays the action that he has played in period 0 in all

subsequent periods.

Subcase 2: Presence of Mixed Commitment Types Consider the case where there are mixed strategy commit-

ment types. Recall the definition of consistent action path. Since all strategic types in Θg are playing a1 in every

period, so type θ’s continuation value at every on-path inconsistent history must be u1(θ, a1, a2) for every θ ∈ Θ.

I show that in every equilibrium, type θp’s behavior must be consistent for every θp ∈ Θp. Let

W (ht) ≡ µ(ht)(a1)D(φa1 , a1) +
∑

θ∈Θp∪Θg

q(ht)(θ)D(θ, a1). (D.12)

For every consistent history ht where a1 is the consistent action, we know that W (ht) ≤ Z(ht) since

∑
α1∈Â1

b

q(ht)(α1)D(φα1 , α1) ≤ 0.

From the proof of Theorem 3, we have W (ht) ≥ 0. A similar argument can show that:

1. If there exists α1 ∈ Â1
b

such that α1(a1) > 0, then W (ht) > 0.

2. If there exists no such α1, then W (ht) = 0.

The consistency of type θp’s behavior at the 2nd class of consistent histories directly follows from the argument in

Theorem 3. In what follows, I focus on the 1st class of consistent histories.
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For every consistent history ht with W (ht) > 0 and µ(ht)(Θp) 6= 0, let θp be the lowest type in the support of

µ(ht). According to Lemma C.3, his expected payoff at any subsequent inconsistent history is u1(θp, a1, a2), i.e.

playing a1 all the time is his best reply. According to Lemma C.1, if there exists θp ∈ Θp playing inconsistently at

ht, then type θp must be playing inconsistently at ht with probability 1.

Suppose type θp plays inconsistently with positive probability at ht with Z(ht) ≤ 0, then his continuation

value at ht is u1(θp, a1, a2). He strictly prefers to deviate and play a1 forever at ht−1 ≺ ht unless there exists

ĥT � ht−1 such that Z(ĥT ) ≥ 0 and type θp strictly prefers to play consistently from ht−1 to ĥT . This implies

that every θp plays consistently with probability 1 from ht−1 to ĥT , i.e. for every ht � ht−1 in which type θp plays

inconsistently with positive probability and hT � ht, we have Z(hT ) > Z(ĥT ) ≥ 0. This implies that at ht, type

θp’s continuation payoff by playing consistently until Z ≥ 0 is strictly higher than behaving inconsistently, leading

to a contradiction.

Suppose type θp plays inconsistently with positive probability at ht with Z(ht) > 0, then according to Lemma

C.7, his continuation value by playing consistently is at least u1(θp, a1, a2), which is no less than u1(θp, a1, a2),

while his continuation value by playing inconsistently is at most (1− δ)u1(θp, a1, a2) + δu1(θp, a1, a2), which is

strictly less when δ is large enough, leading to a contradiction.

Consider generic µ such that there exist θ∗p ∈ Θp and q ∈ (0, 1) such that:

µ(a1)D(φa1 , a1) + qµ(θ∗p)D(θ∗p, a1) +
∑
θ�θ∗p

µ(θ)D(θ, a1) = 0; (D.13)

as well as generic δ ∈ (0, 1) such that for every a1 ∈ Ag1 ∪ {a1}, there exists no integer T ∈ N such that

(1− δT )u1(θ∗p, a1, a2) + δTu1(θ∗p, a1, a2) = u1(θ∗p, a1, a2). (D.14)

Hence, when µ(A∗1) is small enough such that:

∑
θ�θ∗p

µ(θ)D(θ, a1) +
∑

α1∈Â1
b

µ(A∗1)D(φα1 , α1) > 0 (D.15)

and

(1− q)µ(θ∗p)D(θ∗p, a1) + µ(A∗1) max
α1∈A∗1

D(φα1 , α1) < 0, (D.16)
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one can uniquely pin down the probability with which type θ∗p plays a1 all the time. To see this, there exists a

unique integer T such that:

(1− δT )u1(θ∗p, a1, a2) + δTu1(θ∗p, a1, a2) > u1(θ∗p, a1, a2) > (1− δT+1)u1(θ∗p, a1, a2) + δT+1u1(θ∗p, a1, a2).

The probability with which type θ∗p plays a1 in every period, denoted by q∗(a1) ∈ (0, 1), is pinned down via:

q∗(a1)µ(θ∗p)D(θ∗p, a1)+
∑
θ�θ∗p

µ(θ)D(θ, a1)+
∑
α1∈A∗1

µ(α1) α1(a1)T︸ ︷︷ ︸
prob that type α1 plays a1 for T consecutive periods

D(φα1 , α1) = 0.

(D.17)

Similarly, the probability with which type θ∗p plays a1 ∈ Ag1 in every period, denoted by q∗(a1), is pinned down

via:

q∗(a1)µ(θ∗p)D(θ∗p, a1) +
∑
α1∈A∗1

µ(α1)α1(a1)T (a1)D(φα1 , α1) = 0.

where T (a1) is the unique integer satisfying:

(1− δT (a1))u1(θ∗p, a1, a2) + δT (a1)u1(θ∗p, a1, a2) > u1(θ∗p, a1, a2)

> (1− δT (a1)+1)u1(θ∗p, a1, a2) + δT (a1)+1u1(θ∗p, a1, a2).

The argument above also pins down every type’s equilibrium payoff: type θ - θ∗p receives payoff u1(θ, a1, a2).

Every strategic type above θ∗p’s equilibrium payoff is pinned down by the occupation measure with which a2 is

played conditional on player 1 plays a1 in all previous periods. This is pinned down by type θ∗p’s indifference

condition.

γ-close on-path behavior: Last, I claim that even when Agm1 6= {∅}, first, all strategic types besides type θ∗p

will either play a1 in every period or a1 in every period, and second, strategic type θ∗p will either play a1 in every

period or a1 in every period with probability at least 1 − γ(ε); (3) his on-path behavior across different equilibria

are γ(ε)-close, with limε↓0 γ(ε) = 0.

Consider the expressions of Y (ht) in (D.6) and Z(ht) in (D.9) which provide upper and lower bounds, respec-

tively, on player 2’s incentive to play a2 at ht. When µ(A∗1) < ε, previous arguments imply the existence of γ(ε)

with limε↓0 γ(ε) = 0, such that for every equilibrium,

Y (ht), Z(ht) ∈ [−γ(ε), γ(ε)]
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for every ht ∈ Hσ such that a1 has been played in all previous periods. When ε is sufficiently small, this implies

the existence of θ∗p ∈ Θp such that type θ∗p mixes between playing a1 in every period and playing a1 in every

period. This together with Lemma C.1 pin down every other strategic type’s equilibrium behavior aside from type

θ∗p. Moreover, it also implies that the ex ante probability with which type θ∗p plays a1 in every period or plays a1 in

every period cannot differ by 2γ(ε)/µ(θ∗p) across different equilibria. Furthermore, when µ(A∗1) is small enough,

player 2 will have a strict incentive to play a2 in period 0 as well as in period t if a1 has been played in every period

of the past. This and type θ∗p’s indifference condition pins down every type’s equilibrium payoff.

To show that the probability of type θ∗p behaving inconsistently vanishes with µ(A∗1), notice that first, there

exists s∗ ∈ R+ such that for every s > s∗, θp ∈ Θp and α1 ∈ A∗1,

sD(θp, a1) +D(φα1 , α1) < 0. (D.18)

Therefore, the probability with which every type θp ∈ Θp playing time inconsistently must be below

s∗ε
{

min
θp∈Θp

(1− ε) λ(θp)∑
θ∈Θ λ(θ)

}−1
. (D.19)

Expression (D.19) provides an upper bound for γ(ε), which vanishes as ε ↓ 0. When the total probability of

commitment types, µ(A∗1), is sufficiently small, Lemma C.1 implies the existence of a cutoff type θ∗p such that all

types strictly above θ∗p plays a1 in every period and all types strictly below θ∗p plays a1 in every period, and type θ∗p

plays the same action over time with probability at least 1− γ(ε). This concludes the proof.

E Repeated Incomplete Information Game without Commitment Type

I study a repeated incomplete information game that satisfies MS and |A2| = 2 but without commitment type. My

results in this section are useful benchmarks for Theorems 2 and 3 in the main text. In particular, I show that:

1. There exists an equilibrium in the benchmark game such that for every θ ∈ Θ, strategic type θ receives

payoff no less than u1(θ, a1, a2) if and only if the prior state distribution φ ∈ ∆(Θ) is optimistic.

2. When φ is pessimistic, for every θ ∈ Θ, wθ(φ) is strategic type θ’s highest equilibrium payoff in the

benchmark game without commitment types.

The statement of results are in subsection E.1 and the proofs are in subsection E.2.
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E.1 Statement of Results

Let NE(δ, φ) be the set of Bayesian Nash equilibria in the repeated incomplete information game without commit-

ment types when the state distribution is φ ∈ ∆(Θ). For every σ ∈ Σ, θ ∈ Θ and δ ∈ (0, 1), let vσθ (δ) be the

discounted average payoff of strategic type θ under strategy profile σ when his discount factor is δ. I show the

following proposition:

Proposition E.1. φ is optimistic if and only if there exists
{
σ(δ)

}
δ∈(0,1)

with σ(δ) ∈ NE(δ, φ) such that:

lim
δ→1

v
σ(δ)
θ (δ) ≥ u1(θ, a1, a2) for every θ ∈ Θ∗. (E.1)

The sufficiency part of Proposition E.1 can be strengthened in the following way:

Corollary E.1. If φ is optimistic, then there exist σ and δ ∈ (0, 1) such that for every δ > δ and θ ∈ Θ, we

have: σ ∈ NE(δ, φ) and vσθ (δ) = max{u1(θ, a1, a2), u1(θ, a1, a2)} .

According to Proposition E.1, Corollary E.1, and Theorem 2 in the main text, as long as the payoff from the

highest action profile is attainable in some equilibria of the benchmark game, it can be guaranteed in all equilibria

of the reputation game. These two results imply that introducing a small probability of commitment types rules out

low-payoff equilibria, which include for example, equilibria in which player 1’s payoff is
{
u1(θ, a1, a2)

}
θ∈Θ

. It

selects equilibria that deliver every strategic type a payoff no less than his highest equilibrium payoff in a repeated

complete information game where θ is common knowledge.

When φ is pessimistic, I show that wθ(φ), defined in (3.12) of the main text, is type θ’s highest equilibrium

payoff in the benchmark repeated game without commitment types. Moreover, there exists an equilibrium in which

all strategic types simultaneously attain their highest equilibrium payoffs.

Proposition E.2. For every φ ∈ ∆(Θ) that is pessimistic, there exists δ̂ ∈ (0, 1) such that for every δ > δ̂,

max
σ∈NE(δ,φ)

vσθ (δ) = wθ(φ). (E.2)

Proposition E.2 and Theorem 3 imply that introducing a small probability of commitment types selects the

highest equilibrium payoff for each type of the long-run player in the benchmark repeated incomplete information

game without commitment types.
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E.2 Proof of Propositions F.1 and F.2

Sufficiency: I show Corollary E.1 and the if direction of Proposition E.1. Recall the definitions of Θg, Θp, and

Θn in Appendix D of the main text. If φ is optimistic, then the following strategy profile is an equilibrium when δ

is large enough.

1. All types in Θg ∪Θp play a1 in every period on the equilibrium path.

2. All types in Θn play a1 in every period on the equilibrium path.

3. Player 2’s action in period 0 depends on the probability of the states in Θn.10

4. Starting from period 1, player 2 plays a2 if and only if a1 has been played in all previous periods. Otherwise,

player 2 plays a1.

One can verify that for every θ ∈ Θ, type θ’s equilibrium payoff is no less than u1(θ, a1, a2).

Necessity: I show the only if direction of Proposition E.1, as well as the payoff uniqueness result in Proposition

E.2 starting from the following lemma:

Lemma E.1. For every φ that is pessimistic and every θ - θ∗(φ), type θ’s payoff is u(θ, a1, a2) in every

equilibrium.

Proof of Lemma E.1: Let Θ ≡ {θ1, ..., θm} with θ1 ≺ θ2 ≺ ... ≺ θm. I introduce a new element θ0 and let

θ0 ≺ θ1. Let Θ ≡ Θ ∪ {θ0}. For a given belief φ ∈ ∆(Θ), if φ is optimistic, then let θ∗(φ) ≡ θ0; if φ is

pessimistic, then θ∗(φ) % θ1 and is pinned down via (3.10) in the main text. Let φ(ht) ∈ ∆(Θ) be player 2’s belief

at ht and let φ(ht, a1) ∈ ∆(Θ) be her posterior belief after observing a1 at ht.

I establish the conclusion of Lemma C.3 in this benchmark repeated game without commitment types by

induction on
∣∣∣supp(φ)

∣∣∣, i.e., the number of types in the support of player 2’s belief about the state. The case in

which
∣∣∣supp(φ)

∣∣∣ = 1 is trivial. Suppose towards a contradiction that the conclusion holds for all φ satisfying∣∣∣supp(φ)
∣∣∣ ≤ k − 1 but fails for some φ with

∣∣∣supp(φ)
∣∣∣ = k. Let type θ - θ∗(φ) be a type that obtains payoff

strictly greater than u1(θ, a1, a2). There exists ht ∈ Hσ(θ) and a1, a
′
1 ∈ A1 such that:

1. Type θ plays a1 with positive probability at ht.

2. For every hs with ht % hs % h0, we have θ∗(φ(hs)) = θ∗(φ).

10Player 2’s action choice in period 0 is irrelevant for the proof as it has negligible payoff consequences for player 1’s discounted average
payoff as δ → 1.
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3.

θ∗
(
φ(ht, a1)

)
≺ θ∗(φ) - θ∗

(
φ(ht, a′1)

)
, (E.3)

where (E.3) is implied by the martingale property of beliefs. In what follows, I consider two cases separately,

depending on whether type θ plays a′1 with positive probability at ht or not.

1. If type θ plays a′1 with probability 0 at ht, then
∣∣∣supp

(
φ(ht, a′1)

)∣∣∣ ≤ k − 1 and according to the induction

hypothesis, for every θ̃ that is in the support of φ(ht, a′1) but is no greater than θ∗(φ(ht, a′1)), type θ̃ will

receive continuation payoff u1(θ̃, a1, a2) after playing a′1 at ht. This implies that his continuation payoff is

no more than u1(θ̃, a1, a2) at ht. Therefore, playing a1 in every period is type θ∗(φ(ht, a′1))’s best reply at

ht. Since θ - θ∗(φ) - θ∗
(
φ(ht, a′1)

)
, Lemma C.3 implies that playing a1 in every period is also type θ’s

best reply at ht, from which his payoff should be no more than u1(θ, a1, a2). This leads to a contradiction.

2. The above argument suggests that for every ht that occurs with positive probability under (σθ, σ2), there

exists some a′1(ht) ∈ A1 such that:

(a) θ∗(φ) - θ∗
(
φ(ht, a′1(ht))

)
.

(b) Type θ plays a′1(ht) with positive probability at ht.

By construction, the strategy of playing a′1(ht) at every ht is type θ’s best reply, from which his stage-game

payoff in every period is no more than u1(θ, a1, a2). This contradicts the hypothesis that type θ’s equilibrium

payoff is strictly greater than u1(θ, a1, a2).

To complete the proof of Proposition E.2, I show that for every type strictly greater than θ∗(φ), his maximal

payoff in the repeated incomplete information game is wθ(φ). Without loss of generality, I normalize u1(θ, a1, a2)

to 0 for every θ ∈ Θ. Let xθ(a1) ≡ −u1(θ, a1, a2) and yθ(a1) ≡ u1(θ, a1, a2). My MS assumption implies the

following statements:

1. xθ(a1) ≥ 0, with “=” holds only when a1 = a1.

2. yθ(a1) > 0 for every θ ∈ Θ and a1 ∈ A1.

3. xθ(a1) and −yθ(a1) are both strictly increasing in a1.

4. For every θ < θ̃, xθ(a1)− x
θ̃
(a1) and y

θ̃
(a1)− yθ(a1) are both strictly increasing in a1.
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I introduce the definition of pessimistic belief path. Fix an equilibrium σ ∈ NE(δ, φ). For every a∞1 ≡ (a1,0, a1,1..., a1,t...)

and θ ∈ Θ, I write a∞1 ∈ Aσ(θ) if and only if

∑
θ̃%θ

φt(θ̃)D(θ̃, a1) < 0 for every t ∈ N,

in which φt ∈ ∆(Θ) represents player 2’s posterior belief about θ after observing (a1,0, ..., a1,t−1). For every

θ ∈ Θ, if there exists a∞1 that occurs with positive probability under (σθ, σ2), and a∞1 ∈ Aσ(θ), then vσθ (δ) = 0.

Moreover, playing a1 in every period is type θ’s best reply against σ2.

For every θ � θ∗(φ) and every action path a∞1 = (a1,0, a1,1, ...) that type θ plays with strictly positive

probability under σ ∈ NE(δ, φ), we have:

vσθ (δ) =
∑
a1,a2

Pa∞1 (a1, a2)u1(θ, a1, a2)

where Pa∞1 is the occupation measure over action profiles if player 1 plays according to a∞1 and player 2 plays

according to σ2, and

0 = vσθ∗(φ)(δ) ≥
∑
a1,a2

Pa∞1 (a1, a2)u1

(
θ∗(φ), a1, a2

)
where Pa∞1 (a1, a2) is the occupation measure of (a1, a2) induced by a∞1 and player 2’s equilibrium strategy σ2.

This implies that for every θ � θ∗(φ), vσθ (δ) cannot exceed the value of the following linear program:

max
{β(a1),γ(a1)}a1∈A1

{ ∑
a1∈A1

β(a1)yθ(a1)− γ(a1)xθ(a1)
}
, (E.4)

subject to ∑
a1∈A1

γ(a1) + β(a1) = 1,

γ(a1), β(a1) ≥ 0 for every a1 ∈ A1,

and ∑
a1∈A1

β(a1)yθ∗(φ)(a1)− γ(a1)xθ∗(φ)(a1) ≤ 0. (E.5)

Since the objective function and the constraints are both linear, to compute the value of the program, it is without

loss of generality to focus on solutions where there exist a∗1, a
∗∗
1 ∈ A1 such that

β(a1) > 0 iff a1 = a∗1, γ(a1) > 0 iff a1 = a∗∗1 .
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According to (E.5), we have:

β(a∗1)yθ∗(φ)(a
∗
1) ≤

(
1− β(a∗1)

)
xθ∗(φ)(a

∗∗
1 ). (E.6)

Plugging (E.6) into (E.4), the value of the above linear program cannot exceed:

max
a∗1,a

∗∗
1 ∈A1

{yθ(a∗1)xθ∗(φ)(a
∗∗
1 )− xθ(a∗∗1 )yθ∗(φ)(a

∗
1)

xθ∗(φ)(a
∗∗
1 ) + yθ∗(φ)(a

∗
1)

}
. (E.7)

Expression (E.7) is maximized when a∗1 = a∗∗1 = a1, which gives the following upper bound for vσθ (δ):

vσθ (δ) ≤ r(φ)u1(θ, a1, a2) +
(
1− r(φ)

)
u1(θ, a1, a2), (E.8)

with r(φ) ∈ (0, 1) is pinned down via:

r(φ)u1

(
θ∗(φ), a1, a2

)
+
(
1− r(φ)

)
u1

(
θ∗(φ), a1, a2

)
= u1

(
θ∗(φ), a1, a2

)
. (E.9)

The upper bound in the right-hand-side of (E.8) can be achieved when δ is large enough. This is because there

exists an equilibrium such that:

• Type θ plays a1 in every period if θ ≺ θ∗(φ); plays a1 in every period if θ � θ∗(φ).

• Type θ∗(φ) randomizes between playing a1 in every period and playing a1 in every period with probabilities

q(φ) and 1− q(φ), respectively.

F Highest Guaranteed Payoff in Binary-Action MS Games

I show that the payoff lower bound in Theorem 2 is tight in the sense that when the total probability of commitment

types is sufficiently small, and conditional on θ ∈ Θ∗. player 2’s best reply to player 1’s highest action depends on

the state, no type of strategic player 1 can guarantee payoff strictly higher than max{u1(θ, a1, a2), u1(θ, a1, a2)}. I

state the assumption on nontrivial interdependent values, which is stronger than the condition introduced in section

3 of the main text.

Assumption F.1. There exists θ ∈ Θ∗ such that BR2(θ, a1) = {a2}.

Intuitively, Assumption F.1 implies that there exists a state θ under which (1) playing a1 is individually rational,

and (2) player 2 does not have an incentive to play the desirable action when she knew that player 1 is strategic

type θ. Recall the definition of Θp in Appendix D of the main text, the above assumption is equivalent to Θp being

nonempty. The result is stated as Proposition F.1:
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Proposition F.1. For every reputation game that satisfies Assumption 2 and Assumption F.1, for every φ ∈

∆(Θ), there exist ε ∈ (0, 1) and δ ∈ (0, 1), such that for every δ > δ, and every µ with state distribution φ

and attaches probability less than ε to all commitment types, there exists an equilibrium such that for all θ ∈ Θ,

strategic type θ’s payoff is no more than max{u1(θ, a1, a2), u1(θ, a1, a2)}.

This proposition applies regardless of the set of commitment actions A∗1, as well as the distributions of the

states conditional on each commitment type {φa∗1}a∗1∈A∗1 . This contrasts to the private value benchmark, in which

a patient player can guarantee his commitment payoff from a1 ∈ A1 as long as a1 is one of the commitment

actions. I start from an example illustrating the significance of this result before showing the proof.

Illustrative Example: Consider the following game that satisfies MS as well as |A2| = 2.

θ = θ1 C S

H 1, 2 −2, 0

M 2, 1 −1, 0

L 3,−1 0, 0

θ = θ0 C S

H 1/2,−1 −5/2, 0

M 3/2,−2 −3/2, 0

L 3,−3 0, 0

Let Γ ≡ {γ1, γ2}, with

γ1(θ) ≡

 H if θ = θ1

L if θ = θ0.

γ2(θ) ≡

 M if θ = θ1

L if θ = θ0.

One can verify that Ag1 = {H,M}, namely, player 2 has a strict incentive to play her highest action C conditional

on knowing that player 1 is commitment type H , as well as player 1 being commitment type M . One may suspect

that player 1 can guarantee commitment payoff from M , which is strictly higher than his commitment payoff from

H in every state. However, this is not the case as long as interdependent values are nontrivial in the sense of

Assumption F.1 and the total probability of commitment types is small enough, regardless of the prior distribution

of states. Intuitively, this is because there exist equilibria in which strategic type θ1 plays H in every period on the

equilibrium path, and strategic type θ0 mixes between playing H in every period, and playing M in every period.

His probability of playing M is chosen such that conditional on observing M in period 0, player 2 is indifferent

between C and S against M starting from period 1. The idea of this construction is embodied in the proof of

Proposition F.1.

Proof of Proposition F.1: Since wθ(φ) ≤ max{u1(θ, a1, a2), u1(θ, a1, a2)} for every θ ∈ Θ, the case in which φ
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is pessimistic is implied by the payoff uniqueness result of Theorem 3. When φ is optimistic, let

θ ≡ min Θ∗ and θ ≡ max Θ∗.

Assumption F.1 and Assumption 2 in the main text together imply that BR2(θ, a1) = {a2}. The assumption that φ

is optimistic implies that BR2(θ, a1) = {a2}. For every full support φ ∈ ∆(Θ), let ε be bounded from above by:

ε < min
{∣∣∣φ(θ)D(θ, a1)

∣∣∣
D(θ, a1)

,
φ(θ)D(θ, a1)∣∣∣D(min Θ, a1)

∣∣∣
}
. (F.1)

Recall that A∗1 is the set of commitment actions. For every a∗1 ∈ A∗1, let φa∗1 ∈ ∆(Θ) be the distribution of θ

conditional on player 1 being commitment type a∗1. Let Ag1 is the subset of A∗1 such that

BR2(φa∗1 , a
∗
1) = {a2}.

When Ag1 is nonempty, consider the following equilibrium:

• Strategic types outside Θ∗ plays a1 in every period on the equilibrium path.

• Strategic types in Θ∗\{θ} plays a1 in every period on the equilibrium path.

• Strategic type θ mixes between actions in {a1} ∪ Ag1 in period 0, and on the equilibrium path, repeats the

same action that he has played in period 0 in all subsequent periods. The probability with which he plays a∗1

in period 0 is denoted by p(a∗1), given by:

p(a∗1) ≡


µ(a∗1)D(φa∗1,a

∗
1

)

|(1−ε)φ(θ)D(θ,a∗1)| if a∗1 ∈ A
g
1\{a1, a1}

1−
∑

â1∈Ag1\{a1,a1} p(â1) if a∗1 = a1.
(F.2)

where µ(a∗1) denotes the probability that player 2’s prior belief attaches to commitment type a∗1, and ε denotes

the probability it attaches to all the commitment types. Intuitively, after player 2 observes a∗1 ∈ A
g
1\{a1, a1}

in period 0, her posterior belief makes her indifferent between a2 and a2 against a∗1.

• Starting from period 1, player 2 plays a2 in every period if player 1 has played a1 in all previous period; she

mixes between a2 and a2 if player 1 has played a∗1 ∈ A
g
1\{a1, a1} in all previous period, with the probability

of playing a2 is such that type θ is indifferent between playing a1 in every period and playing a∗1 in every

period at period 0. At all other histories, she plays a2 with probability 1.
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In the above equilibrium, all types in Θ∗ receives payoff approximately u1(θ, a1, a2), and all types outside Θ∗

receives payoff approximately u1(θ, a1, a2). This establishes Proposition F.1.

G Monotone-Supermodular Games with |A2| ≥ 3

I extend the results in monotone-supermodular (in short, MS) games (Theorems 2 and 3 in Pei 2019) to the case

where player 2 has three or more actions. To begin with, let us recall the definition of MS payoffs:

Condition 1 (MS). There exist an order on Θ, an order on A1 and an order on A2, under which:

1. u1(θ, a1, a2) is strictly decreasing in a1, and is strictly increasing in a2.

2. u1(θ, a1, a2) has strictly increasing differences in θ and (a1, a2).

3. u2(θ, a1, a2) has strictly increasing differences in a2 and (θ, a1).

In MS games, I establish the commitment payoff theorem when the high states are more likely and establish the

uniqueness of player 1’s equilibrium behavior and payoff when the low states occur with high enough probability.

The arguments in Online Appendices C and D remain valid under two extra conditions on u1. I introduce and

explain these conditions in the next two subsections.

G.1 Semi-Separability in Monotone Supermodular Games

In this subsection, I introduce the following semi-separability condition, which is required to extend the conclusion

of Lemma C.1 to the case with |A2| ≥ 3.

Condition 2 (Semi-S). Player 1’s payoff is semi-separable if there exist f : A1 × A2 → R, v : Θ× A1 → R

and c : Θ×A1 → R with v(θ, a1) non-decreasing in θ and minθ∈Θ v(θ, a1) ≥ 0 for every a1 ∈ A1 such that:

u1(θ, a1, a2) = f(a1, a2)v(θ, a1) + c(θ, a1) (G.1)

This semi-separability condition accommodates the usual notion of separable payoffs, where u1(θ, a1, a2) =

f(a1, a2)+c(θ, a1). It allows for a larger class of payoff structures, and in particular, player 1’s cardinal preferences

over player 2’s action could depend on the state. Non-separability in players’ payoffs occurs, for example, in the

Spence education signalling model where the employer (player 2) assigns job positions to the worker (player 1)

after observing his years of education, or in the warranty provision example where the consumer (player 2) decides

how much to purchase after observing the warranty provided by the firm (player 1).
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Let ht ≡ (a1,0, ..., a1,t−1) be a generic period t public history, with Ht be the set of period t public histories

and H ≡ ∪∞t=0Ht be the set of public histories. Let Σ1 : H → ∆(A1) be an interim strategy for player 1. Let

Σ1 ⊂ Σ1 be the subset of player 1’s strategies such that for every σ1 ∈ Σ1:

σ1(ht) = a1 for every ht = (a1, ..., a1). (G.2)

Let Σ1 ⊂ Σ1 be the subset of player 1’s strategies such that for every σ1 ∈ Σ1:

σ1(ht) = a1 for every ht = (a1, ..., a1). (G.3)

Intuitively, Σ1 is the set of strategic type player 1’s strategies under which he plays a1 in every period on the

equilibrium path, and Σ1 is the set of strategic type player 1’s strategies under which he plays a1 in every period

on the equilibrium path. The following lemma generalizes Lemma C.1:

Lemma G.1. If player 1’s payoff is monotone supermodular and semi-separable, then for every pair of states

θ � θ∗ and in every Nash Equilibrium σ = (σω, σ2)θ∈Θ:

1. If there exists σ1 ∈ Σ1 such that σ1 is type θ∗’s best reply to σ2, then σθ ∈ Σ1.

2. If there exists σ1 ∈ Σ1 such that σ1 is type θ’s best reply to σ2, then σθ∗ ∈ Σ1.

Intuitively, one needs to show that when playing the highest action in every period is a best response for player

1 in a lower state, then the equilibrium strategy in a higher state must be playing the highest action for sure at

every on-path history. Since player 2 can learn the state only via the history of player 1’s actions, every action

path of player 1 induces a distribution over player 2’s action paths, which is independent of θ.11 Viewing the game

in its normal form, player 1 is choosing a distribution of a1 (i.e., its occupation measure) to induce a distribution

of a2. Therefore, the structure of the problem is similar to that of one-shot signalling games. The conclusion in

Lemma G.1 is equivalent to: player 1’s equilibrium strategy is non-monotone with respect to the state in a one-shot

signaling game.

As shown in Liu and Pei (2018), supermodularity of players’ payoffs cannot guarantee the monotonicity of all

equilibria in one-shot signalling games. When |A2| = 2 (or ‘binary action games’), player 1’s equilibrium strategy

must be monotone if the game satisfies MS. The proof relies on the fact that every pair of elements in ∆(A2) can

be ranked via first order stochastic dominance (FOSD), so that every type of player 1 is choosing between a set of

equilibrium (mixed) action profiles that can be completely ranked.
11This is no longer true when player 2 can also observe exogenous signals about θ beyond player 1’s action. As a result, there exist

equilibria where player 1 uses non-monotone strategies.
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When |A2| ≥ 3, however, not every pair of elements in ∆(A2) can be ranked via FOSD. The semi-separability

condition is equivalent to the increasing absolute differences over distributions property introduced in Liu and

Pei (2018), which provides an endogenous complete ranking over the distributions on A2 conditional on every

a1 ∈ A1.12 This finding is reported as Proposition 3 in Liu and Pei (2018), which I restate as Lemma G.2:

Lemma G.2. u1 is semi-separable if and only if for every a1 ∈ A1 and α2, α
′
2 ∈ ∆(A2), u1(θ, a1, α2) −

u1(θ, a1, α
′
2) is either non-negative and non-decreasing for all θ ∈ Θ, or non-positive and non-increasing for all

θ ∈ Θ.

PROOF OF LEMMA G.2: See the proof of Proposition 3 in Liu and Pei (2018).

PROOF OF LEMMA G.1: I show statement 1 and the proof of statement 2 is symmetric. Suppose towards a

contradiction that σ1 is type θ∗’s best reply but σθ /∈ Σ1. Let αt ∈ ∆(A1 × A2) be the distribution over action

profiles in period t under (σ1, σ2) and let αt ∈ ∆(A1 × A2) be the distribution over action profiles in period t

under (σθ, σ2). Let

αδ ≡
∞∑
t=0

(1− δ)δtαt and αδ ≡
∞∑
t=0

(1− δ)δtαt

be the occupation measures over action profiles induced by (σ1, σ2) and (σθ, σ2). Let α2,t and α2,t be the marginal

distributions of αt and αt on A2, respectively. Let α̂t be defined as:

α̂t(a1, a2) ≡

 α2,t(a2) if a1 = a1

0 if a1 6= a1

(G.4)

Let α̂δ ≡
∑∞

t=0(1− δ)δtα̂t. Let αδ2, αδ2 and α̂δ2 be the marginal distributions of αδ, αδ and α̂δ on A2, respectively.

By construction, αδ2 = α̂δ2.

Type θ∗’s incentive constraint requires that u1(θ∗, αδ) ≥ u1(θ∗, αδ). Since u1 is strictly decreasing in a1 and

σθ /∈ Σ, we have

u1(θ∗, αδ) ≥ u1(θ∗, αδ) > u1(θ∗, α̂δ). (G.5)

Using ‘%a1’ (or ‘�a1’) to denote the order over ∆(A2) based on a1. According to Lemma G.2, we have αδ2 �a1 α̂
δ
2.

On the other hand, type θ’s and type θ∗’s incentive constraints together imply:

u1(θ∗, αδ)− u1(θ∗, αδ) ≥ 0 ≥ u1(θ, αδ)− u1(θ, αδ). (G.6)

12The other finding in Liu and Pei (2018), that every equilibrium in a one-shot signalling game is monotone when player 2’s payoff is
strictly quasi-concave in a2 cannot be applied to this repeated signalling game setting. This is because player 2’s belief about Θ× A1 can
change over time, so the occupation measure on A2 may attach positive probability to more than two elements despite player 2 plays at
most two actions with positive probability in every period.
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Consider u1(θ̃, αδ)− u1(θ̃, αδ) as a function of θ̃ and decompose it into:

u1(θ̃, αδ)− u1(θ̃, αδ) = u1(θ̃, αδ)− u1(θ̃, α̂δ) + u1(θ̃, α̂δ)− u1(θ̃, αδ).

Since αδ2 �a1 α̂δ2 and u1 exhibits increasing differences in (θ̃, a2), we have u1(θ̃, αδ) − u1(θ̃, α̂δ) being non-

decreasing in θ̃. Since σθ /∈ Σ1 and u1 exhibits strictly increasing differences in (θ̃, a1), we have u1(θ̃, α̂δ) −

u1(θ̃, αδ) is strictly increasing in θ̃. Therefore, θ � θ∗ implies that:

u1(θ∗, αδ)− u1(θ∗, αδ) < u1(θ, αδ)− u1(θ, αδ). (G.7)

Inequality (G.7) contradicts inequality (G.6), which establishes statement 1.

G.2 No Intermediate Reward Condition

Let θ ≡ max Θ, θ ≡ min Θ, a1 ≡ maxA1, a1 ≡ minA1 and a2 ≡ maxA2. To avoid unnecessary complications,

I make the generic assumption that BR2(θ, a1|u2) is a singleton for every θ ∈ Θ. The no intermediate reward

condition is stated below:

Condition 3 (N-IR). u1 satisfies no intermediate reward if for every θ ∈ Θ, at least one of the following

inequalities is true:

1. u1(θ, a1, a2) ≤ u1(θ, a1, a2).

2. u1(θ, a1, a2) > maxa′2≺a2
u1(θ, a1, a

′
2).

As one can see, Condition N-IR is trivially satisfied when n = 2. This enables us to obtain a partition on the

set of states similar to the binary action case. Let

Θg ≡
{
θ ∈ Θ

∣∣∣u1(θ, a1, a2) > u1(θ, a1, a2) and BR2(θ, a1) = {a2}
}
, (G.8)

be the set of good states, let

Θn ≡
{
θ ∈ Θ

∣∣∣u1(θ, a1, a2) ≤ u1(θ, a1, a2)
}
, (G.9)

be the set of negative states and let

Θp ≡
{
θ ∈ Θ

∣∣∣u1(θ, a1, a2) > max
a′2≺a2

u1(θ, a1, a
′
2) and BR2(θ, a1|u2) ≺ a2

}
, (G.10)
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be the set of positive states. As in the binary action case, one or two of the sets within {Θg,Θp,Θn} can be empty.

My analysis starts from the following lemma:

Lemma G.3. If the game’s payoff is monotone supermodular and u1 satisfies no intermediate reward, then

1. {Θg,Θp,Θn} is a partition of Θ.

2. For every θg ∈ Θg, θp ∈ Θp and θn ∈ Θn, we have θg � θp � θn.

3. If Θp,Θn 6= {∅}, then for every θn ∈ Θn, we have BR2(θn, a1|u2) ≺ a2.

PROOF OF LEMMA G.3: The first statement follows directly from the N-IR condition, as there exists no θ such

that:

max
a′2≺a2

u1(θ, a1, a
′
2) ≥ u1(θ, a1, a2) > u1(θ, a1, a2).

Next, I show the second statement. For every θg ∈ Θg and θp ∈ Θp, since BR2(θg, a1|u2) = {a2} while

BR2(θp, a1|u2) ≺ a2, supermodularity of u2 with respect to (θ, a2) implies that θg � θp. For every θp ∈ Θp and

θn ∈ Θn, u1(θp, a1, a2) > u1(θp, a1, a2) while u1(θn, a1, a2) ≤ u1(θn, a1, a2). Given that (a1, a2) � (a1, a2)

and u1 having strictly increasing differences between θ and (a1, a2), we know that θp � θn. For every θg ∈ Θg and

θn ∈ Θn, u1(θg, a1, a2) > u1(θg, a1, a2) while u1(θn, a1, a2) ≤ u1(θn, a1, a2). Given that (a1, a2) � (a1, a2)

and u1 having strictly increasing differences between θ and (a1, a2), we know that θg � θn.

I now proceed to the third statement. Given that Θp,Θn 6= {∅}, the 2nd statement implies that θp � θn.

Since BR2(θp, a1|u2) ≺ a2 and u2 exhibits strictly increasing differences in (θ, a2), we have BR2(θn, a1|u2) -

BR2(θp, a1|u2) ≺ a2.

As in Theorems 2 and 3 in the main text, I make the following assumption:

Assumption G.1. a1 ∈ A∗1 and BR2(φa1 , a1|u2) = {a2}.

That is to say, building a reputation for playing a1 is feasible, i.e., there exists a commitment type that plays a1

in every period. Moreover, player 2’s best response to commitment type a1 is a2.

Next, I introduce the optimistic and pessimistic prior belief conditions. For every joint distribution µ, let µ(θ)

be the probability of the event that player 1 is strategic and the state is θ, and let µ(a∗1) be the probability of the

event that player 1 is committed and plays a∗1 ∈ A∗1 in every period. I say that µ is optimistic if:

µ(a1)u2(φa1 , a1, a2) +
∑

θ∈Θg∪Θp

µ(θ)u2(θ, a1, a2)

> max
a′2≺a2

{
µ(a1)u2(φa1 , a1, a

′
2) +

∑
θ∈Θg∪Θp

µ(θ)u2(θ, a1, a
′
2)
}
, (G.11)
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and is pessimistic if

µ(a1)u2(φa1 , a1, a2) +
∑

θ∈Θg∪Θp

µ(θ)u2(θ, a1, a2)

≤ max
a′2≺a2

{
µ(a1)u2(φa1 , a1, a

′
2) +

∑
θ∈Θg∪Θp

µ(θ)u2(θ, a1, a
′
2)
}
, (G.12)

The following two results are generalizations of Theorems 2 and 3 in Pei (2019). Both results study games in

which the stage game payoffs are monotone-supermodular, with u1 being semi-separable and has no intermediate

rewards. I start with a theorem that establishes the commitment payoff bound when player 2’s prior is optimistic.

Theorem 2”. If µ satisfies (G.11), and the reputation game satisfies Assumption 1, conditions MS, Semi-S, and

N-IR, then for every θ ∈ Θ:

lim inf
δ→1

vθ(δ, µ, u1, u2) ≥ u1(θ, a1, a2).

Then, I proceed to the result that establishes the uniqueness of player 1’s on-path behavior when player 2’s

prior is pessimistic.

Theorem 3”. If µ satisfies (G.12), and the reputation game satisfies Assumption 1, conditions MS, Semi-S, and

N-IR, then there exists ε > 0 such that when the total probability of commitment types is less than ε, every strategic

type’s on-path behavior is the same across all equilibria. In particular, type θg plays a1 with probability 1 at every

on-path history in every Nash Equilibrium for every θg ∈ Θg.

The proof follows along the same line as that of Theorems 2 and 3 in Pei (2019). The role of the no intermediate

reward condition is embodied in the proof of Lemma G.4. For every µ̂ ∈ ∆(Θ), µ̂ ∈ B if and only if:

a2 /∈ arg max
a2∈A2

∑
θ∈Θ

µ̂(θ)u2(θ, a1, a2). (G.13)

Abusing notation, let θ ≡ minθ supp(µ̂), we have the following result:

Lemma G.4. For every on-path history ht, if player 2’s belief about the state is µ̂ with µ̂ ∈ B and strategic

type θ occurs with strictly positive probability at ht, then

vθ(h
t) ≤ max

a2 6=a2

u1(θ, a1, a2). (G.14)

PROOF OF LEMMA G.4: Let

Θ∗ ≡
{
θ̃ ∈ Θp ∪Θn

∣∣∣µ(ht)(θ̃) > 0
}
.
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According to (G.13) and the fact that µ̂ ∈ B, we know that Θ∗ 6= {∅}. The rest of the proof is done via induction

on |Θ∗|. When |Θ∗| = 1, there exists a pure strategy σ∗θ : H → A1 in the support of σθ such that (D.17) holds for

all hs satisfying hs ∈ H(σ∗θ ,σ2) and hs � ht. At every such hs, player 2 has a strict incentive not to play a2. When

playing σ∗θ , type θ’s stage game payoff is no more than maxa2 6=a2 u1(θ, a1, a2) in every period.

Suppose towards a contradiction that the conclusion holds when |Θ∗| ≤ k − 1 but fails when |Θ∗| = k, then

there exists hs ∈ Hσ(θ) with hs � ht such that

• µ(hτ ) ∈ B for all hs � hτ � ht.

• vθ(hs) > maxa2 6=a2 u1(θ, a1, a2).

• For all a1 such that µ(hs, a1) ∈ B, σθ(hs)(a1) = 0.

According to the martingale property of beliefs, there exists a1 such that (hs, a1) ∈ Hσ and µ(hs, a1) satisfies

(G.13). Since µ(hs, a1)(θ) = 0, there exists θ̃ ∈ Θ∗\{θ} such that (hs, a1) ∈ Hσ(θ̃). Our induction hypothesis

suggests that:

vθ̃(h
s) = max

a2 6=a2

u1(θ̃, a1, a2).

The incentive constraints of type θ and type θ̃ at hs require the existence of (α1,τ , α2,τ )∞τ=0 with αi,τ ∈ ∆(Ai)

such that:

E
[ ∞∑
τ=0

(1− δ)δτ
(
u1(θ, α1,τ , α2,τ )−u1(θ, a1, a2)

)]
> 0 ≥ E

[ ∞∑
τ=0

(1− δ)δτ
(
u1(θ̃, α1,τ , α2,τ )−u1(θ̃, a1, a2)

)]
,

where E[·] is taken over probability measure Pσ. However, the supermodularity condition implies that,

u1(θ, α1,τ , α2,τ )− u1(θ, a1, a2) ≤ u1(θ̃, α1,τ , α2,τ )− u1(θ̃, a1, a2),

leading to a contradiction.

According to Lemmas G.1, G.3 and G.4, the proofs of Theorems 2” and 3” follow along the same line as the

proofs for Theorems 2 and 3 in Appendix D in the main text. I omit the details to avoid repetition.

Remark: Given the no-intermediate reward condition, one can also generalize it by defining no intermediate

reward relative to a2 6= minA2. The main problem with a2 6= a2 is described as follows. Suppose player 2’s prior

belief µ̂ is such that his unique best response is strictly below a2 even if all types of player 1 play a1. Then there
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exists µ1, µ2, ..., µn ∈ ∆(Θ) and α1, ..., αn ∈ [0, 1] such that
∑n

i=1 αiµi = µ̂ while player 2’s best response when

all types of player 1 playing a1 is no less than a2 under µi for all i ∈ {1, 2, .., n}. This invalidates Lemma G.4.

H Counterexamples

I present several counterexamples that complement the analysis in the main text. In subsection H.1, I show that

under the assumptions of Theorem 2, playing the highest action at some on-path histories can lead to negative

inferences about the state. This implies that MS payoffs cannot rule out conflicts between reputation building for

playing the highest action, and signaling that the state is high. In subsection H.2, I provide an example of a common

interest game with nontrivial interdependent values under which every strategic type’s equilibrium payoff can be

arbitrarily low compared to his pure Stackelberg payoff. The insight generalizes to other coordination games with

nontrivial interdependent values, which illustrates the importance of my monotonicity condition. In subsections

H.3 and H.4, I provide examples showing that the total probability of commitment types being small, and player 1

being patient are not redundant for the behavioral uniqueness conclusion in Theorem 3. In subsection H.5, I show

that under the conditions of Theorem 3, player 2 has multiple on-path behaviors. In subsection H.6, I show that

player 1 has multiple on-path behaviors in the private value product choice game.

H.1 Conflicts Between Reputation Building and Signaling under MS Stage-Game Payoff

I show that when the game satisfies Assumptions 1-4 (i.e., stage-game payoffs are monotone-supermodular), and

the prior belief about the state is optimistic, there exist equilibria in the reputation game such that player 1’s highest

action is a signal of low state. I construct such an equilibrium in the product choice game of section 2.1. Recall

that players’ stage-game payoffs are given by:

θ = θh T N

G 1, 1 −1, 0

B 2,−1 0, 0

θ = θl T N

G 1− η,−1 −1− η, 0

B 2,−2 0, 0

There is only one commitment plan, given by:

γ(θ) ≡

 G if θ = θh

B if θ = θl.

The equilibrium construction focus on settings in which η ∈ (0, 1) and the prior probability of state θh, denoted

by φh, is strictly between 10/11 and 1.
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As has been verified in section 3.2, the game satisfies Assumptions 1-4 and player 2’s prior belief is optimistic.

Theorem 2 implies that type θh is guaranteed to receive payoff approximately 1 and type θl is guaranteed to receive

payoff approximately 1− η. Let ε be the total probability of commitment types. The baseline model assumes that

the distribution of state and the distribution of player 1’s characteristics are independent. As a result, player 1 has

four types. The probability of commitment type G is εφh, the probability of commitment type B is ε(1− φh), the

probability of strategic type θh is (1− ε)φh, and the probability of strategic type θl is (1− ε)(1− φh).

Consider the following strategy profile. In period 0, player 2 playsN , strategic type θh playsGwith probability

2φhε

3φh(1− ε)
,

and strategic type θl plays G with probability

φhε

6(1− φh)(1− ε)
.

According to Bayes Rule, the probability of state θ after observing G in period 0 is 10/11, which is strictly less

than φh. Namely, observing player 1 playing his highest action G leads to negative inferences about θ. In period 1,

• If the history is (B,N), then future play is dictated by the realization of the public randomization device.

With probability (1 − δ)/δ, players play (B,N) in every subsequent period on the equilibrium path; with

complementary probability, players play (G,T ) in every subsequent period on the equilibrium path. Off-

path deviations are deterred by grim-trigger strategies, namely, whenever player 2 observes player 1 playing

B in periods in which he is supposed to play G, player 2 plays N in all subsequent periods.

• If the history is (G,N), then both strategic types play B with probability 1 and player 2 plays T . This is

incentive compatible for player 2 since at history (G,N), the probability of commitment type G is 6/11, the

probability of strategic type θh is 4/11, and the probability of strategic type θl is 1/11.

In period 2, players’ actions at history (B,N,B,N), (B,N,G, T ), (B,N,B, T ) have been specified. At history

(G,N,G, T ), players play (G,T ) in every subsequent period on the equilibrium path, with off-path deviations

deterred via grim trigger strategies. At history (G,N,B, T ), then

• With probability (1− δ)/δ, players play (B,N) in every subsequent period on the equilibrium path.

• With probability 1 − 1−δ
δ2 − 1−δ

δ , play (G,T ) in every subsequent period on the equilibrium path, with

off-path deviations deterred via grim trigger strategies.
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• With probability (1 − δ)/δ2, type θl plays B for sure and type θh plays B with probability 1/4 and G with

probability 3/4. Player 2 plays T .

In period 3,

• At history (G,N,B, T,G, T ), play (G,T ) in every subsequent period on the equilibrium path, with off-path

deviations deterred via grim trigger strategies.

• At history (G,N,B, T,B, T ), future play is determined by the realization of public randomization. With

probability (1−δ)/δ, play (B,N) in every subsequent period on the equilibrium path. With complementary

probability, play (G,T ) in every subsequent period on the equilibrium path, with off-path deviations deterred

via grim trigger strategies.

The above strategy profile an equilibrium when δ is large enough. Despite the game satisfies Assumptions 1-4

and the prior belief about state is optimistic, playing G in period 0 increases the probability player 2’s posterior

attaches to state θl.

H.2 Reputation Failure in Common Interest Games

I present an example of a common interest game with nontrivial interdependent values, under which there exists

equilibrium such that all strategic types’ equilibrium payoffs are arbitrarily low compared to their commitment pay-

offs. Moreover, player 1’s on-path behavior is not unique. These insights can be generalized to other coordination

games with nontrivial interdependent values. Consider the following game:

θ = θ1 h l

H 1, 1 0, 0

L 0, 0 ε, ε

θ = θ2 h l

H 0, 0 ε, ε

L 1, 1 0, 0

with ε ∈ (0, 1) being a parameter. Suppose Γ ≡ {γ} where:

γ(θ) ≡

 H if θ = θ1

L if θ = θ2.
(H.1)

That is, the committed player 1 plays his Stackelberg action in every state. I show the following proposition:

Proposition H.1. For every full support φ ∈ ∆{θ1, θ2} and ε ∈ (0, 1), there exists ε > 0, such that when

player 1 is committed with probability less than ε, there exists an equilibrium in which strategic player 1’s payoff

is ε in every state.

72



Since ε can be arbitrarily close to 0, patient player 1’s equilibrium payoff in the common interest game can

be arbitrarily low compared to his Stackelberg payoff. The difference between Proposition H.1 and Theorem 2 is

driven by the failure of MS, instead of other assumptions. To see this, first, the above game satisfies Assumption

1. Second, Proposition H.1 applies to all full support state distributions, so the optimistic and pessimistic belief

conditions are irrelevant. Third, Assumptions 3 and 4 are satisfied in the sense that, (1) A∗1 = {H,L}; (2) for

every commitment action a∗1 ∈ A∗1, there exists a state under which a∗1 is individually rational for player 1; (3)

conditional on knowing that player 1 is committed, player 2 has a strict incentive to choose player 1’s desirable

action h. I provide a constructive proof to this proposition. Similar ideas can be applied to construct low-payoff

equilibria in coordination games with nontrivial interdependent values.

Proof. Let

ε ≡ min{φ(θ1), φ(θ2)} ε

1 + ε
. (H.2)

I verify that the following strategy profile is an equilibrium for every δ ∈ (0, 1):

• Player 2 plays l at every history.

• Strategic type θ1 plays L at every history. Strategic type θ2 plays H at every history.

First, given player 2’s strategy, player 1’s strategy maximizes his payoff at each state and at each history. Second,

given player 1’s strategy, I show that player 2 has a strict incentive to play l for all histories.

• If player 1 plays L, then he is either strategic type θ1 or commitment type L. The likelihood ratio between

these two types is strictly greater than φ(θ1)−ε
ε , which according to (H.2) is at least 1/ε. This implies that

player 2 strictly prefers l to h in the event that player 1 plays L. Similarly, in the event that player 1 plays

H , player 2 strictly prefers l to h.

To see that player 1’s on-path behavior is not unique, notice that there also exists an equilibrium in which type

θ1 plays H in every period, type θ2 plays L in every period, and player 2 plays h no matter what she observes.

H.3 Multiple On-Path Behaviors when Commitment Probability is Large

I show that the total probability of commitment types being small is not redundant for Theorem 3. I construct a

game that satisfies Assumptions 1-4 with a pessimistic prior state distribution and a large probability of commit-

ment type. In this game, there are multiple equilibria with different on-path behaviors for player 1.
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θ = θ1 C S

H 1, 2 −2, 0

M 2, 1 −1, 0

L 3,−1 0, 0

θ = θ0 C S

H 1/2,−1 −5/2, 0

M 3/2,−2 −3/2, 0

L 3,−3 0, 0

Let Γ ≡ {γ1, γ2}, with

γ1(θ) ≡

 H if θ = θ1

L if θ = θ0.

γ2(θ) ≡

 M if θ = θ1

L if θ = θ0.

Player 1 is strategic with probability 1 − ε1 − ε2, is committed to γ1 with probability ε1, and is committed to γ2

with probability ε2. The state is θ0 with probability φ0, which is greater than 2/3. Whether player 1 is committed

or strategic is independent of the state. I assume that:

2φ0(1− ε1 − ε2) = (1− φ0)ε2, (H.3)

namely, the probability of commitment type M is two times the probability of strategic type θ0. This condition is

violated when the total probability of commitment types is arbitrarily small. The above game satisfies Assumptions

1-4, player 2’s prior belief about the state is pessimistic, and the only condition in Theorem 3 that is violated is the

probability of commitment types being small enough. For every δ > 5/6, one can construct the following class of

equilibria indexed by T ∈ {1, 2, ...}:

• Equilibrium σT : Type θ0 plays M in every period. Type θ1 plays M from period 0 to period T , and plays

H starting from period T + 1. Player 2 plays S in period 0. From period 1 to T + 1, she plays C with

probability 1 if player 1 has playedH in every period or player 1 has playedM in every period. From period

T + 2 and onwards, she plays C with probability 1 if player 1 has played H in every period, and plays a

mixed action 3δ−1
3δ C + 1

3δS if player 1 has played M in every period. At all other histories, player 2 plays S

with probability 1.

One can verify players’ incentive constraints. In particular in period T + 1 conditional on player 1 has played M

in every period of the past, strategic type θ1 is indifferent between playingH andM while strategic type θ0 strictly

prefers to play M . This class of equilibria can be constructed for an open set of beliefs.13 As we can see, player
13Notice that under a generic prior belief, in period T + 1, type θ1 needs to randomize between playing H in every subsequent period

and playing M in every subsequent period. This can be achieved since he is indifferent by construction.
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1’s on-path behaviors are different under different values of the index T , ranging from playing M in every period

to playing H in all except for a finite number of periods.

H.4 Multiple On-Path Behaviors when Player 1 is Impatient

I present an example in which the game’s payoff satisfies Assumptions 1-4, player 2’s prior belief is pessimistic

but player 1 has multiple equilibrium behaviors since δ is intermediate. Consider the following game:

θ = θ1 C S

H 1, 3 −1, 2

L 2, 0 0, 1

θ = θ0 C S

H 1− η, 0 −1− η, 1

L 2,−2 0, 0

with η ∈ (1
3 , 1). There is only one commitment plan, given by:

γ(θ) ≡

 H if θ = θ1

L if θ = θ0.

Player 2’s prior belief about the state is: θ1 with probability 1/5 and θ0 with probability 4/5. The probability with

which player 1 is committed, denoted by ε, can be arbitrarily small but is strictly positive. One can verify that the

game satisfies Assumptions 1-4 and that the prior state distribution is pessimistic. I construct a class of equilibria

when δ ∈ (2
3 ,

1+η
2 ), indexed by T ∈ {1, 2, ...}.

• Equilibrium σT : Strategic type θ0 plays L in every period on the equilibrium path. Strategic type θ1 plays

H in every period on the equilibrium path besides period T , in which he plays L. For every strategic type and

at each of his off-path history, he plays L. Player 2 plays S in period 0 and period T . In period s /∈ {0, T},

she plays S if player 1 has played L before in any period besides t; she plays C if player 1 has played H in

every period or has only played L in period T .

To verify that this is an equilibrium for every T , notice that for type θ0, his payoff from playing H in period 0 is

bounded from above by:

max
{
− (1− δ)(1 + η) + δ(1− η),−(1− δ)(1 + η) + 2(1− δ)δ

}
,

which is lower than his payoff from playing L in every period equals to 0, given that δ ∈ (2
3 ,

1+η
2 ). His incentive

constraints at other on-path histories are trivially satisfied. For type θ1, his payoff from following his equilibrium

strategy is bounded from below by:

−(1− δ) + δ2
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and his payoff from deviating is at most:

max
{

0,−(1− δ) + 2(1− δ)δ
}
.

The former is greater than the latter when δ ∈ (2
3 ,

1+η
2 ).

In this class of equilibria, player 1’s on-path equilibrium behaviors are different. Intuitively, since player 1’s

discount factor is low, strategic type θ0 has no incentive to pool with the commitment type. Therefore, after playing

H for one period, player 2’s belief becomes optimistic which leads to multiple equilibrium behaviors.

H.5 Multiple On-Path Behaviors for Player 2

I show by example that under the conditions of Theorem 3, player 2 has multiple on-path behaviors. I focus on the

example in subsection H.4, where δ is close to 1 and the probability of commitment types is close to 0, and display

two equilibria in which player 2’s on-path behaviors are different. Player 1’s on-path behavior is stated as Theorem

3. For player 2, she plays S in period 0, as well as in all periods where L has been played in the past. In period

t ≥ 1 and given that L has never been played in the past, both of the following behaviors can arise in equilibrium:

1. In every period, she plays C with probability η+1
2δ , and plays S with complementary probability.

2. From period 1 to T , she plays C, with T being the largest integer such that:

(1− δT )(−1− η) + δT (1− η) < 0.

In period T + 1, she plays C with probability q ∈ [0, 1], pinned down by:

(1− δT )(−1− η) + (1− δ)δT (1− q)(−1− η) + q(1− δ)δT (1− η) + δT+1(1− η) = 0.

From period T + 2 and onwards, she plays S.

The reason is because the cutoff type’s indifference condition only pins down the discounted average frequency

with which a2 is played conditional on player 1 playing a1 in every period, but it does not uniquely pin down how

the play of a2 is allocated over time.

H.6 Multiple On-Path Behaviors in Private Value Reputation Game

I construct an equilibrium in the private value reputation game in which the strategic long-run player abandons his

reputation early on in the relationship and the frequency with which he does not play the Stackelberg commitment
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action does not vanish as δ → 1. Players’ stage-game payoffs are given by:

− C S

H 1, 3 −1, 2

L 2, 0 0, 1

Suppose with positive but small probability, player 1 is a commitment type that mechanically plays H in every

period. Consider the following strategy profile, which is an equilibrium for all δ > 1/2:

• The strategic player 1 plays L for sure in period 0. Starting from period 1, he plays H and L each with

probability 1/2 at all on-path histories.

In the off-path event that he played H in period 0, he plays H as long as L has never been played before,

and plays L otherwise.

• Player 2 plays S for sure in period 0. Starting from period 1,

If H is observed in period 0, then she plays C for sure as long as H has always been played. She plays S

for sure in all subsequent periods if L has been played before.

If L is observed in period 0, then she plays C for sure in period 1. Starting from period 2, player 2 plays C

for sure in period t if H was played in period t− 1, and she plays C with probability (1− 1
2δ ) in period t if

L was played in period t− 1.

Intuitively, starting from period 1, every time player 1 shirks, he will be punished in the next period as player 2 will

play C with smaller probability. The probabilities with which he mixes between H and L are calibrated to provide

player 2 the incentive to mix between C and S. It is straightforward to verify that

1. The strategic long-run player’s equilibrium payoff is δ, which is arbitrarily close to his pure Stackelberg

commitment payoff 1 as δ → 1.

2. The strategic long-run player’s equilibrium play is very different from that of the commitment type’s. In

particular, imitating the commitment type is a strictly dominated strategy, which yields payoff δ − (1 − δ);

and moreover, the occupation measure of L equals to 1/2 as δ → 1.
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