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As we will explain in this talk, the construction by Mathai and Quillen of ex-
plicit differential form representatives of the Thom class and Euler class of a vector
bundle [5] gives a framework for understanding in unified way a number of ideas in
stochastic differential geometry. We will also show briefly how Witten’s topological
quantum field theories fit into this formalism. For the moment, the picture that
he envisages is inaccessible to rigourous methods; but even in the more humdrum
world of Brownian motion, the point of view presented here illuminates quite a few
of the other talks that were given at this conference.

For a more thorough presentation of the mathematical portion of this talk, we
refer the reader to Chapters 1 and 7 of the book [2].

1. THE THOM CLASS

Recall that the de Rham complex of differential forms on a manifold M is con-
sists of the infinite dimensional vector spaces A"(M) of i-forms,with the exterior
differential

d: Al(M) — A”l(M).
Let E = M be an orientable vector bundle with fibre R™ over a manifold M. A

Thom class for the bundle F is a differential form pu(FE) € A™(FE) on E such that

(1) p(E) is closed,;
(2) mpu(E), the integral of u(E) over the fibres of 7, equals 1.

Reprint from: “Stochastic Analysis and Applications,” Proceedings of the 1989 Lisbon Confer-
ence, Eds. A.B. Cruzeiro, J.C. Zambrini. Progres in Probability 26, 1991, Birkhauser.
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To construct a Thom class, we suppose that we are given three pieces of data:

(1) an orientation of E, that is, a nowhere-vanishing section of the highest
exterior power A™FE of E;
(2) a metric on the bundle E, that is, a bundle map

EQFE —MxR
which induces positive definite inner products (-, -), on each fibre E, of E;
(3) a connection D compatible with the metric (-,-), that is, a map
D: A(M,E) — A (M, E)
such that A
D(an B) = (da) A+ (1)) a A (DP)
for all « € A*(M) and 38 € A’(M, E) and such that
d(s1,82) = (Ds1,82) + (51, Ds2)
for all s; and so € I'(M, E).

Since E has a metric, we can reformulate the orientation of the bundle E as an
isometry

B{}:A"F — M xR
of the highest exterior power of E with the trivial line bundle over M. The map
B{-} is the Berezin integral.

Let 7*E be the pull-back of the bundle E over M to a bundle over E, whose
fibre at e € E is Er(.); this bundle has a metric 7%(-,-) with compatible connection
m*D; we will usually write these as (-,-) and D. Let A*n*E — E be the bundle of
exterior algebras of 7*E, and let A*(E, A*n*FE) be the algebra of differential forms
on F with values in A*7*FE}; it is a bigraded algebra, with graded subspaces

A = AYE, N7 E).
The Berezin integral B{-} : A™E — M x R extends to a linear form
B{}: A(E,N7*E) — AE)
which vanishes unless j = m.
Let x be the tautological section of 7* FE, that is, the section which maps a point
e € E to the corresponding point e € 7*E, = E ). We may think of x as an

element of A%!, and its covariant derivative Dz is an element of A''!. Define an
operator t(x) : A% — A%~ characterized by the following properties:

(1) if w e A% =T(E,7*E), then t(x)w = (z,w) (for example, t(x)x = |z|?);
(2) «(x) is a derivation, that is,
Wz)(a ) = (z)a) A B+ (=) a A (u(z)5)
for a € A% and g € AR
Let Dy be the operator D + ti(z), where ¢ > 0.
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Lemma 1.1. If a € A*(E,A*7*E), then dB{a} = B{D;a}.

Proof. This follows from the fact that D is compatible with the metric, so that
dB{a} = B{Da}, combined with the obvious fact that ¢(x)a has no component in
A*(E,A"7*E). O

The curvature Q = D? of the connection D on E is an element of A?(M,so(E)),
where so(E) is the bundle of skew-symmetric endomophisms of E. We may identify
the bundle so(E) with A2E; if A € so(E,) and e; is an orthonormal basis of E,, we
map A to

Z (ei, Aej)ei Nej € A*E,

1<i<j<m
so that «(z)A = —Az. The pull-back 7*Q of  from M to FE is then an element of
A?2 which we will usually denote by 2. Consider the following differential form
(here, t is a positive real number):
wy = $t%|z|? + tDx + Q.
Lemma 1.2. The following formula holds: Dyw; = 0.

Proof. Note that DQ2 = 0, by Bianchi’s identity, and that D|x|?> = —2.(x)Dz. From
this, we see that

t2
Dwy = o Dla|* + tD*s = —u(x) (#* Dz +1Q) € A0 & A>!.

The lemma follows, since it is clear that «(x)|xz]? = 0. O

Suppose f is a polynomial in one variable. It is easy to see that f(w;) is the
element of A** given by the Taylor expansion

M (k) (42] ]2
flo) =) FEE2) 1Dy 4 ),

k!
k=0

(The expansion terminates at k = m because (tDx+Q)* = 0 for k > m.) We adopt
this formula as the definition of f(w;) for any smooth function on R.
Proposition 1.3.

(1) The differential form B{f(w:)} is a closed m-form on E.
(2) If f decays at infinity, the integral over the fibres . f(w;) is the constant

mB(fn) = (1" [l 2) da,

m

(3) (transgression formula)

dB {f(wt)}

T — B {af ()
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Proof. To see that B{f(w;)} € A™(E), we simply note that

m

Flw) € ARk,

k=0

and hence that only the component in A™ "™ contributes to the Berezin integral.
The proof that B{f(w;)} is closed is an easy consequence of Leibniz’s rule and
Lemmas 1.1 and 1.2:

dB {f(w)} = B {f'(w:) Dywy} = 0.

The formula for 7.B {f(w;)} may be checked in the special case in which M is
a point, and hence we may take E to equal R™. If x; is the standard orthonormal
basis of R™, we see that

m
Dx = Z dxr; ® x;,
i=1
and hence that

(D)™ =ml(de; @ x1) ... (dxym @ T),)
= (=)™ D2l (e AL A xy) @ (day . diy,).
We see that
B {f(w)} =B {f<m> (2|2[2/2)(dz1 ® 1) . . . (dTm ® xm)}
— (—1)mmtD/2m g {f<m> (2|2[2/2)a1 .. .xm} dey ... da,
= (=1)mOm+D/2gm £ (M) (121212 /9) day ... dap,

since all of the other terms in the Taylor expansion have vanishing Berezin integral.
From this, (2) follows easily.
The proof of the transgression formula is similar to the proof that dB{ f(w:)} = 0.
On the one hand,
dB{f(we)}

L B {(tel? + Do) ()}

while on the other,

0B {xf'(w)} = B{(Dex)f(w)} = B{(Dx + tlz") f(wr)} . O

Being probabilists, we are especially fond of the Gaussian function, so we choose
as our Thom class the following differential form:

i (E) = (—1)™m=D/2(om)=m/2B femwt L € A™(E).
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Let s be a section of the bundle E. We can form the pull-back s*u:(F) €
A™(M); it is called the Euler class of the bundle E. The following formula for
the differential form s*u.(F) is obvious from the definition of u.(E):

s* i (E) = (—1)™m=1/2(27)~m/2B {e—t2|s|2/2—tDs—Q} 7
where t2|s|2/2 + tDs + Q/2 is thought of as a section of A*(M,A*E), and B{-} is
the Berezin integral from A*(M,A*E) to A*(M).

Proposition. The cohomology class of the differential form s*us(E) € A™(M) is
independent of the section s.

Proof. Let s; = s+ 7 be an affine one-parameter family of sections of E. We see
that

dr dr
= —5;B {(tQ(w, u) + tDu)e*t2|f“2/2*tDl‘*Q}

= —s5;B {(tDtu)e_t2|x\2/2—th_Q}
= —ts;dB {ue‘tQ\mP/?—tDm—Q}

= —tdB {ue_t2|s‘r|2/2—tDsT_Q} B

(_1)m(m—1)/2(27r)m/2 dsyui(E) iB{e—t2|sT|2/2—tDsT—Q}

2. THE GAUSS-BONNET THEOREM

In this section, we explain the geometric significance of the Euler class: its
Poincaré dual represents the homology class of the zero-set of a non-degenerate
section of E. We will assume for simplicity that M is compact, since otherwise we
would have to formulate general conditions on the section s to increase at infinity,
and these are better done on a case-by-case basis.

Suppose that the section s € I'(M, E) has the special property that its zero-
set My is a submanifold of M, and furthermore that Vs € I'(M,Hom(T M, E))
is surjective along Mj; we call such a section non-degenerate. In particular, it
follows that dim(My) = dim(M) — m. Let dps, be the current on M whose value
on a differential form o € A*(M) is

(Gates ) :/ ol

Thus, 6y, vanishes on o unless a € AWM)=m(Ar) The following theorem ex-
plains the significance of the Euler class.
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Theorem 2.1. The differential forms s*u(E) € A™(M) converge, ast — 0o, to
a current of the form

tlim s*u(E) = edn,,

where € : My — {£1} is a continuous function which measures whether the map
Vs preserves or reverses orientation.

Proof. By (1.3), we see that
s pue(E) = (—1)mm=1/2(9)=m/2 {e—t2ls|2/2—tDs—Q} .

To take the limit as ¢ — oo in this formula, we observe that there is clearly no
contribution from the region in which |s| >, for some small ¢ > 0. Thus, the
limiting current is supported on the submanifold M,. We may assume that M is
an open subset of R", parametrized by coordinates

(T1y ey Ty Yty e ooy Ynem),
that My = U NR™, where
R™ ={(z,y) € R" | z =0}

and that E is the trivial bundle with fibre R™. In a neighbourhood of My, we see
that the endomorphism Vs : M — Hom(R™,R™) is surjective, and hence, possibly
replacing M by a smaller neighbourhood of My in R", we may choose as a frame of
the bundle E the sections

ei = Dgjoz,; s, 1< i< m.

For the moment, assume that the resulting frame of FE is oriented.
Let A;; = (ei,ej) be the m x m-matrix of inner products in this frame. By
changing the coordinate system on M to

# = (A(0,y)"/?)

ij %

we may assume that (e;, e;) = d;; + O(|z|).
We see that the section s may be written

m

S(I’,y) = Z xifij<xvy)ej(x7y)a

t,j=1
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where f;; € C°°(M) are functions satisfying f;;(0,y) = d;;. It follows that

m

Ds = Z(Z gwdxl X €; + i h”dyl Y €j>,

j=1 i=1 =1

where g;;(0,y) = &;; and h;;(0,y) = 0. Finally, let Qo € A?(My, A%E) be the
restriction of the curvature Q € A?(M,A%E) to My C M.
If p € C§°(M) is a function on M with compact support, we have

/ o iy da dy = (—1)m(m_1)/2(27f)_m/2/
M

QOB {6—t2|s|2/2—tDs—Q} dx dy
M

Pull this differential form back by the map p;(x,y) = (t 'z, y). Since the integral
of a differential form is invariant under pull-back, we see that

| oneds = 1y gm
M

/ o(t'z,y)B {6—t2IS(t‘lay)IQ/?—tprs—PfQ} dx dy.
R"LXMO

Under these deformations, the exponent becomes

1 & -
52353 —}—Zdﬂﬁi ®e; +Q0(0,y) + O(1).

=1 =1

By the dominated convergence theorem, the integral over R™ x M converges to
(2m) ™2 / (0, ) 71128 {exp (= S0, davi @ €4(0,y) — Q0(0,y)) } da dy.
R™ X Mg

It is easily seen that {2y cannot contribute to this integral, since any term involving
Qp will not have enough powers of dx; to give a non-zero answer. This shows that
this limit equals | v, P(0,y) dy as desired.

This handles the case in which the basis e; is an oriented basis of E. If it is
not an oriented basis, there is an additional sign ¢ = —1, but otherwise the above
calculation is unchanged. [J

Theorem 2.1 implies as a special case the Gauss-Bonnet-Chern theorem. Let
M be a compact, oriented, even-dimensional Riemannian manifold, and let F =
T*M. We choose a Morse function f on M, and consider the section s = df. By
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Proposition 1.4, the differential forms s*u;(F) are cohomologous. Setting t = 0, we
obtain the differential form

s uo(T* M) = (=2m)"™/?B {e™} = (21)"™/2 P£(Q),

where Pf(Q) = B{e} is the Pfaffian of Q. On the other hand, as ¢ — oo, the
differential forms s*u, (7 M) converge in the distributional sense to the differential
form
$ oo (T M) = Z sgn det(Hess; (f)) 0z
df (z)=0

Here, Hess, (f) = Vdf(x) is the Hessian of the function f at x € M, which may be
considered to be an element of End(7)M).
In this way, we see that

| sin(@ean) = em i [ i

M

and

tlim s (T*M) = Z sgndet(Hess,(f))
*JIm df (2)=0

are equal. By Morse Theory, this second sum is just the Euler number of the
manifold, and we obtain the Gauss-Bonnet-Chern theorem.

3. AN INFINITE-DIMENSIONAL EXAMPLE

In this section, we will see that the Euler class constructed in Section1 can
be used to understand the functional integral of the Laplace-Beltrami operator
on a compact manifold X. This is a simple example of a topological quantum field
theory: the Hilbert space is the space of harmonic forms on X, which is a topological
invariant of the manifold.

If X is a compact orientable Riemannian manifold, let LX be the loop space of
X; this is the Hilbert manifold of all maps v : S — X of finite energy,

B0) = [ B <o

The tangent space T,LX of the loop space at a loop v is the space of all finite
energy tangent vector fields along .

If SO(X) is the orthonormal frame bundle of X, then the loop space L SO(X) is
a principal bundle over LX with structure group LSO(n). The tangent bundle of
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LX is the bundle associated to L SO(X) with fibre L2(S!, R™); however, the action
of LSO(n) is not unitary, so this representation does not give the Hilbert bundle
structure of T'(LX).

The principal bundle L SO(X) has a connection which is derived from the Levi-
Civita connection on SO(X) as follows: if § € A(SO(X);s0(n)) is the connec-
tion one-form on SO(X), then the connection form on LSO(X) is just the ele-
ment of A'(LSO(X); Lso(n)) given by integrating 6 around the circle. It is not
very difficult to calculate the curvature of this connection; it is just the element of
A%(LSO(X);s0(n)) given by integrating the curvature form R € A%(SO(X);s0(n))
around the circle:

QUX,Y)Z,W) = /51 (Ryt) (X4, Y2) Zy, W) dt.

Over the manifold LX, we will also consider the Hilbert bundle E whose fibre
at v € LX is the space of square-integrable vector fields along ~; this is the bundle
associated to L SO(X) with fibre L?(S1,R™). On this Hilbert space, the struc-
ture group L SO(n) acts in a unitary fashion, so that E is a Hilbert bundle with
compatible covariant derivative, derived from the connection on L SO(X).

There is a smooth section of the bundle E, given by taking a finite energy loop
7 to the L?-vector field 4 € E,, the tangent vector field to the loop. It is clear that
the zero-set of this section is the space of constant loops, which we may think of
as a manifold X C LX. Another class of sections of F are determined by smooth
functions f € C°°(M): we map v € LX to the tangent vector field

(t — grad f(v(t))) € E,.

Call this section grad f.

Lemma 3.1. If f is a Morse function, the section sy = 7 + grad f has as its zero
set the finite set of constant loops taking values at a critical point of f.

Proof. Let us calculate the L?-norm of 4 + grad f:
[ 130+ ey 1P = [ (HOR + 20500,z 1)+ gradd o 1) e
=B+ [ Vo)

where V = |grad f|> € C*°(X). Here we have used the fact that the cross-term
vanishes by integration by parts:

~ d
/51 (3(t), grad, ;) f) dt = /51 —f(@)dt=0. O
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This calculation is familiar from the study of the Nicolai map (see [3] for ref-
erences, and also [4]). Indeed, we see that the Nicolai map is just a section of a
vector bundle over the space of fields, and that the supersymmetric quantum field
theories with Nicolai maps are just those whose finite temperature (periodic time)
functional integral is an Euler class: these are the topological quantum field
theories.

Let us now try to make some sense of the Euler class of ' obtained by pulling
back the Thom form by the section s¢. According to the formulas of Section 1, this
is the differential form on E given by the formula

(—1)’”(’"_1)/2(277)_m/2 exp ( 5 SIV(’y(t))) e F(/2B {e_Dsf_Q} )

The difficulty with this expression is that since the bundle E is infinite dimensional,
B {-} makes no sense. The constant (—1)™("~1)/2(27)=™/2 is also meaningless, of
course; we are not even sure why the rank of the bundle E is even. Of course, the
solution of these problems is tied together.

Let us look at the case in which X = R"”, which was discussed in [3]. Here, =0
while Dsy may be thought of as the infinite-dimensional generalization of

Z A”dZCZ & Gj,

ij
where A;; is the operator

da(t
dt

If we set f = 0, we may interpret the Euler class as being the Brownian bridge
measure on LR™, thought of as a volume form. For this measure to be defined, we
must of course replace the manifold LR™ by the space of all continuous loops in R"™.
However, we will be somewhat lax in keeping track of this.

The discussion of [3] justifies the following result (which is more a definition
than a theorem, since it relates two objects, one of which is a ill-defined). Let
dy = e~f.d-ef, and let Ay be Witten’s twisted Laplace-Beltrami operator

a € C®(SHR") — ) + Hess 1) (f)a(t).

Ay = (df +d})? = A+ | grad f|2 + Hess(f),

acting on A*(R™), where Hess(f) is the derivation of the algebra of differential forms
which vanishes on functions and equals Hess(f)a for a one-form « (see [6]).

If & = fodfy ... dfy is a differential form on R™, let ¢(«) be the operator of Clifford
multiplication on differential forms given by the formula

C(defl dfk ' Z E(U (dfo'l) - E(df01)*) ce <€(df0'k) - g(dfak)*)'

) oESk
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Finally, let Str be the supertrace on the Hilbert space of L2-differential forms on
R", that is,
StrA(Rn)(A) = TrAz*(Rn)(A) — TI"A2*+1(Rn)(A).

A cylinder form is a differential form on LR™ obtained by taking differential
forms {a; € A*(R") |1 <i<n}, and times 0 <t; < --- < ¢, < 1, and forming

Vi Q.Y o € A(LR™).

“Theorem”. The integral of a cylinder form against the Euler form s},u(E) s
given by the formula

/ Ve, 0 -V, an A SF(E)
LR™

= Str g ®mm) (e_tlAf c(ozl)e_(tl_t?)Af e (tai—tn)Ay C(an)e—(l—tn)Af)’

where e 2 is the heat kernel of the operator Ay.

Emboldened by this success, it is clear that there is only one plausible possibility
for the Euler class on LX for arbitrary X, given by exactly the same formula as
above except that we replace R™ throughout by the Riemannian manifold X. We
now see that the curvature 2 in the exponential used to define the Thom class
corresponds in a precise way to the curvature in the Feynman-Kac formula for
the Laplace-Beltrami operator, which may be seen by writing out the Weitzenbock
formula for Ay:

Ay =V*V + | grad fI> + ZRijkl ehdek ! 4+ Z@ié’jf&t%j.

ijkl ij

(This formula is with respect to an orthonormal frame of the cotangent bundle.)
In this way, we can understand better some of the calculations made by Alvarez-
Gaumé in his heuristic proof of the Gauss-Bonnet-Chern theorem for X [1]: he was
repeating on the loop-space LX the calculations of the last section.

4. ANOTHER EXAMPLE: DONALDSON POLYNOMIALS

We will briefly indicate one more example of the formalism of Euler classes,
introduced by Witten to give an analytic approach to Donaldson polynomials [7].
Let us recall the setting of the Yang-Mills equation in four dimensions. We will
ignore questions of Sobolev spaces and regularity: this section is physics!

Let X be a compact oriented four dimensional Riemannian manifold, and let
P — X be a principal G-bundle over X, where G is a compact Lie group, with Lie
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algebra g. Let A be the space of all connections on the bundle P: if we choose a
background connection V, this space may be realized as the affine space

V4 AYX, P x4 9).
Let G, be the restricted gauge group of the bundle P: this is the space of sections
G, ={9 €T(X, P xaqa G) | g(+) = 1},
where * is a basepoint in X. It acts freely on the space A by the action
g-A=g 'Ag+g 'dg.
We will think of A as a principal bundle, with structure group G, and base B:

g*—>-f4

|

B

Incidentally, this shows that B is a classifying space for the group G..
The second exterior power A2T* X of the cotangent bundle of X splits into two
pieces
ANT*X 2ANTT* XA T X,

the self-dual and anti-self-dual bundles respectively: these are defined by the equa-
tion
* = Fa,

where x is the Hodge dual operator. Let H = Q7 (X, P Xa.q g) be the space of
anti-self-dual two-forms with values in the adjoint bundle. Since the gauge group
acts on the bundle P X .4 g, we may form an associated bundle

EZAXg*H—)B.

This bundle has a natural metric, since G, preserves the L2-metric on H, and a
natural connection compatible with this metric, coming from the natural invariant
Riemannian structure on A. The curvature of this connection is not pretty: it may
be given in terms of a Green’s kernel associated to the covariant derivative V + A
acting on the space Q'(X, P X.q g).

To construct an Euler class, we need a section of the bundle E. This is easily ob-
tained. The curvature F of the connection V + A is an element of Q?(X, P X.q g),
so its anti-self-dual component F'~ lies in Q7 (X, P X,q g). Since the curvature
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transforms correctly under the gauge group, we see that F'~ defines a section of
the bundle F, whose zero-set is the space of self-dual connections. In [7], Witten
presents evidence that the Donaldson polynomials, which are invariants of the bun-
dle P — X, may be obtained by applying a formal version of Theorem 2.1 to this
situation. It would be interesting to understand the extent to which his arguments
are more than formal.

For the sake of accuracy, we should mention one further point: the above struc-
tures are all acted on by a finite-dimensional group, namely the quotient group
G/G. = G, where G is the gauge group with no restriction on its value at the base-
point x. The spaces A, H, B and FE all carry compatible actions of this group, and
the section F'~ of F is equivariant; the quotient of its zero-set by the action of G
is the moduli space M. However, the action of G on B is not in general free. It
turns out that to formulate correctly the Donaldson invariants, one must consider
a generalization of the formalism of Section 1, in which we replace the algebra of
differential forms on F by the algebra of equivariant differential forms: this is the
space of maps from the Lie algebra g of G to Q(F) invariant under the action of G.
For more details, we refer the reader to [2].

REFERENCES

L. Alvarez-Gaumé, Supersymmetry and the Atiyah-Singer index theorem, Commun. Math. Phys.
80 (1983), 161-173.

. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac operators.

. Getzler, The degree of the Nicolai map, J. Func. Anal. 74 (1987), 121-138.

Kusuoka, Some remarks on Getzler’s degree theorem, Lecture Notes in Math. 1299 (1988),

239-249.

V. Mathai and D. Quillen, Superconnections, Thom classes and equivariant differential forms,
Topology 25 (1986), 85-110.

. Witten Supersymmetry and Morse theory, J. Differential Geom. 17 (1983), 661-692.

. Witten, Topological quantum field theory, Commun. Math. Phys. 117 (1988), 353-386.

wmZ

e lley



