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Abstract

We study slow moving debt crises: self-fulfilling equilibria in which high interest

rates, due to the fear of a future default, lead to a gradual but faster accumulation of

debt, ultimately validating investors’ fear. We show that slow moving crises arise in a

variety of settings, both when fiscal policy follows a given rule and when it is chosen

by an optimizing government. The core assumption, in all these settings, is that the

borrowing government cannot commit to issue a fixed amount of bonds in a given

period. We discuss how multiplicity is avoided for low debt levels, for sufficiently

responsive fiscal policy rules, and for long enough debt maturities. When the equilib-

rium is unique, debt dynamics are characterized by a tipping point, below which debt

fall and stabilizes and above which debt and default rates grow.
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1 Introduction

In late 2010 yields on sovereign bonds of Italy, Spain and Portugal shot up dramatically
with nervous investors suddenly casting the debt sustainability of these countries into
doubt. An important concern for policy makers was the possibility that higher interest
rates were self-fulfilling. High interest rates, the argument goes, contribute to the rise in
debt over time, eventually driving countries into insolvency, thus justifying higher inter-
est rates in the first place. News coverage illustrates how future debt dynamics were at
center stage.1 Thomson Reuters offered a simple web application, under the title “Ital-
ian Debt Spiral”, that computed the primary surplus needed to stabilize the debt-to-GDP
ratio under different scenarios.2

Yields subsided in the late summer of 2012 after the European Central Bank’s pres-
ident, Mario Draghi, unveiled plans to purchase sovereign bonds to help sustain their
market price. A view based on self-fulfilling crises was explicitly used to justify such in-
terventions during Draghi’s news conference announcing the Outright Monetary Trans-
actions (OMT) bond-purchasing program (September 6th, 2012),

“The assessment of the Governing Council is that we are in a situation now
where you have large parts of the Euro Area in what we call a bad equilibrium,
namely an equilibrium where you have self-fulfilling expectations. You may
have self-fulfilling expectations that generate, that feed upon themselves, and
generate adverse, very adverse scenarios. So there is a case for intervening to,
in a sense, break these expectations [...]”

If this view is correct, a credible announcement to do “whatever it takes” is all it takes
to rule out bad equilibria, no bond purchases need actually be carried out. Following
Draghi’s announcement, this is exactly how it seems to have played out: there have been
no purchases by the ECB and no country has applied to the OMT program.

In this paper, we build a dynamic model that formalizes this multiple-equilibria view
of debt crises. We then use this model to explore how the initial debt level, the fiscal policy
regime, and the maturity of debt affect the vulnerability to such crises.

1For example, a Financial Times’ report on the Italian bond market cites a pessimistic observer expecting
“Italian bonds to perform worse than Spanish debt this summer, as investors focus on the sustainability of
Italy’s debt burden,” given Italy’s high initial debt-to-GDP ratio. A more optimistic investor in the same
report argues that Italy “can cope with elevated borrowing costs for some time particularly when shorter-
dated bond yields remain anchored” and that “it’s critical to bring these yields down, but there is time for
Italy to establish that its policies are working.” (“Investors wary of Italy’s borrowing test”, Financial Times, July
16, 2012.)

2See the widget here.
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In our model, the government sells bonds to a large group of investors to finance
shocks to its funding needs. Investors are risk neutral and price bonds according to
their expected payoffs, forming expectations over future default probabilities. Given bond
prices and fiscal policy, one can compute the path for debt. This, in turn, affects future de-
fault probabilities and, through investors’ expectations, bond prices. This feedback loop
between interest rates and debt accumulation opens the door to multiple equilibria.

When a crisis occurs—a switch from a good to a bad equilibrium path—bond prices
jump in response to changes in future default probabilities, but the crisis can play out
for some time before default actually occurs. We label this episode a slow moving crisis
to distinguish it from a rollover crisis, which is essentially a run on the country’s debt
leading to a failed bond auction and immediate default. Both slow moving crises and
rollover crises seem relevant to interpret observed turbulence in sovereign debt markets.
However, the literature has mostly focused on the latter so our goal here is to highlight
and study the slow moving mechanism.

Multiple equilibria arise due to a coordination problem across investors in sovereign
debt markets. The precise way in which the borrower is modeled is not as crucial for
multiplicity. In most of the paper, we simply take as given the behavior of the borrower, as
summarized by a fixed fiscal rule that determines the primary surplus as a function of the
debt level and shocks. Under a fiscal rule, default occurs mechanically when the borrower
is unable to finance payments on the existing stock of debt. We also consider versions of
our model where fiscal policy is endogenous, chosen by an optimizing government under
discretion.

Multiple Equilibria. Our first contribution is a characterization of bond price schedules
and debt dynamics when the stochastic process for the primary surplus is given by a fiscal
policy rule. This construction extends the standard analysis of debt sustainability (e.g.,
Bohn, 1995; Hall, 2014) to the case of defaultable debt.

When all debt is in the form of short-term one-period bonds, we show that the bond
price schedule is uniquely determined. This does not imply that the equilibrium path is
unique because the revenue from debt issuance is not monotone in the amount of bonds
issued—we call this revenue function the debt Laffer curve. Thus, for a given revenue
needed by the government, there may be multiple bond prices that clear the market, at
different points of the Laffer curve. We then turn to long-term debt and show that the bond
price schedule is no longer uniquely determined. Future bond prices now feed back into
current bond prices. The coordination problem among investors takes an intertemporal
dimension. As a result, the bad equilibrium cannot be prevented by coordinating current
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investors.
In our model, the self-fulfilling nature of crises is typically transitory. If the economy

slips down the bad path long enough, eventually debt reaches a high enough level beyond
which the good path is no longer possible. Although initially triggered by self-fulfilling
pessimism, the crises itself eventually damages fundamentals. This suggests the impor-
tance of swiftly applying policies to escape or counteract a bad equilibrium, to avoid it
from settling in.

Policy Rules and Debt Maturity. We use our model to investigate the role of the policy
rule and of the debt maturity in making the economy vulnerable to self-fulfilling crises.
We first show that when the fiscal rule is sufficiently active at reducing deficits when debt
rises, the equilibrium is unique. The fiscal rule works to offset the negative feedback from
interest rates. Higher interest rates induce a rise in debt, but if the borrower takes strong
actions to repay when debt levels rises a self-fulfilling crisis is avoided.

The usual requirement for stability without default is that the slope of the rule be
greater than the interest rate (see, e.g., Hall, 2014). We show that the presence of de-
fault risk requires a more aggressive rule, not just because the interest rate is higher but
because it responds endogenously to an increase in debt. These conditions are enough
to guarantee local stability of a good equilibrium. However, our analysis also uncovers
an inherent limitation in these local conditions, in that they cannot be met globally at all
debt levels simply because the primary surplus is bounded above by finite tax capacity;
Ghosh et al. (2011) refer to this problem as “fiscal fatigue.” This creates the potential for
the emergence of a bad equilibrium, even if we start in a region of the state space where
the fiscal rule is aggressive.

Next we show that longer debt maturities contribute towards uniqueness. A short
maturity requires constant refinancing, exposing the borrower to increases in interest rates
and amplifying the feedback effects; in contrast, a longer maturity mutes these forces. This
mechanism is distinct from the the one at play in rollover crises, where shorter maturities
makes repayment more costly in the event of a rollover crisis, increasing the strategic
motive for default.

Tipping Points. Our model captures the idea of a “tipping point” for debt dynamics, a
notion which appears loosely in public debates on debt sustainability, but which acquires
a precise form in our setting (see also Greenlaw et al., 2013). Even when the equilibrium is
unique, there exists a threshold level of debt separating the good and bad paths for debt.
Below this threshold, debt, interests rates and default probabilities fall over time; above it,
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they rise. By implication, the dynamics are very sensitive to debt and other variables near
the tipping point. This captures a different source of volatility, in which the equilibrium is
unique, yet outcomes can be very sensitive to small changes in fundamentals.

Optimizing Government. Our focus on fiscal rules allows us to isolate the coordination
problem amongst investors. However, our results and analysis do not depend on this
modeling choice and we study versions of our model with an optimizing government,
that maximizes expected utility under discretion.

We use a model with government optimization to show that slow moving crisis dy-
namics can arise also when we endogenize the primary surplus. We also use a model
with government optimization in the last section, in which we provide microfoundations
for our approach to bond pricing. In particular, in most of the paper, we take the follow-
ing approach: given the government’s financing needs, debt issuances and bond prices are
determined by the market to satisfy the government budget constraint. That is, the gov-
ernment cannot directly control the level of bond issuances. One may ask: why can the
government not choose the quantity of bonds issued and select the equilibrium price? Our
view is that this requires an implicit and strong commitment assumption: if the revenue
of the bond issuance falls short, the government must adjust its surplus instantaneously
and automatically. This seems implausible, as it requires an extremely responsive fiscal
policy in the short run. Governments have limited room or desire for sharp adjustments
in a such short time frame. Instead, it seems more reasonable to assume the the govern-
ment will issue more bonds to make up for the lower price. This is the assumption we
adopt. The optimizing model of Section 7 provide a formalization of this argument.

Related literature. Aguiar and Amador (2013) provide a recent survey of the sovereign
debt literature. The main precursor to our paper is Calvo (1988), who introduced the
feedback between interest rates and the debt burden in a two-period model in which the
government chooses its financing needs, while debt issuances and interest rates are jointly
determined on the bond market. Our main goal is to reinvigorate this approach and ex-
pand it to a dynamic setting, more appropriate for the study of slow moving crises. A
dynamic setting allows us to explore the conditions for multiple equilibria with respect
to debt levels, debt maturity and fiscal policy rules. We also find that the nature of the
multiplicity, coupled with stability refinements, is somewhat different in a more dynamic
setting with long term bonds. A handful of recent papers also adopt elements of the Calvo
(1988) approach. Corsetti and Dedola (2011) and Corsetti and Dedola (2013) investigate
whether independent monetary policy is sufficient to insulate a government from confi-
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dence crises. Navarro et al. (2014) apply the same approach to a sovereign-default model
with short-term debt similar to Arellano (2008), to investigate how likely are sovereign
borrowers to enter the multiple equilibrium region.

Sovereign debt rollover crises were introduced by Giavazzi and Pagano (1989), Alesina
et al. (1992) and Cole and Kehoe (1996).3 Cole and Kehoe (2000) provides a workhorse
model for the more recent literature, including Conesa and Kehoe (2012) and Aguiar et al.
(2013). We see rollover crises and slow moving crises as complementary explanations for
the turbulence in sovereign debt markets. Indeed, rollover crises are also possible in our
model and slow moving crises are best thought of as less extreme versions of the same
phenomena. For most of the paper we set rollover crises aside to focus on slow moving
crises.

Our use of a fiscal rule in the baseline model follows the literature on debt sustainabil-
ity (Bohn, 1995, 2005) and the literature on the interaction of fiscal and monetary policy
(e.g., Leeper, 1991). Two recent papers consider what happens in models with fiscal rules
when we take explicitly into account the possibility of government default. The first is
Bi (2012), who postulates a relation between the maximum debt sustainable and the ex-
pected value of the maximum future revenues attainable and focuses on the feedback
between fiscal responses and private sector behavior in labor supply and capital accumu-
lation. Ghosh et al. (2013) is closer to our paper, as they model default as coming from
the inability of the government to finance the current deficit at any finite interest rate. The
main difference is that we consider the possibility of multiple equilibria.

2 Model

In this section, we show how to derive bond prices in a setup where the government
follows a given fiscal rule and default occurs when the government is unable to raise
enough revenue from new debt issuances to cover its current financing needs.

Consider an infinite horizon, discrete-time environment, with periods t = 0, 1, 2, . . .
Uncertainty is modeled by the exogenous state st, we call a sequence of states st = (s0, ...st)

a node and denote by Pr
(
st) the probability of node st. To simplify, we assume that all

uncertainty is resolved at some finite date T < ∞. This assumption, which will be relaxed
later, allows us to solve the model by backward induction, which is both revealing and
simple, and ensures that multiplicity is not driven by an infinite horizon.

3Chamon (2007) argues that the coordination problem in rollover crises can be avoided by appropriately
designing the way in which bonds are underwritten and offered for purchase to investors by investment
banks.
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The government issues non-contingent bonds in a competitive credit market to a con-
tinuum of risk-neutral investors with discount factor β = 1/ (1 + r). Bonds have geomet-
rically decreasing coupons: a bond issued at t promises to pay the sequence of coupons

κ, (1− δ) κ, (1− δ)2 κ, ...,

where δ ∈ (0, 1) and κ > 0. We set κ = δ + r, a normalization that makes the bond
price 1 when the risk of default is zero at all future dates. This well-known specification
for long-term bonds is useful because it avoids having to carry as a state variable the
entire distribution of bonds of different maturities (see Hatchondo and Martinez, 2009).
Namely, a bond issued at t− j is equivalent to (1− δ)j bonds issued at t, so the vector of
outstanding bonds can be summarized by the single state variable bt, which represents
total debt in equivalent newly issued bonds. The parameter δ controls the maturity of
debt, δ = 1 corresponds to the case of a short-term bond and δ = 0 corresponds to the
case of a consol.

The government generates a sequence of primary fiscal surpluses {zt}, representing
total taxes collected minus total outlays on government purchases and transfers. A neg-
ative value of zt corresponds to a primary deficit. The primary surplus is determined by
the state history st and by the stock of debt bt, according to the fiscal rule

zt = h
(
bt, st) .

We assume that h is weakly increasing in bt, capturing a government that responds to
a higher accumulated debt by cutting spending and/or raising taxes. Fiscal rules of this
kind are commonly adopted in the literature studying debt sustainability (e.g. Bohn, 2005;
Ghosh et al., 2011). We also assume that the fiscal rule is bounded above, so zt ≤ z̄ < ∞.
The presence of the upper bound z̄ captures the maximum fiscal effort the government is
able to make to repay its debt and captures what in IMF jargon is sometimes called “fiscal
fatigue.”

Absent default, the government budget constraint is

zt + qt · (bt+1 − (1− δ) bt) = κbt, (1)

where qt is the price of a newly issued bond. Coupon payments on outstanding bonds are
covered either by the primary surplus or by sales of newly issued bonds.

We assume that the government honors its debts whenever possible, so that default
occurs only if the surplus and borrowing are insufficient to refinance outstanding debt. Let
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χt = 1 denote full repayment and χt = 0 denote default. We assume that after a default
event debtors receive a recovery value vt = v

(
bt, st) ≥ 0, which is divided equally among

all bondholders and we assume that this recovery value is bounded above. Therefore,
bond prices at date t satisfy rational expectations if

qt = βE

[
χt+1 (κ + (1− δ) qt+1) + (1− χt+1)

vt+1

bt+1
| st
]

. (2)

2.1 Equilibrium

To construct an equilibrium we need to find a sequence of bond price functions Q(bt+1, st),
debt issuance functions B(bt, st) and repayment indicators X

(
bt, st+1) such that whenever

the government budget constraint can be satisfied for one or more values of bt+1, then
B
(
bt, st) is selected among these values and whenever the government budget constraint

is not satisfied for any bt+1 default follows and X
(
bt, st+1) is set to 0. The bond price func-

tions must satisfy rational expectations. We now construct these functions by backward
induction.

At date T the process st stops. We assume that from then on the surplus is constant at
the level zT = h

(
bT, sT) and the government repays if and only if this surplus is sufficient

to pay the interest on the debt bT forever, that is, if

zT = h
(

bT, sT
)
≥ rbT.

At date T, we let the repayment function XT
(
bT, sT) equal 1 if this condition is met and

0 otherwise. We write the last period budget constraint as an inequality, instead of an
equality, to allow larger surpluses than those needed to service the debt.4

For all periods t < T we proceed iteratively as follows. First, we compute the price of
debt in for every possible value of bt+1, obtaining the bond price function

Qt(bt+1, st) ≡ βE

[
Xt+1(bt+1, st+1)(κ + (1− δ) Qt+1(Bt+2(bt+1, st+1), st+1))+

+ (1− Xt+1(bt+1, st+1))
v(bt+1, st+1)

bt+1

∣∣∣∣ st
]

. (3)

Recall that if default does not occur in the final period T the debt becomes risk-free, so for
t = T− 1 the function QT(BT+1(bT, sT), sT) on the right-hand side of (3) is replaced by the
value 1.

4One should hence interpret the value zT as the potential maximal surplus, not the actual surplus. If
zT > rbT any slack will be directed to lower taxes or higher spending.
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Given the bond price function define the maximum debt revenue as follows

mt
(
bt, st) ≡ max

b

{
Qt(b, st) · (b− (1− δ)bt)

}
. (4)

Default can be avoided if and only if

h
(
bt, st)+ mt

(
bt, st) ≥ κbt.

We let the repayment function Xt(bt, st) equal 1 if this condition is met and 0 otherwise.
Whenever Xt(bt, st) = 1 we select a bt+1 that satisfies the government budget constraint

h
(
bt, st)+ Qt

(
bt+1, st) (bt+1 − (1− δ)bt) = κbt, (5)

and denote the selected value Bt+1(bt, st). The possibility that multiple values of bt+1 solve
(5) is the source of equilibrium multiplicity in this model. This possibility depends on the
shape of the function Qt

(
bt+1, st) (bt+1 − (1− δ)bt), which we call the debt Laffer curve

and is analyzed in the next section.
When debt is short term, δ = 1, the functions Qt, mt, Xt are uniquely determined as the

pricing function in (3) does not depend on what value of bt+1 is selected to solve (5) in the
following period. This observation is summarized in the following result.

Proposition 1. With short-term debt (δ = 1) the functions Qt, mt, Xt are uniquely defined and
the function mt(bt, st) does not depend on bt.

When δ < 1, on the other hand, future equilibrium selection matters for current prices,
so multiplicity in the future selection of bt+1 translates into multiplicity of the functions
Qt, mt, Xt today.

Once we have constructed the functions Qt, mt, Xt, Bt+1 iterating backwards, equilib-
rium paths are obtained by iterating forward on bt+1(st) = Bt+1(bt(st−1), st) starting with
a given level of initial debt b0 and an initial state s0. Evaluating qt(st) = Qt(bt(st), st) then
gives the equilibrium sequence of bond prices. By including a sunspot variable in the
state st this construction also allows for random selection of continuation equilibria when
multiplicity arises.

2.2 Multiplicity, selection and timing assumptions

If at each juncture in the backward induction one always selects the lowest bt+1 solv-
ing equation (5) the recursion pins down both a unique sequence {mt, Qt, Xt, Bt+1} and a
unique outcome bt(st) and qt(st). We then have the following result.
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Proposition 2. There is a unique equilibrium satisfying the requirement that Bt+1(bt, st) always
equal the lowest possible solution to (5).

If, instead, we do not impose a selection criterion, multiple equilibria arise whenever
(5) admits multiple solutions for some realizations of st and bt. This is the approach we
follow in the rest of the paper.

We conclude this section discussing briefly alternative approaches to selection and
multiplicity. The sovereign-debt literature following Eaton and Gersovitz (1981)—and the
subsequent quantitative literature started by Arellano (2008)—make the assumption that
the government chooses the quantity of bonds it auctions each period and then investors
bid and determine the bond price. This timing assumption acts as a selection criterion
picking a unique value of bt+1 in each period, and thus leads to uniqueness.5 Implicit
in this timing is an assumption that the government has the ability to commit to a given
amount of bonds issued, both on and off the equilibrium path. However, committing
to a given amount of bonds issued requires a credible commitment to cut spending or
raise taxes if bond prices turn out lower than expected. In practice, the credibility of an
announcement of this kind seems questionable.6

Consider a government that is running a bond auction every week. Suppose that on a
given week the government has to finance a deficit of 100 million euros. It announces it
will sell 10 million bonds, expecting a price of 10 euros per bond. Suppose now that the
bond price turns out to be 9 euros: the government is short 10 million. Should we expect
the government to immediately implement tax increases or spending cuts for 10 million,
or should we expect it to run down its liquid reserves and increase bond issuances in the
following weeks? We see the second form of adjustment as more plausible in the short
run.

In the model presented here, in which the government follows a fiscal rule, the primary
surplus is fixed at the beginning of each period (which can represent, say, a quarter). Our
timing assumption is that each period the government takes as given bond prices and

5In finite horizon versions of the models in Eaton and Gersovitz (1981) and Arellano (2008) the backward
induction argument behind Proposition 2 can be easily extended to prove uniqueness. In the infinite horizon
case things are more difficult, since a backward induction argument is unavailable. Auclert and Rognlie
(2014) show uniqueness in the infinite horizon case under some conditions.

6Given a non-negativity constraints on spending and an upper bound on tax revenues, one also has
to worry about the very feasibility of committing to a given level of bond issuances for any realization of
the price qt off the equilibrium path. Consider a setup with short-term debt, where the budget constraint
is qtbt+1 ≥ bt − st. Given a committed level bt+1, if the price is low enough and the maximum achievable
primary surplus is too low to fully repay bt, then it is infeasible for the government to fulfill its commitment:
either bt+1 has to be increased, or the government has to default. The timing in Cole and Kehoe (2000), by
allowing for default triggered by low bond prices, has the virtue of ensuring that payoffs are well defined
for all possible strategies.
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bt+1

Qt(bt+1, st)bt+1

bt+1

Qt(bt+1, st)bt+1

lower bt

Figure 1: Debt Laffer curve: zero recovery (left) and positive recovery (right).

adjusts bond issuances to satisfy the budget constraint (5). All values of bt+1 that solve (5)
are then legitimate equilibrium outcomes.

In Section 7 we study a game with repeated bond auctions to provide theoretical foun-
dation for the timining assumption above.

3 Short-term debt

In this section and the next we analyze equilibrium multiplicity by studying the properties
of the debt Laffer curve. We begin with the case of short-term debt. With short-term debt
δ = 1 and κ = 1 + r, so the government budget constraint is simply

zt + Qt
(
bt+1, st) bt+1 = (1 + r) bt, (6)

and the debt Laffer curve is Qt
(
bt+1, st) bt+1. Two examples of debt Laffer curves are rep-

resented in Figure 1. The dashed line represent the government current financing needs
(1 + r) bt− zt. An equilibrium is given by an intersection of the debt Laffer curve with the
dashed line.

The panel on the left of Figure 1 shows an example with zero recovery. With zero re-
covery the function Qt

(
bt+1, st) bt+1 reaches zero when bt+1 is large enough. This follows

because the value of zt+1 is bounded above, so for bt+1 large enough default is certain at
t + 1 and Qt

(
bt+1, st) = 0. Of course, we also have Qt

(
bt+1, st) bt+1 = 0 at bt+1 = 0. This

means that whenever the government has positive financing needs, (1 + r) bt − zt > 0,
and a solution to (6) exists, there is always more than one solution, as shown in the figure.
In particular, the example in the left panel of Figure 1 features two solutions. In the high-
debt equilibrium, the low bond price forces the government to sell more bonds to meet its
financial obligations; the higher debt leads to a higher probability of default in the future,
which justifies the low bond price. This two-way feedback between low bond prices and
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bt+1

Qt(bt+1, st)bt+1

Figure 2: Multiple stable equilibria.

high debt makes multiple equilibria possible.
The panel on the right of Figure 1 shows an example with positive recovery. Now the

Laffer curve converges to the recovery value for high debt. This implies that if current
financing needs are positive but low enough the equilibrium is unique. In the figure we
see that a sufficient reduction in the initial debt level bt shifts the dashed line downwards,
eliminating the bad equilibrium.

We summarize this discussion in the following result.

Proposition 3. Consider the model with short-term debt (δ = 1). With zero recovery, if there is
an equilibrium for a positive value of (1 + r) bt − zt, then there is always at least two equilibria.
With positive recovery, if (1 + r) bt − zt is low enough the equilibrium is unique.

3.1 Stable equilibrium selection

Equilibrium points where the Laffer curve is locally decreasing are “unstable” in the Wal-
rasian sense that a small increase in the price of bonds reduces the supply by more than the
demand, creating excess demand. These equilibria are also pathological on other grounds.
First, they are also unlikely to be stable with respect to most forms of learning dynamics.
Second, Frankel, Morris and Pauzner (2003) show that global games do not select such
equilibria. Third, these equilibria lead to counterintuitive comparative statics: an increase
in the current debt level bt increases the bond price qt, i.e. higher financing needs lower
the equilibrium interest rate.

For all these reasons, from now on we discard equilibria that are unstable in this sense
and only consider equilibria where the Laffer curve is locally increasing. If the Laffer curve
is single-peaked, as in the examples of Figure 1, we have a unique stable equilibrium (but
see the discussion below on rollover crises). Figure 2 shows a case with a multi-peaked
Laffer curve which generates multiple stable equilibria.
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With short-term debt, Proposition 1 implies that the bond price function is

Qt
(
bt+1, st) = Pr[h

(
bt+1, st+1

)
+ mt+1

(
st+1

)
≥ (1 + r) bt+1|st],

so its shape reflects the distribution of shocks and the shape of the policy function. The
next proposition, proved in the Online Appendix, derives a sufficient condition on the
function Qt that implies single-peakedness of the Laffer curve.

Proposition 4. If the elasticity of the price function

−∂Qt
(
bt+1, st) /∂bt+1

Qt (bt+1, st)
bt+1

is monotone non-decreasing in bt+1 the debt Laffer curve is single-peaked at all t and there is a
unique stable equilibrium.

The role of the shock distribution in generating multi-peaked debt Laffer curves and
multiple equilibria is investigated in Navarro et al. (2014). They show that commonly
used shock processes lead to single-peaked debt Laffer curves, but a shock process which
includes a form of disaster risk can lead to bond price functions that violate the mono-
tonicity property in Proposition 4 and produce multi-peaked debt Laffer curves. In the
next section, we will see that the presence of long-term debt makes it easy to generate
multi-peaked Laffer curves even if the monotonicity property above is satisfied.

3.2 Rollover crises

We now consider the possibility of a different type of equilibrium. Consider the left panel
of Figure 1 and suppose we start immediately to the right of the bad, unstable equilibrium.
At that point, there is excess bond supply so tatonnement logic says the price should fall,
pushing us further to the right. This continues until we reach a level of bond issuance
associated with a zero probability of repayment and a zero bond price. This suggests the
presence of a third, stable equilibrium with immediate default in period t. We can think of
this equilibrium as a rollover crisis à la Cole and Kehoe (2000): pessimistic investors force
the country into immediate default and default makes future repayments impossible, jus-
tifying investors’ expectations.

To allow explicitly for the possibility of a rollover crisis, we relax the assumption that
default only happens when there is no issuance bt+1 that allows the government to finance
bt − zt, and introduce the possibility of default triggered by zero bond prices today. In
particular, we adopt the following convention, which we state for the general case δ ∈
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[0, 1]. If
zt + lim

bt+1→∞
Qt
(
bt+1, st) (bt+1 − (1− δ) bt) < κbt

we say that there is a rollover crisis equilibrium with bt = ∞ and qt = 0 and default at
t. With this convention, the situation depicted in the left panel of Figure 1 features two
stable equilibria: a low-debt equilibrium and a rollover crisis equilibrium with immediate
default.

As discussed in the introduction, rollover crises are the focus of Cole and Kehoe (2000)
and a large subsequent literature, so we will mostly leave them aside in this paper.

4 Long-term debt

We now turn to our benchmark case with long-term bonds. Long-term debt allows us to
fully develop our idea of slow moving crises, in which higher spreads lead to a gradual
increase in debt servicing costs, as the government only replaces a fraction of maturing
bonds with newly issued ones.

Introducing long-term debt is important for two other reasons. First, in most advanced
economies the bulk of the debt is in the form of relatively long maturities, rather than
three-month or one-year bonds (Arellano and Ramanarayanan, 2012). For example, the
average maturity of sovereign debt for Greece, Spain, Portugal and Italy was in the range
of 5 to 7 years over the 2000-2009 period. Second, it is widely believed that short-term
borrowing exposes a sovereign borrower to debt crises and that longer maturities pro-
vides some protection. In the context of a rollover debt crises, Cole and Kehoe (1996) find
support for this view. It is of interest to see if the same is true for slow moving crises.

To analyze debt maturities longer than one period, that is, δ < 1, we make specific as-
sumptions on the stochastic process for the primary surplus. In this section, we introduce
these assumptions and focus the analysis on two period and three period versions of our
model—which correspond to the last two or three periods before the resolution of uncer-
tainty at date T. This allows us to get intuition on how debt maturity affects the shape
of the debt Laffer curve and the possibility of multiple equilibria. In the next section, we
analyze an infinite horizon version of the same model.

14



4.1 A two-stage process for the primary surplus

The primary surplus evolves in two stages. In the first stage, the primary surplus is a
deterministic function of the debt level and, with a slight abuse of notation, we have

zt = h (bt) .

Each period, with Poisson probability λ the economy switches to the second stage. After
the switch occurs at some date t the surplus is constant and equal to rZ with Z drawn
from the continuous distribution F (Z) with support [0, Z]. The variable Z is the present
value of current and future surpluses. We interpret the first stage as the current policy
regime and the Poisson event as a political event—like an election or the passing of a
fiscal reform—after which all uncertainty about fiscal policy is resolved. At date T, if the
Poisson event has not occured yet, we enter the second stage with probability one.

The recovery value is modeled as follows. If default occurs after the Poisson event, the
total recovery value is proportional to the present value of the primary surplus

vt = φ (1 + r) Z, (7)

for some parameter φ ∈ [0, 1]. If default occurs before the Poisson event, the total recovery
value is given by the expected present value of the flow φ max{h (bt) , 0} in all periods
before the Poisson event and by (7) after that.

4.2 Maturity and multiplicity

We now study a two period version of our model, by focusing our attention on the last
two periods T − 1 and T.

We analyze the model proceeding backwards in time, as described in Section 2. When
uncertainty is resolved, either after the Poisson event or at date T, two cases are possible.
If Z ≥ bt the government can repay at all future dates and current bondholders receive
1 + r per bond (as the bond price is 1). If instead Z < bt, each bondholder receives

φ (1 + r)
Z
bt

< 1 + r.

We can then derive the bond price schedule at time T− 1. Since agents expect uncertainty
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to be resolved at T, the bond price schedule is7

QT−1 (bT) = Ψ (bT) ≡ 1− F(bT) + φ
∫ bT

0

Z
bT

dF(Z). (8)

The budget constraint at T − 1 is

zT−1 + QT−1 (bT) (bT − (1− δ) bT−1) = κbT−1, (9)

and the debt Laffer curve is QT−1 (bT) (bT − (1− δ) bT−1). The crucial difference with the
case of short-term debt is that now increasing bT reduces the value of pre-existing stock of
debt (1− δ) bT−1 and, through this dilution channel, relaxes the budget constraint.8

We can now address the question of how maturity affects the possibility of multiple
equilibria at T − 1. To compare different maturities, let us compare economies that have
the same primary surplus zT−1, the same distribution F, and the same recovery parameter
φ, but have different values of δ and κ = r + δ. We use the economy with short-term debt
δ = 1 as our reference economy. For that economy, we find a good equilibrium at b∗T and
q∗T−1 = QT−1 (b∗T). For all other economies, we then set the initial condition bT−1 so that
the ex ante value of the existing debt

(
κ + (1− δ) q∗T−1

)
bT−1,

is equal to zT−1 + q∗T−1b∗T.9 To interpret this exercise, think that the domestic government,
at the beginning of date T − 1, before any new debt is issued, makes a take-it-or-leave-it
offer to the initial bondholders, to swap all their bonds with bonds of a different maturity
δ. To make the bondholders indifferent the government has to offer bonds that have the
same expected value. The swap is made assuming bondholders expect the good equilib-
rium to be played, and we then ask how the maturity swap affects the possibility of other
equilibria.

Consider an economy with the following parameters

β = 0.95, φ = 0.7, zT−1 = −0.3, log Z ∼ N(0.4, 0.07).

Figure 3 shows the debt Laffer curves in three cases: the extreme cases δ = 1 (one period
debt) and δ = 0 (consol), and the intermediate case δ = 0.5. The initial debt levels are

7Notice that here QT−1 does not depend on sT−1 so we omit it from the notation.
8Hatchondo et al. (2016) discuss the role of the debt dilution problem in sovereign debt models.
9The good equilibrium values of b∗T and q∗T−1 can be set to the same value in all these economies, because

at date T the bondholders’ payoff conditional on b∗T are independent of δ and κ, as can be seen from (8).
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Figure 3: Maturity and multiplicity.

chosen so that in the good equilibrium bT = b∗T = 1.3. For ease of comparison, we plot
the debt Laffer curve minus the current coupon payment κbT−1. The dashed black line
corresponds to the constant primary deficit −zT−1.

By construction, all Laffer curves cross the dashed black line at the same value b∗T, the
good equilibrium. However, as δ gets lower—i.e., as debt maturity gets longer—the Laffer
curve shifts upwards for all bT > b∗T and the distance between Laffer curves of different
maturity is increasing in bT. This is a general result, proved in the next lemma, and is
the result of the debt-dilution force mentioned above: with longer debt the reduction in
qT−1 due to increasing bT, devalues the claims held by old bondholders and allows the
government to raise more revenue from new debt issuances. The proof of the lemma is in
the appendix.

Lemma 1. Consider two economies with the same distribution F and the same primary surplus
zT−1 at T − 1. The two economies have different debt maturities δ and δ′, with δ′ < δ, and initial
stocks of debt bT−1 and b′T−1 that satisfy

(r + δ + (1− δ) QT−1 (b∗T)) bT−1 =
(
r + δ′ +

(
1− δ′

)
QT−1 (b∗T)

)
b′T−1, (10)
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and both have an equilibrium at b∗T. The distance between the Laffer curves of the two economies

QT−1 (bT)
(
bT −

(
1− δ′

)
b′T−1

)
−QT−1 (bT) (bT − (1− δ) bT−1)

is weakly increasing in bT.

How this result affects equilibrium multiplicity depends, in general, on the shape of
the Laffer curve. Figure 3 shows how maturity affects multiplicity in our example. With
short-term debt, δ = 1, we have a unique stable equilibrium in which the government is
able to finance the primary deficit −zT−1, but we also have a rollover crisis equilibrium as
discussed in Section 3.2. In the intermediate case δ = 0.5, we have two stable equilibria
in which the government is able to finance the primary deficit −zT−1 and no rollover
crisis.10 Finally, with a consol we have a unique equilibrium at b∗T and no rollover crisis.
It is possible to show that in our example, as we decrease δ continuously from 1 to 0,
we move from the first case to the second, and finally to the third. That is, the effect of
longer maturity in our example is, first, to eliminate the rollover crisis and turn it into a
confidence crisis with low bond prices but no immediate default,11 and next, to completely
eliminate multiplicity and only leave the good equilibrium.

The possibility of multiple stable equilibria for intermediate values of δ is related to the
presence of dilution. As bT increases three forces are at work: the stock of debt increases,
the price of debt decreases reducing the value of the new stock of bonds bT, the price of
debt decreases reducing the value of the old stock of bonds (1− δ) bT−1. The first and the
third effect increase debt revenue, the second decreases it. In the examples shown with δ =

0.5, the Laffer curve is initially increasing because of the first effect, as we are in a region
in which the price is relatively unresponsive to bT. Then the Laffer curve decreases as
we near the mode of the distribution Z and the slope of the function QT−1 (bT) is steeper.
Finally, we reach a region in which QT−1 (bT) bT flattens at the recovery value. In this
region however, the dilution force is still present and makes the Laffer curve increasing
again. We do not have a general analytical result, but numerical experiments suggest that
this is a common pattern and inverse S-shaped Laffer curves as in Figure 3 tend to arise
with δ < 1.

In the next section, we explore the relation between maturity and multiplicity in a
richer dynamic version of the model, but the qualitative implications will be similar.

10Recall that the condition to rule out a rollover crisis is that the debt Laffer curve is above the financing
needs as bT → ∞.

11We use the words “turn into” for a good reason. Let δ̂ be the cutoff such that a rollover crisis is possible
for δ > δ̂ and not possible for δ < δ̂. As δ ↑ δ̂ the value of bT in the bad equilibrium goes to infinity and
the bond price in the bad equilibrium goes to zero, which are the conventional values used to describe a
rollover crisis.
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Figure 4: Constructing the bond schedule at T − 2.

4.3 Back to the bond price function

We now turn to a three period version of the model, by going back to period T − 2 and
providing a complete characterization of the bond pricing function QT−2 (bT−1). The fol-
lowing construction allows us to explore the properties of this function independently of
the equilibrium selection criterion used at T − 1 (if multiplicity is present).

Consider a candidate equilibrium value for bT and suppose for simplicity that the pol-
icy rule is constant, so zT−1 = ẑ. Then, we can use the budget constraint to solve for
bT−1:

bT−1 =
ẑ + QT−1 (bT) bT

κ + (1− δ) QT−1 (bT)
.

Given bT−1, we can use the rational expectations condition (2) to solve for qT−2:

qT−2 = (1− λ) β [κ + (1− δ) QT−1 (bT)] + λΨ (bT−1) ,

where the function Ψ is defined in (8). The pair (bT−1, qT−2) is consistent with equilibrium
at T− 1 iff it can be derived from the two conditions above for some bT. The locus of pairs
(bT−1, qT−2) derived in this way is plotted in the left panel of Figure 4 for the numerical
example above, setting δ = 0.5.

This construction identifies four regions for the debt level bT−1: the interval [0, bL) is
the safe region in which only an equilibrium exists and it features bond prices close to 1;
the interval [bL, bH] is the multiplicity region where two stable equilibria are possible; the
interval (bH, bMAX] is the region in which a unique equilibrium is possible, but it features
low bond prices; finally in the interval (bMAX, ∞) there is no equilibrium consistent with
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debt repayment at time T − 1. Using the graph on the left of Figure 4 we can construct
a bond price function QT−2 (bT−1) by selecting an equilibrium at time T − 1 in the mul-
tiplicity region. An example of such a bond price function is shown in the right panel of
Figure 4. That bond price function is derived selecting the good equilibrium for bT−1 ≤ b̂
and the bad equilibrium for bT−1 > b̂.

In the next section, we extend this type of construction to a fully dynamic model with
a non-constant policy rule.

5 Debt dynamics

We now turn to analyze debt dynamics. As in the last section, we focus on a process for
the primary surplus in which resolution of uncertainty happens with Poisson probability.
However, we remove the terminal date T so as to have a stationary environment. For
analytical convenience, we turn to continuous time, so the dynamics before the Poisson
event can be analyzed by studying two ODEs.

Let us briefly go over the continuous time version of our model. Bonds issued at time t
pay the coupon κe−δ(τ−t) for τ > t. We still assume κ = r + δ, so the bond price is 1 when
there is no default risk.

The primary surplus process closely mirrors the one in Section 4. Before the resolution
of uncertainty the primary surplus is given by the non-decrasing function

z = h (b) ,

that is bounded above by z̄. Uncertainty is resolved with Poisson arrival rate λ. At the
time of the resolution of uncertainty, the random variable Z is drawn from the CDF F (Z)
and the primary surplus is constant at z = rZ from then on. If Z ≥ b default is avoided
and the bond price equals 1, if Z < b bondholders obtain the recovery value φZ, with
φ < 1. So the bond price immediately before the resolution of uncertainty is

q = Ψ (b) ≡ 1− F(b) +
φ

b

∫ b

0
Z dF(Z),

which is analogous to equation (8).
Before the Poisson event, the government budget constraint (1) and the bond pricing

condition (2) take the form
z + q

(
ḃ + δb

)
= κb, (11)
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rq = κ − δq + λ (Ψ (b)− q) + q̇. (12)

Here we are restricting attention to continuous paths for the price q before the Poisson
event. This is equivalent to assuming no sunspot. Sunspots are discussed below in Section
5.5.

Our objective here is to construct Markov equilibria in which, before the resolution
of uncertainty, the bond price is a function of the stock of bonds, denoted by Q (b). In
order to construct a Markov equilibrium, we proceed in two steps. First, we characterize
solutions to the ODEs (11)-(12) in (q, b), given appropriate boundary conditions. Next, we
use these solutions to construct the function Q (b).

5.1 Boundary conditions

Two boundary conditions are possible: either the economy converges to a stable steady
state or it converges to default before the Poisson event. Let us look at both cases.

5.1.1 Convergence to a steady state

Steady states of the system (11)-(12) are found at the intersection of the loci q̇ = 0 and
ḃ = 0. The q̇ = 0 locus is given by

q =
κ + λΨ (b)
r + δ + λ

(13)

and is downward sloping since Ψ′ (b) < 0. The ḃ = 0 locus is given by

q =
κb− h (b)

δb
(14)

and is decreasing if and only if
h′ (b) > κ − δq. (15)

We assume that there is a range of b for which (15) is satisfied, so the ḃ = 0 locus is
decreasing in that range. As we shall see, this assumption is necessary to ensure the
existence of a stable steady state. On the other hand, our assumption that h is bounded
above at z implies that for high enough levels of debt (15) is violated and the ḃ = 0 locus
is increasing.

The left panel of Figure 5 shows steady states of a numerical example. The parameters
of this example are described below in 5.3. The blue line represents the q̇ = 0 locus,

21



1 1.1 1.2 1.3 1.4 1.5
0.7

0.8

0.9

1 q̇ = 0
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Figure 5: Continuous time model: phase diagram.

the brown line the ḃ = 0 locus. The example features two steady states. A low-debt
steady state, in which bond prices are high, debt issuances δqb cover a large fraction of
the coupon payments κb and the government runs a low primary surplus, consistent with
its policy rule h(b). And a high-debt steady state, in which bond prices are low and debt
issuances cover a smaller portion of coupon payments, so the government needs to run
a larger surplus. Notice that multiplicity of steady states is different from multiplicity of
equilibria, as we shall see below.

For a steady state to serve as a boundary condition it must be locally stable. The fol-
lowing lemma provides a necessary and sufficient condition for local saddle-path stability.

Lemma 2. (Stability) A steady state with positive debt is a saddle point if and only if the ḃ = 0
locus is downward sloping and steeper than the q̇ = 0 locus, or equivalently,

h′(b) > κ − δq− δλ

r + δ + λ
Ψ′ (b) b. (16)

In the case of no default risk, with q = 1 and λΨ′ (b) = 0, condition (16) reduces
to h′ (b) > r. In the literature, stability conditions analogous to h′ (b) > r are used to
describe a “Ricardian regime” in which fiscal policy adjusts to keep the debt stable (Leeper
(1991)). However, once default risk is present, local stability requires a stronger condition.
Condition (16) is stronger than h′ (b) > r for two reasons. First, the average cost of debt
servicing (coupon payments net of receipts from replacing depreciated bonds) is higher
with default risk, since κ − δq = r + δ (1− q) > r. Second, the marginal cost of debt
servicing is higher than its average cost because q is endogenous and decreasing in b. This
effect is captured by the last term in (16), where Ψ′ (b) < 0.

The low-debt steady state in Figure 5 is saddle-path stable, as we can see from the
relative slopes of the ḃ = 0 and q̇ = 0 loci. On the right panel of Figure 5, we plot, in
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green, dynamic paths that converge to the low-debt steady state. Looking at the dynamic
paths near the high-debt steady state, we can see that it is unstable and features oscillat-
ing dynamics moving away from the steady state. The next proposition shows that this
configuration with one stable and one unstable steady state is typical: when there is one
stable steady state, there is always another, unstable, steady state, with higher debt.

Proposition 5. (Multiple steady states) If there exists a stable steady state with positive debt, then
there exists an unstable steady state with higher debt.

The existence of an unstable steady state is tightly related to the upper bound for the
primary surplus z. That upper bound means that the fiscal policy rule is unresponsive at
high enough debt levels, that is, h′ (b) = 0 for b large enough. This means that at high
enough debt the locus for ḃ = 0 is increasing and must intersect the locus for q̇ = 0 which
is decreasing. At that intersection, condition (16) is necessarily violated, giving instability.

Of course, more than two steady states are possible. For simplicity, in the remainder
of this section, we focus our attention on economies with two steady states as in Figure 5,
which we denote (bL, qL) and (bH, qH).

5.1.2 Convergence to default

Convergence to a steady state is not the only possible terminal condition. The economy
can also follow a path leading to certain default at some finite date t̂, before the resolution
of uncertainty. In continuous time, default can occur before the resolution of uncertainty
only if q reaches 0 at t = t̂, because as long as q is positive there always exists a ḃ that
satisfies the budget constraint (11). Denote by

v = qb

the value of debt. The ODEs 11-12 in (q, b) can be transformed into ODEs in (q, v) (see
the appendix for details). The presence of recovery means that, at the moment of default,
bondholders expect a positive recovery value v̂ > 0 and rational expectations require that
v converge continuously to v̂ as t → t̂. Therefore, to find the path leading to default
before the resolution of uncertainty, we just need to solve the ODEs in (q, v) with terminal
conditions (0, v̂).

It remains to determine the terminal value v̂. Since q converges to zero and qb con-
verges to a positive value, b will diverge to ∞ as we approach default. Therefore, at some
point b will be large enough that the current surplus is at its upper bound z̄ and the ex-
pected recovery is Ψ

(
Z
)

Z = φE[Z]. The recovery value at the moment of default is then
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Figure 6: Continuous time model: constructing a Markov equilibrium

v̂ = φ
z̄ + λE[Z]

r + λ
.

Going back to the right panel of Figure 5, we see, in red, a dynamic path that spirals
out of the high-debt steady state and eventually leads to ever increasing debt and ever
lower bond prices. The limit of that path has q→ 0 and b→ ∞ along a hyperbola with qb
constant.12

5.2 Multiple Markov equilibria

Let us now construct a Markov equilibrium for the example in Figure 5. That is, an equi-
librium in which, before the Poisson event, the price is a function Q (b) of the inital debt
level b.

This means that for each b we have to select a single equilibrium path. The oscillating
dynamics near the high-debt steady state of Figure 5 imply that multiple selections are
possible: if we start at an inital debt level in a region around that steady state, we can
choose the initial price either on the green path or on the red path, leading to different
equilibria. In the figure, we see that this is a possibility when the initial condition, for
example, is b = 1.2, since a vertical line at b = 1.2 crosses both the green and the red path.

To construct a Markov equilibrium, we proceed in two steps.
In the first step, we construct two candidate functions Q+ and Q−. Solve the ODE

backwards from the low-debt steady state bL in both directions, following the green paths.

12One can wonder whether other type of terminal conditions are possible. In a configuration with two
steady states as in Figure 5, no other terminal condition is possible, because all paths different from those
considered either lead to q > 1, which is inconsistent with the investors’ transversality conditions, or lead
to q = 0 at which point default occurs and the value qb has either diverged or converged to a value different
from v̂.
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In the direction to the right of bL, stop the first time that ḃ changes sign, i.e., stop at the first
bend of the spiral. Call the stopping point b+. This construction defines a function Q+ (b)
on the domain (∞, b+]. A similar construction can be done moving backwards from any
point (b, q) that satisfies b ≥ Z, h (b) = z and qb = v̂. This gives us dynamics consistent
with convergence to default, following the red path in the figure. Again, we stop at the
value b− at which ḃ switches sign. This yields a function Q− (b) on the domain [b−, ∞).13

In the second step, we construct a Markov equilibrium selecting from the two functions
just defined. For this construction to be consistent with equilibrium dynamics, we need to
pick a cutoff b̂ and select the Q+ function to the left of b̂ and the Q− function to the right
of b̂. This follows because if we select on the Q+ function we have ḃ < 0 and so we stay
to the left of b̂ from then on, while if we select on the Q− function we have ḃ > 0 and so
we stay to the right of b̂ from then on.

The two steps of our construction are shown in the two panels of Figure 6. The left
panel shows the functions Q− and Q+, the right panel shows the selected function Q.

The way we just constructed a Markov equilibrium is not special to the example con-
sidered and extends to all economies that feature two steady states, one of which stable,
as shown in the next proposition.

Proposition 6. (Markov equilibria) Suppose there is a stable steady state
(
bL, qL) and an unstable

steady state
(
bH, qH), with bL < bH. Then there are two functions Q− : [b−, ∞) → R+ and

Q+ : (−∞, b+] → R+ with b− ≤ bH ≤ b+ with Q−(b) < Q+(b) for b ∈ [b−, b+]. For any
threshold b̂ ∈ [b−, b+] there is a Markov equilibrium with

Q (b) =

Q+ (b) for b ≤ b̂,

Q− (b) for b > b̂.

Debt dynamics satisfy ḃ < 0 for b < b̂ and ḃ > 0 for b > b̂.

Proposition 6 allows for two possible cases. Either b− < b+ or b− = b+. In the first
case, the domains of the two functions Q− and Q+ overlap and there are multiple Markov
equilibria because any intermediate threshold b̂ ∈ (b−, b+) can be chosen to switch from
Q+ to Q−. This is the case of multiple Markov equilibria illustrated in Figure 5. However,
it is also possible that the values b− and b+ satisfy b− = b+, in which case the equilibrium
is unique. Figure 7 illustrates this second case. In both cases, the low-debt steady state
is saddle-path stable and the high-debt steady state is not, as can be inspected from the
slopes of the ḃ = 0 and q̇ = 0 loci. But in the second case the high-debt steady state is

13Following a spiraling path would be inconsistent with the Markov property because in equilibrium the
economy will feature two different prices q at two different points in time in which b is the same.
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a simple source, with no oscillating dynamics. So in this case the two functions do no
overlap and the equilibrium is unique.

Although in the example of Figure 7 the equilibrium is unique, long-run dynamics
are very sensitive to initial conditions. If we start just below the high steady state, debt
converges to the low steady state; if we start just above it, debt grows until certain de-
fault. This formalizes the notion that the economy can have a tipping point where debt-
sustainability concerns drastically alter debt dynamics.

Going back to the case of multiple equilibria, the next proposition gives a sufficient
condition for oscillating dynamics near the unstable steady state, and thus for multiple
equilibria.

Proposition 7. (Sufficient condition for multiplicity) Suppose that at the unstable steady state

4δλΨ′
(

bH
)

qHbH +
(

δqH + h′(bH) + λΨ
(

bH
))2

< 0,

then b− < b+ and there are multiple Markov equilibria.

The condition in the proposition is sufficient but not necessary. Multiple equilibria can
also arise when both eigenvalues are real and positive, if the non-linearity of the system
generates oscillating global dynamics that converge to monotone local dynamics as we
approach bH.

An advantage of the continuous model of this section is that the same curves capture
both the equilibrium relation between debt and bond prices and the equilibrium dynam-
ics of both, as illustrated in Figures 5 and 6. In particular, Figure 5 shows that our model
has a property which we call “eventual uniqueness”. Even if the economy starts in the
interval [b−, b+], if we follow the good path leading to the low-debt steady state for long
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enough, eventually the economy exits the interval of multiplicity and multiple equilibria
are no longer possible. The same is true if the economy follows the bad path. For some
time the good path may remain available, but there is a point of no return. A self-fulfilling
crisis driven by bad expectations eventually turns into an insolvency crisis with bad fun-
damentals.

This discussion has implications for policy interventions such as the “whatever it
takes” announcement mentioned in the introduction. In the model, a lender-of-last-resort
can eliminate the bad equilibrium by committing to purchase bonds issued by the sovereign
at a price above the bad equilibrium price. Such a committment eliminates the bad equilib-
rium path and so uniquely selects the good equilibrium, without the need for equilibrium
intervention by the lender-of-last-resort. This is a common result in models with multiple
equilibria. The additional message here is that delaying an intervention is dangerous, as
b will keep increasing and eventually cross the b+ threshold after which intervening is no
longer costless. One can also think of extensions of the model in which the lender-of-last-
resort is uncertain whether we are to the right or to the left of b+. In those circumstances,
the lender-of-last-resort will need to take into account the possibility of actual purchases
being needed in equilibrium to move back the economy in the region where the good
equilibrium path is achievable. Extensions along these lines could be used to capture the
dilemmas faced by sovra-national lenders like the IMF or the ECB when facing the possi-
bility of self-fulfilling equilibria.

5.3 A slow-moving crisis

The numerical example used for Figures 5 and 6 is loosely built on the case of Italy in
2011. We can reinterpret the variable b as the ratio of debt to GDP and z as the ratio of
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the primary surplus to GDP. It would be easy to add deterministic growth to the model,
but real growth in Italy in the period considered was very low, so we can safely assume
zero growth before the Poisson event. Growth after the Poisson event is implicit in the
distribution of Z. The fiscal rule is chosen to fit the observed relation between the debt-
to-GDP ratio and the primary surplus in Italy in the period 1988–2012. A simple linear
regression of the primary-surplus-to-GDP ratio on the debt-to-GDP ratio for that sample
period yields α0 = −0.13 and α1 = 0.135. We assume an upper bound at z̄ = 6% and use
the rule

z = min {α0 + α1b, z̄} .

We choose δ = 1/7 to match the average maturity of Italian government debt, which is
about 7 years. The real interest rate is set at r = 2%. We choose a recovery of φ = 0.5 and
assume that Z is normally distributed. The mean and variance of Z are calibrated so that
in the low-debt steady state debt is essentially safe—with a spread of 10 basis points—and
the high-debt steady state is at b = 1.3. The value of λ is set to 0.1.

Suppose the economy starts with a stock of debt b0 = 1.2, which is roughly the debt-
to-GDP ratio of Italy in 2011. As we have seen, with the chosen parameters, 1.2 is in the
multiplicity region. The dynamics of bond spreads, of the primary surplus, and of debt-to-
GDP are plotted in Figure 8. We can imagine Italy following a path of slow debt reduction,
as in the good equilibrium of Figure 5. Then investors’ sentiment shift unexptedly and we
switch to a Markov equilibrium with b̂ < 1.2 and the economy starts following the bad
equilibrium path of Figure 5. This sentiment shift causes spreads to jump from 30bp to
150bp on impact.14 This puts the economy on a path of gradually faster debt accumula-
tion, increasing spreads and an increasing fiscal effort due to the fiscal rule. Therefore, the
model can account for a crisis in which spreads increase suddenly and sharply, but the
country affected keeps issuing debt on financial markets for a while and in which debt
dynamics only slowly incorporate the effect of the higher spreads.15

The plots in Figure 8 help identify the main difference between our slow-moving crises
and the self-fulfilling crises in Calvo (1988) and Cole and Kehoe (2000) in terms of empir-
ical predictions. The main difference is the possibility of having spreads that increase
sharply in the short run even though short-run default probabilities increase only gradu-
ally. The crucial ingredients here are the fact that the model has more than two periods
and the presence of long-term debt, so anticipations of future default can move spreads

14Yields on 10-year Italian bonds went from 4.75 in May 2011 to 7.6 in November of the same year. Similar
magnitudes of “sentiment” shocks can be read off the estimate of the effects of OMT announcements in
Krishnamurthy et al. (2013).

15One prominent feature of the Italian crisis missing from Figure 8 is the increase in spread volatility. For
that, see Section 5.5 on sunspots below.
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Figure 9: Regions of policy parameter α1 and initial debt b with unique good equilibrium
(blue), two equilibria (orange) or unique bad equilibrium (red).

substantially in the short run.

5.4 Regions

The model allows to study how changes in parameters affect debt dynamics. As an illus-
tration, consider our main numerical example. We can then vary the responsiveness of the
policy rule α1 and see how the multiplicity interval [b−, b+] varies. This exercise is rep-
resented in Figure 9. The interval [b−, b+] is represented by the yellow area labeled “two
equilibria”. The safe region b < b− in which only convergence to the low-debt steady
state us possible is represented by the blue area labeled “only good equilibrium”. The
region b > b+ in which the only equilibrium leads to certain default is represented by
the red area labeled “only bad equilibrium”. The figure shows that increasing the respon-
siveness of the policy rule, shifts up the interval [b−, b+]. In the example, the size of the
multiplicity region does not seem visibly affected by the policy rule, only its position. In
the example, beyond a certain value of α1 the benefits in term of increasing the safe region
are dampened and, at some point the values of b− and b+ appear flat in α1. That is simply
due to the fact that we are keeping the upper bound z unchanged as we move α1.

A similar exercise can be done to study the effects of changing debt maturity and is
illustrated in Figure 10. The figure shows that maturity has clear effects both on the size
and on the position of the multiplicity interval. In particular, when δ is low enough the
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Figure 10: Regions of maturity and initial debt with unique good equilibrium (blue), two
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multiplicity region disappears. Moreover, when δ is large enough, we reach a point where
b− = 0, so the bad equilibrium can be reached from any positive level of debt and the safe
region vanishes.

5.5 Sunspots

In the equilibria constructed so far, multiple equilibrium paths are only possible at t = 0,
when the Markov equilibrium is selected, i.e., when the cutoff b̂ is chosen. After a Markov
equilibrium is selected, the model dynamics are deterministic and either converge to the
stable steady state or to default.

However, once multiplicity is possible, we can also construct sunspot equilibria in
which, as long as b remains in some interval [b−, b+], the equilibrium path can shift ran-
domly between a path leading to a stable steady state and a path leading to default. A
simple form of sunspot equilibrium is an equilibrium in which there is an additional,
non-payoff-relevant state ω ∈ {ωL, ωH} and switches between the two states occur with
Poisson intensity π. We can then construct Markov equilibria in which the bond price
function is Q (b, ω), so the price depends on the sunspot.

Figure 11 illustrates a sunspot equilibrium—based on the same parameters used for
Figures 5 and 6—in which, if we enter the region of multiplicity the economy selects
always the high price equilibrium if ω = ωH and always the low price equilibrium if
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Figure 11: Continuous time model: a sunspot equilibrium.

ω = ωL. Finding the functions Q− and Q+ from which to select involves calculations
similar to the ones done above, but the ODE for the bond price, equation 12, has to be
changed to incorporate investors’ expectations regarding the effects of the sunspot. In
particular, the ODE used to find the Q+ function is now

rq = κ − δq + λ (Ψ (b)− q) + π
(
Q− (b)− q

)
+ q̇,

when b is in the interval [b−, b+], and is 12 when b < b−. And a symmetric ODE applies
for the Q− function. So finding an equilibrium now requires solving a fixed point problem
involving the functions Q−, Q+ and the points b−, b+.

Notice the implications of a sunspot equilibrium for volatility. An economy that starts
in the region [b−, b+] will display high volatility, as the bond price jumps in response to
the sunspot. However, if the good shock lasts long enough, the economy can move to
the right of the b− threshold, switch to a low volatility regime, and converge to the low
debt steady state. This observation is clearly related to the eventual uniqueness property
identified above.

We could expand the analysis of sunspot equilibria to study the effects of anticipated
policy interventions on volatility. In particular, one can think of a regime in which in-
vestors expect, with some probability, the announcement of a “whatever-it-takes” policy
that would move the economy permanently on the good equilibrium path. Before such
an announcement, changes in the probability of the announcement will change both the
level and the volatility of spreads. We leave this extension to future work.
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Figure 12: Debt Laffer curve in continuous time, at b = b̂.

5.6 Back to the debt Laffer curve

There is a clear similarity between the construction of the Markov equilibrium bond price
function in Figure 6 and the construction of the bond price function in Figure 4 for the
discrete time model of Section 4. What is less immediate is the role, in the continuous
time model, of the debt Laffer curve that played a central role in the analysis of Sections 3
and 4. In a continuous time model the debt stock b cannot jump and so the resources from
bond issuance

Q (b)
(
ḃ + δb

)
are a linear function of the flow of new bonds issued ḃ. This seems to suggest that the
debt Laffer curve is always increasing in the continuous time model. However, if we look
at Figure 6, we realize that this argument fails exactly at b = b̂, where the function Q has
a discontinuity. At that point, if we choose ḃ < 0 we go in the direction of b < b̂ and thus
select the price Q+

(
b̂
)

, while if we choose ḃ > 0 we go in the direction of b > b̂ and we

must select Q−
(

b̂
)
< Q+

(
b̂
)

. Therefore the debt Laffer curve, as a function of ḃ takes
the form depicted in Figure 12, so also in the continuous time model a multipeaked Laffer
curve is crucial to produce multiplicity.

6 Optimizing government

In this section, we consider a model analogous to the stationary model from the previous
subsection, but derive fiscal policy endogenously from an optimizing government. The
goal is to show that a similar form of equilibrium multiplicity is also present here.

We keep the continuous time, infinite horizon environment of last section: the country
sells long-term bonds with a coupon κ = r + δ that decays at rate δ to risk neutral lenders
with discount rate r. The surplus process is determined by the decisions of an optimizing
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government with additively separable preferences∫ ∞

0
e−rtU(c(t))dt

where c is government spending and U(c) = c1−σ/(1− σ), with σ > 0. The government
receives a random stream of tax revenues y. Uncertainty on y is resolved in two stages. In
the first stage, the government receives a constant ȳ. At some random date, with Poisson
arrival rate λ, we enter the second stage. At that date, the random variable Y is drawn
from a continuous distribution with c.d.f. H(Y). From then on, tax revenues are y = Y.

After the Poisson event, the government can choose to repay or default. If the govern-
ment defaults, the tax revenue is reduced to ηY forever, with η < 1 and investors recover
a proportion of the tax revenue ζY, with η + ζ < 1. The country repays if and only if the
following condition is satisfied16

Y− rb ≥ ηY. (17)

The government utility at the moment of the Poisson event, immediately before the reso-
lution of uncertainty, is then

W(b) =
1
r

∫ ∞

0
U (max {Y− rb, ηY}) dH(Y). (18)

With a simple change of variable, we can characterize bond prices using the notation
of the last section. Define

Z ≡ 1− η

r
Y,

and notice that the the c.d.f. of Z is F (Z) = H
(

r
1−η Z

)
. Condition (17) is then equivalent

to Z ≥ b and investors’ recovery value is, in present value, φZ, where φ = ζ
1−η < 1. The

pricing condition before the Poisson event is then identical to equation (12).
Given the presence of a positive recovery rate, we must introduce a bound on debt

issuance to ensure that the borrower’s problem is well defined. We do so by assuming
that if b reaches the upper bound b̄ before the Poisson event, renegotiation takes place
between the borrower and its creditors. Following renegotiation, the government agrees
to receive a net transfer τ (possibly negative) in all periods before the Poisson event and
not to issue any additional debt, so the creditors will receive the expected value Ψ

(
b̄
)

b̄
when uncertainty is resolved.

16We can assume that the country is excluded from financial markets after default, or that it is allowed to
save at the rate r. Since the country and the investors have the same discount factor and there are no further
shocks, the results are identical under both assumptions.
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With these preliminary results in place, we can turn to characterizing Markov equilib-
ria before the Poisson event.

6.1 Markov equilibria

A Markov equilibrium is a price function Q (b) and a government consumption function
C (b) such that: (i) government behavior is optimal taking the price function as given;
(ii) the price function satisfies rational expectations given government behavior. We also
require Q to be piecewise differentiable. Just as in Section 4 the function Q can have a
point of discontinuity at a threshold that divides a path with falling and rising debt.

Let V (b) denote the value function before the resolution of uncertainty. The budget
constraint before the resolution of uncertainty is

c + κb = ȳ + q
(
ḃ + δb

)
, (19)

so the Hamilton-Jacobi-Bellman equation associated to the government’s optimization
problem is

0 = max
c≥0

{
u(c) + V′(b)

(
κb− ȳ + c

Q(b)
− δb

)
+ λ(W(b)−V(b))− rV(b)

}
, (20)

with first-order condition for an interior solution

Q(b)u′(c) = −V′(b).

The bond price must satisfy (12) along the path induced by government policy C(b).
Differentiating q(t) = Q(b(t)) along an equilibrium path gives q̇ = Q′ (b) ḃ where Q′(b)
can be interpreted as the left derivative if ḃ < 0 and the right derivative if ḃ > 0. Rewriting
the budget constraint (12) in terms of Q then gives

Q′(b)
(

κb− ȳ + c
Q(b)

− δb
)
= (r + δ + λ) Q (b)− κ − λΨ(b). (21)

Equations (20) and (21) give a system of ordinary differential equations for V(b) and
Q(b). There are two boundary conditions. The first is at b = S, the lowest value in the
support of S. This represents the safe level of debt where default is avoided. The second
boundary condition is at the upper bound b̄, where renegotiation occurs.
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Figure 13: Consumption and bond price functions.

6.2 An example

We construct a numerical example displaying multiple equilibria. The example is meant
as an illustration, not a calibration. The parameters are set to

r = 0.1, δ = 2, λ = 0.1, η = 0.5, ζ = 0.1, σ = 4.

The distribution of Y is chosen such that S is uniformly distributed on [10, 100]. The value
of ȳ is set so that the model admits a steady state at b = 0 with no default and q = 1. The
upper bound for debt is b̄ = 30 and we assume that upon reaching this level, investors
provide a transfer to the borrower equal to τ = 1

2 λΨ(b̄)b̄. In other words, they split the
residual value of debt equally.

To find equilibria we solve the ODEs (20) and (21), first looking for decreasing paths
for b that converge to b = 0 and next for increasing paths that converge to b = b̄. The first
solution gives the functions C− (b) and Q− (b) plotted in the left panels of Figure 13 and
the function V− (b) in Figure 14. The second solution gives the functions C+ (b), Q+(b) in
the right panels of Figure 13 and the function V+ (b) in Figure 14. The dashed green lines
in the top panels of Figure 13 represent the consumption levels that yield ḃ = 0. In the
figures we identify two cutoffs, b′ and b′′. The first is the cutoff at which V− (b) = V+ (b).
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The second cutoff solves the equation

ȳ + Q+(b)δb = κb.

This condition implies that it is not feasible for the government to choose ḃ < 0 for b > b′′,
if the price schedule is Q+ (b), as the budget constraint (19) would give negative con-
sumption. We can check that the dashed green line in the top right panel of Figure 13
crosses zero at b′′.

The following proposition characterizes Markov equilibria for our example.

Proposition 8. For any b̂ ∈ (b′′, b′], there is a Markov equilibrium with

Q (b) =

Q− (b) b ≤ b̂

Q+ (b) b > b̂
and C (b) =

C− (b) b ≤ b̂

C+ (b) b > b̂
,

When we are to the left of both b′ and b′′ the government chooses optimally to follow
the decreasing debt path converging to b = 0. This is both feasible, as it entails positive
consumption, and optimal, because V− (b) > V+ (b). When we are to the right of both b′

and b′′ it is both feasible and optimal to choose a debt path converging to b = b̄. When we
are to the right of b′′ and to the left of b′, the government optimal behavior depends on
bond prices. If investors expect a decreasing debt path and select the bond schedule Q−,
the government finds it optimal to choose a ḃ < 0, since V− (b) > V+ (b), and this choice
is feasible. If instead investors expect an increasing debt path and select Q+, then for the
government it is no longer feasible to choose a ḃ < 0 and the government has to choose
an optimal path with ḃ > 0. Notice that, by construction, both paths validate investors’
expectations and thus constitute possible equilibria. This implies that we can choose the
threshold b̂ anywhere in the interval (b′′, b′] and obtain a Markov equilibrium. Figure 14
immediately implies that these equilibria are Pareto ranked by the threshold b̂, with the
best equilibrium at b̂ = b′.

Notice the role of the non-negativity constraint on government consumption in the
construction above. If the cutoff b′′ was to the right of the cutoff b′, the equilibrium would
be unique, as the government, by choosing the sign of ḃ would always be able to choose
the path that delivers the highest value. When instead b′′ > b′, feasibility rules out this
choice. Importantly, in our example the non-negativity constraint does not bind on the
equilibrium path, but it matters off the equilibrium path. The more general point is that
there are many constraints on the adjustment of government deficits that can lead to mul-
tiplicity in a similar way. Governments face a host of restrictions on the ability to change
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spending plans and taxes quickly. Such constraints may not bind along the equilibrium
path, but they do affect deviations off the equilibrium path that set the stage for multiplic-
ity.

7 Microfoundations

In previous sections, we assumed that when the government budget constraint can be
satisfied at multiple bond prices, the government cannot select the most favorable price
by committing to issue a certain quantity of bonds. In Section 2.2, we discussed informally
the logic behind this timing assumption. In this section, we study a game that provides a
microfoundation for it.

The game builds on the two period model of Section 4.2, but introducing an optimizing
government as in Section 6. The objective of the government is to maximize

u (c) + βW (b) ,

where u (c) is the government utility in the first period that depends on government
spending c and W (b) is the continuation utility that depends on the stock of bonds b.
In particular, we assume that W (b) comes from the optimal decision to repay or default
in the second period, which is modeled exactly as the period in which uncertainty is re-
solved Section 6. Therefore, we have

W (b) =
1

1− β

∫ ∞

0
U (max{Y− rb, ηY}) dH (Y) ,

where Y are long-run tax revenues, distributed with CDF H (Y), and η is the fraction of
revenues that the government keeps upon default. This is just the discrete-time analog of
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(18).
Bonds are modelled as long-term bonds with coupon κ = r + δ that decays at rate δ,

as in previous sections. In the first period the government receives the given tax revenue
ȳ and has an initial stock of bonds b− inherited from the past. Therefore, the government
budget constraint is

c + κb− = ȳ + q (b− (1− δ) b−) .

The rational expectations condition for prices can be written as in (8)

Q (b) = 1− F(b) + φ
∫ b

0

Z
b

dF(Z)

using the change of variable Z = 1−η
r Y as in Section 6.

We now model in detail how the government and the investors interact in the first
period, determining the total amount of bonds issued. The first period is divided into
infinitely many rounds indexed by i = 1, 2, . . . and the government can run an auction in
each round. Think of auctions taking place in real time at t = 0, 1/2, 2/3, 3/4, . . . . After
any number of rounds, the government can choose to stop auctioning government bonds
and use the funds raised to pay κb− and purchase c. Letting di denote bond issuances in
round i, the total stock of bonds at the end of the first period is

b = (1− δ) b− +
∞

∑
i=0

di.

At each auction i the investors bid the price qi. This model of sequential debt auctions is
related to the model of sequential borrowing in Bizer and DeMarzo (1992). The main two
differences are that they assume that seniority rules apply to successive debt issuances
and that the main contractual friction is the presence of a moral hazard problem. In our
context, it makes sense to assume that bonds issued in all auctions are treated equally,
which is consistent with the pari passu clause prevalent in sovereign debt.17

We make two important assumptions: in each auction the government cannot commit
to issuances in future auctions; bonds issued in different auctions are all treated equally.
Strategies are described by functions di = D(di−1, qi−1) and qi = Q(di, qi−1), where di =

(d0, ..., di) and qi = (q0, ..., qi). A subgame perfect equilibrium requires that:

i. In round i, after any history (di−1, qi−1), the government strategy is optimal at all

17Previous work connecting the Bizer and DeMarzo (1992) model to the sovereign debt literature is
Hatchondo and Martinez (undated). Hatchondo et al. (2016) discuss the idea of introducing seniority
covenants in sovereign debt markets.
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remaining rounds j = i, i + 1, . . . , given that future prices satisfy qj = Q(dj, qj−1) at
j = i, i + 1, . . .

ii. The price in round i after history (di, qi−1) satisfies Q(di, qi−1) = Q((1− δ) b− +

∑∞
i=0 di) where {di} is computed using D and Q at all future dates.

Observe that along an equilibrium path the bond price is constant in all rounds in which
bonds are issued, qi = q∗ if di 6= 0. We can then denote by (b∗, q∗) an equilibrium outcome
of the game in terms of total debt issued and the bond price. In the following proposition,
we consider an alternative, auxiliary game in which the government chooses directly the
total debt issued b, but takes the price q∗ as given. The proposition shows that every
outcome of the auxiliary game is also an outcome of the original game described above.

Proposition 9. Suppose there is a pair (b∗, q∗) such that

b∗ = arg max
b

u (ȳ + q∗ (b− (1− δ) b−)− κb−) + βW (b)

and q∗ = Q (b∗) . There exists a subgame perfect equilibrium of the bond auction game that yields
(b∗, q∗) as equilibrium outcomes.

In the appendix, we present an example in which there are multiple pairs (b∗, q∗) that
solve the auxiliary game of Proposition 9.18 Using Proposition 9, we can then argue that
equilibrium multiplicity survives once we introduce an optimizing government and ex-
plicitly model the process by which the government issues bonds. Notice that the argu-
ment of Proposition 9 does not depend on the specific shape of the W and Q functions, so
it is possible to extend the argument to a full dynamic setting.

The main intuition for Proposition 9 is that the presence of future auctions limits the
ability of the government to use bond issuances to avoid the bad equilibrium. Along
the equilibrium play, the market faces the government with a price schedule that is flat at
q∗, consistent with its expectations about the total amount of bonds that will be eventually
issued, b∗. If the government deviates and issues b < b∗ , the market expects the difference
b∗ − b to be issued at the next auction. The assumption that a further round is always
available delivers equilibria with outcomes that are equivalent to that of a price-taking
government.

18To make sure that the maximization problem in Proposition 9 is well defined we need to assume that
either u (c) reaches its max at some finite value c̄, or to impose some exogenous bound on b. Otherwise,
since the government takes q∗ as given, the government can reach infinite utility for any q∗ > 0. In the
example in the Online Appendix we take the first route, by using a quadratic u.
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The idea of the argument in Proposition 9 is reminiscent of the Coase theorem, whereby
a durable goods (in our case, long term bonds) monopolist competes intertemporally with
itself and is thus reduced to competitive behavior.

8 Conclusions

Our formal analysis supports the idea that countries may become entrapped in self-fulfilling,
slow moving debt crises. During such a crisis, interest rates rise, increasing the path for
debt and raising future default probabilities. Our results also show that a sufficiently ag-
gressive fiscal policy rule and longer debt maturities can help prevent the occurrence of
slow moving debt crises.
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9 Appendix (For Online Publication)

9.1 Proof of Proposition 1

The argument is by backward induction. The functions XT, QT−1 and mT−1 are uniquely
defined. The first step at which multiple equilibria can arise is in the selection of bT when
constructing the bond issuance function BT(bT−1, sT). However, when δ = 1, the bond
issuance function BT does not affect the construction of the repayment function XT−1 and
of the pricing function QT−2, as repayment only depends on the maximum of the func-
tion QT−1

(
bT, sT−1) bT and the term (1− δ) QT−1

(
BT(bT−1, sT−1), sT−1) in (3) disappears

when δ = 1. The same argument applies in all previous periods.

9.2 Proof of Proposition 4

In the case considered, the Laffer curve takes the form [1− F ((1 + r) b−m)] b (omitting
time subscripts and dependence on st to simplify notation). The slope of the Laffer curve
is

1− F ((1 + r) b−m)− (1 + r) f ((1 + r) b−m) b

which has the same sign of

1− (1 + r)
f ((1 + r) b−m)

1− F ((1 + r) b−m)
b.

So if f / (1− F) is monotone non-decreasing, the derivative can only change sign once.

9.3 Proof of 1

Since QT−1 (bT) is non-increasing in bT, we need to show that

(
1− δ′

)
b′T−1 > (1− δ) bT−1. (22)

Using (10) we have

(
1− δ′

)
b′T−1 =

1− δ′

r + δ′ + (1− δ′) QT−1
(
b∗T
) (r + δ + (1− δ) QT−1 (b∗T)) bT−1

and inequality (22) follows from the fact that the right-hand side is decreasing in δ′.
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9.4 More on boundary conditions

Let v = qb denote the value of debt. Multiplying both sides of (12) by b, substituting

κb = z + q
(
ḃ + δb

)
,

and rearranging, yields

(r + λ) qb = z + λΨ (b) b + q̇b + qḃ = z + λΨ (b) b + v̇.

Suppose b is large enough that z = z̄ and Ψ (b) b = φE[Z]. Then we can characterize the
dynamics of (q, b) for b large enough by studying the following ODEs in (q, v)

(r + δ + λ) q = κ + λφE[Z] + q̇,

(r + λ) v = z̄ +
q
v

λφE[Z] + v̇,

with terminal conditions

q (T) = 0,

v (T) = φ
z̄ + λE[Z]

r + λ
.

9.5 Proof of Lemma 2

Using steady-state conditions, the Jacobian can be written as

J =

[
κ−h′(b)

q − δ − δb
q

−λΨ′ (b) r + δ + λ

]
.

A necessary and sufficient condition for a saddle is a negative determinant of J, i.e.,
J11 J22 < J12 J21. Since J12 < 0 and J22 > 0, this is equivalent to −J11/J12 < −J21/J22,
which means that the ḃ = 0 locus is downward sloping and steeper than the q̇ = 0 locus.
Condition (16) then follows.

9.6 Proof of Proposition

Consider the functions on the right-hand sides of (13) and (14), which are both continuous
for b > 0. If there is a saddle-path stable steady state at b′, the second function is steeper,
from Lemma 2, and so is below the first function at b′ + ε for some ε > 0. Taking limits
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for b→ ∞ the the second function yields q→ κ/δ and the first yields

q→ κ + λΨ
(
S
)

r + δ + λ
<

κ

δ
,

where the inequality can be proved using Ψ
(
S
)
< 1 and κ = r + δ. Therefore, the second

function is above the first for some b′′ large enough. The intermediate value theorem
implies that a second steady state exists in (b′ + ε, b′′).

9.7 Proof of Proposition 6

Consider the path that solves our ODE system going backwards in time, starting on the
saddle path converging to the low-debt steady state, at some value of b = b′ + ε. Given a
small enough ε > 0 the saddle path must lie above the q̇ = 0 locus. Moreover, between
b′ and b′′ the q̇ = 0 locus lies strictly above the ḃ = 0 locus. Therefore, the path can never
cross the q̇ = 0 locus because along the path ḃ < 0 and q̇ > 0. Therefore, it is possible
to solve the ODE backwards until b approaches b′′ from below. This implies that for all
b (0) < b′′ we can select a path with ḃ < 0 and b → b′. Consider next the path that solves
the ODE going backwards starting at

(
b̂, q̂
)

. By construction the point
(

b̂, q̂
)

must lie in

the region of the phase diagram below both the ḃ = 0 locus and the q̇ = 0 locus (to see
this notice that at the definition of b̂ implies that ḃ > 0 at

(
b̂, q̂
)

and the constancy of qb

implies q̇ < 0). If b̂ < b′′ the path with qb = v̂ is an equilibrium for all initial conditions
in [b̂, ∞), so the interesting case is b̂ > b′′. In this case, we can solve backward the ODE.
As long as b > b′′ the ḃ = 0 locus lies strictly above the q̇ = 0 locus. Therefore, the path
can never cross the q̇ = 0 locus, because along the path ḃ > 0 and q̇ < 0. Therefore, it is
possible to solve the ODE backwards until b approaches b′′ from above. This implies that
for all b (0) > b′′ we can select a path with ḃ > 0 and b→ ∞.

Turning to multiplicity, consider the first path constructed above. As we approach b′′

two possibilities arise. Either q remains bounded away from its steady state value q′′ or
q converges to q′′. In the first case, ḃ is bounded above by a negative value, so we must
cross b′′ and can extend the solution in some interval [b′′, b′′ + ε). In this case, we have
multiple equilibria because for some b > b′′ we can select both an equilibrium path with
ḃ < 0 and an equilibrium path with ḃ > 0. In the second case, the path converges to the
steady state (b′′, q′′) along a monotone path with ḃ < 0. However, if the local dynamics
near (b′′, q′′) are characterized by a spiral, we reach a contradiction (since the path must
cross the arms of the spiral and then convergence can no longer be monotone).
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9.8 Proof of Proposition 9

To prove the proposition, we construct an equilibrium which implements the desired out-
come. The equilibrium pricing function satisfiesQ

(
di, qi−1) = q∗ for any history (di, qi−1)

with qi−1 = {q∗, ..., q∗}. The strategy of the government is to issue b∗− (1− δ) b−−∑i
j=0 dj

and consume after any history with qi−1 = {q∗, ..., q∗}. The government strategy is opti-
mal following any history with qi−1 = {q∗, ..., q∗} because the maximum utility the gov-
ernment can reach following any future deviation is

max
b

u (ȳ + q∗ (b− (1− δ) b−)− κb−) + βW (b)

and issuing b∗ reaches the maximum by construction. The pricing function satisfy rational
expectations because the government will reach a total stock of debt b∗ independently of
the past history. It is not difficult to complete the description of the equilibrium construct-
ing continuation strategies after histories with qi−1 6= {q∗, ..., q∗}. However, given the
atomistic nature of investors, these off-equilibrium paths are irrelevant for the borrower’s
maximization problem. The resulting equilibrium play is that the government issues b∗

in the first auction and no further auction takes place.

9.9 Example for Section 7

Consider the economy in Section 7. The optimality condition for the maximization prob-
lem in Proposition 9 can be written as follows

qu′ (ȳ + q (b− (1− δ) b−)− κb−) =
β

1− β
r
∫ ∞

rb
1−η

U′ (max{Y− rb, ηY}) dH (Y) .

To construct an example with multiple equilibria, we consider a simple case in which the
utility function u (c) = Ac− 1

2 Bc2 and U (c) = log c. We use the following parameters

β = 0.95, φ = 0.7, η = 0.8,

A = 3, B = −27, log Y ∼ N(0.1 + log (r/ (1− η)) , 0.2),

setting r = 1
β − 1.

Define the functions

J (b) =
β

1− β
r
∫ ∞

rb
1−η

U′ (max{Y− rb, ηY}) dH (Y) ,
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Figure 15: An example for the microfounded model of Section 7

and
C (b) = ȳ + Q (b) (b− (1− δ) b−)− κb−.

Equilibria can be found solving the equation u′ (C (b)) = J (b) /Q (b). The solid blue line
in Figure 15 represents the pairs (C (b) , J (b) /Q (b)) for b ∈ [1, 1.5]. The red dashed line
represents the marginal utility of consumption in the first subperiod u′ (c) choosing the
parameters of u′ (c) so that it crosses the blue line more than once. It can be shown that
the middle point at which the two lines cross does not satisfy second order conditions for
a maximum. It can also be shown that the other two points identify global optima, so they
represent two equilibria.

The interpretation of the two equilibria is as follows. There is a low debt equilibrium
in which the country defaults with low probability, the future marginal cost of debt J (b)
is high and so is the price Q (b). There is a high debt equilibrium in which the country de-
faults with high probability and the future marginal cost of debt J (b) and the price of debt
Q (b) are both low. The ratio J (b) /Q (b) is higher in the first equilibrium. This reflects the
presence of recovery which limits the reduction in Q (b) in the low b equilibrium. There-
fore, the marginal incentive to reduce debt is higher in the low debt equilibrium, which is
reflected in a lower value of c.

Here, we have chosen an example in which c is fairly sensitive to the different equi-
libria to emphasize the novel forces that arise in a fully optimizing setup. However, it is
also easy to construct examples that are closer to the two-period model of Section 4.2, by
making the function u′ (c) be very steep near some c̄ that delivers a given primary surplus
ȳ− c̄.
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