THE ODD CHERN CHARACTER IN CYCLIC
HOMOLOGY AND SPECTRAL FLOW

EzrA GETZLER

If A is a Banach *-algebra, an odd theta-summable Fredholm module over A
consists of the following data: a Hilbert space H, a continuous *-representation p
of A on ‘H, and a self-adjoint operator D on H such that

(1) there is a constant C' such that ||[D, p(a)]|| < CJla] for all a € A, and
(2) if ¢ > 0, then the operator e~ is trace class.

Such a Fredholm module determines a class [D] in the group K ~1(A), which might
be thought of as an odd-dimensional chain on the non-commutative space with
function algebra A.

Dually, unitary matrices g € Uyn(A) with entries in A represent elements of the
group K (A).

If Ag and A; are self-adjoint operators on H with the same spectrum (including
multiplicities), the spectral flow sf(Ag, A1), introduced by Atiyah-Patodi-Singer
[1], is the integer which counts the number of eigenvalues crossing zero from below
minus the number crossing zero from above, as we travel along the family A, =
(1 —u)Ap + uA; in the direction of increasing u.

If D is an odd theta-summable Fredholm module over D and g € Uy (A) is a
unitary matrix with entries in A, the spectral flow defines a pairing

(D, g) = sf(D,g~'Dyg)

between K~1(A) and K;(A), with values in the integers. This pairing is a homo-
topy invariant function of D and g. In Section 2, we derive the following formula:

1

sf(D, g 'Dg) = Tr(Due_Di) du,
0

11/2

where D, = (1 — u)D 4 ug~'Dg and D,, = ¢~ '[D, g].

This article was written while the author was a guest of the Mathematical Institute at Ox-
ford, the Ecole Normale Supérieure, and the Centre for Mathematics and its Application at the
Australian National University. The work was funded by the SERC, the Sloan Foundation, and
the CNRS.



An elementary example is the operator

1.d
C 2midt

on the Hilbert space L?(S!), where S! is the circle parametrized by t € [0,1]. If
g:S! — S' C C is a differentiable map from S to the unit circle in the complex
plane, then the spectral flow sf(D, g7 !Dg) equals the degree deg(g) of g. Indeed,
this is clear if g(t) = e*™" since

1 d
Dy= o+,
27Tz'dt+l/

and follows for general g since sf(D, g~ !Dg) is invariant under homotopies of g.

Our goal in this article is to express (D, g) in terms of the Chern character
Ch*(D) of D in entire cyclic cohomology introduced by Jaffe-Lesniewski-Oster-
walder [11] and the Chern character Ch,(g) of ¢ in entire cyclic homology, which
we discuss in Section 3. In Section 4, we will prove the following formula:

(D, g) = (Ch*(D), Ch.(g))-

This is the analogue for odd K-theory of the formula of Connes and Getzler-
Szenes [7] for the index pairing in even K-theory: if D is an even theta-summable
Fredholm module over A, and p € My (.A) is an idempotent matrix with values in
A, then

(D,p) = (Ch™(D), Ch.(p)),

where Ch,(p) is the Chern character of the idempotent p, introduced by Hood and
Jones [10].

Since the odd Chern character is less well known than the even Chern character,
we have included, by way of an introduction, an expository Section 1, in which we
discuss the odd Chern character in differential geometry. The main result of this
section, that two different formulas for this Chern character are equal, is a model
for the proof of the formula for (D, g).

I am grateful to D. Quillen for suggesting to me the problem of calculating
(Ch*(D), Ch4(p)), to J. Kaminker for explaining the relevance of spectral flow,
and to M. Vergne and the Laboratoire de Mathématiques of the Ecole Normale
Supérieure for inviting me to lecture on this work.

NOTATION

We will denote by C(q) the complex Clifford algebra with odd generators ¢;,
1 <1 < q, and relations
CiCj + C;iCy = 2(5”
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This is a Z/2-graded *-algebra, with ¢ = ¢;.

If £ is a graded module for C(q), denote by End¢(4) () the algebra of endo-
morphisms of £ which (graded) commute with the action of C'(q) or, equivalently,
with the generators ¢;. The Clifford supertrace of an operator A € Llc(q)(c‘:) is

defined by the formula (see Getzler [5] for the justification)
Stre(q)(A) = (47) =12 Str(cy . . . cgA).

It is easily verified that this is a supertrace on Endg(q)(£).
We will denote by A”™ the n-simplex

A" ={(00,...,00) €[0,1]" |09+ -+ 0p =1}

with measure do = doy ...do,.

1. THE oDD CHERN CHARACTER IN DIFFERENTIAL GEOMETRY

If M is a smooth manifold, an element of K ~1(M) may be represented by a
differentiable map from M to the general linear group GLx(C), for N sufficiently
large. In this section, we will represent the Chern character of such an element of
K~Y(M) by a closed differential form; this is the odd analogue of the Chern-Weil
formula for the Chern character of a vector bundle in terms of a connection.

If Vo and V; are two connections on a vector bundle &, their Chern-Simons
form is the differential form of odd degree

1
cs(Vo, V1) :/ Tr(Vuevi) du,
0

where V,, = (1—u)Vo+uV; and Vu = V1 — V. This is the integral of the Chern
character form Ch(V) = Tr(evz) over the fibres of the projection [0,1] x M — M,
where V is the connection, on the trivial bundle of rank N over [0,1] x M, given
by the formula

~ 0

The differential form cs(d, d + w) satisfies the transgression formula
dCS(Vo, Vl) = Ch(Vl) - Ch(Vo).

To define the Chern character of an element of K ~1(M) represented as a differ-
entiable map ¢g : M — GLx(C), we introduce a family of connections V,, = d+uw
on the trivial bundle M x C¥, where w = g~ !(dg) € Q'(M,gly(C)). Note that
Vo = d, while V; = g~ 'dg is gauge equivalent to d, and hence both connections
have vanishing curvature. This shows that dcs(d,d 4+ w) = 0.
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Definition 1.1. The Chern character Ch(g) of a differentiable map g : M —
GLnN(C) is the odd differential form cs(d, g~ tdg).

Since dw + w? = 0, the curvature of the connection V,, is given by the formula

V2 = —u(l — u)w?

u

Note that Tr(w?*) = £ Trlw,w? '] = 0 for k > 0, so that the integrand in the
Chern-Simons class of the family of connections V,, is given by the formula

vy _ — (D% o 2k+1
Tr(weVu) =) uF (1 — )k Tr(w? ).

The explicit formula for Ch(g) follows from the definition of the beta-function: if
s,t > 0, then
I(s) (¢ !

(8) ( ) :/ us—l(l _u)t—l du.
I'(s+1) 0

In this way, we obtain the following result.

B(s,t) =

Proposition 1.2. The odd Chern character is a closed differential form of odd
degree, given by the formula

S

k!
(

Ch(g) = Y (1" o= Tr(

2k—|—1)
; :
— 2k 4+ 1)!

It follows from this formula that Ch(g) + Ch(g~!) = 0.

Let g, t € [0,1], be a differentiable family of maps from M to GLy(C). This
may be thought of as a differentiable map g from [0,1] x M to GLy(C), and as
such, it has a Chern character Ch(g). This may be decomposed

Ch(g) = Ch(gs) + dt A Ch(gy),

where Ch(g;) and al(gt) are independent of dt.

Proposition 1.3. The secondary Chern character Gﬁ(gt) is given by the formula

> k!

Ch(g,) = ,;f‘”km Tr (g e A wi®),

and satisfies the transgression formula

o _
a Ch(gt) = dCh(gt)-
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Proof. Observe that
w = Wt +gt_lgt dt.

From this, we see that

2%k—+1
Pkl — wfk+1 + g wy /\gt_lgt dt /\wt%_l.
i=0

Taking the trace of both sides gives

Tr(@* 1) = Tr(wFh) + (26 + 1)dt A Tr(g; g A wir),

from which the formula for (%(gt) follows.
The transgression formula is a consequence of the fact that Ch(g) is closed:

(dt A % + d) Ch(§) = d Ch(g,) + dt A (% Ch(g;) — d@il(gt)). O

This proposition shows that the cohomology class of Ch(g) depends only on the
homotopy class of the map g : M — GLx(C). Since Ch(g & h) = Ch(g) + Ch(h),
it follows that the odd Chern character defines a homomorphism

Ch: K~'(M) — @ H**'(M,C).
=0

The Atiyah-Hirzebruch spectral sequence shows that this is an isomorphism after
tensoring with C.
In the special case where M is the circle S!, the Chern character Ch(g) is given
by the formula
Ch(g) = Tr(g~*(dg)) = dlog det(g),

so that the Chern character is related to the degree by the formula

QLM' . Ch(g) = deg(det(g) : S* — GL(C)).

This formula has a generalization for any odd-dimensional sphere.

Proposition 1.4. If g : S**~! — GLN(C) is a differentiable map, then there is
an integer such that

ﬁ /52“ Ch(g) = —deg(g).
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Proof. Let C(2k) be the Clifford algebra of R?* and let ST be the associated half
spinor representations, of rank 271, Let x; be the basis of R?*, and denote c(z;)
by ¢;. By Bott periodicity, the map from S?*~! to GLqox-1(C) given by the formula

g(z) = carc(z) € GLgk-1(C) C End(S™)

has degree 1, and generates mo,_1(GLy(C)) for N large. Thus, it suffices to prove
the theorem for this map g.

The formula for w?*~! over all of S2*~1 follows from its value at y = (0,...,0, 1),
since w is equivariant under the action of SO(2k). But

2k

w(y) ==Y coxc; da’,

=1

and it follows that, modulo terms proportional dz2¥,

w(y>2k:—1 = — Z C2kcw(1)dx”(1) o C%CW(%_l)dx”(zk_l)
TESak_1
= Z dmﬂ'(l) VANRAN dxﬂ'(Qkfl) Cw(l) . C7T(2k—1)02k;
mE€Sak—1

= (—DFQ2k —Dldz* A Ade® ey e

k

Since i¥c; ... cor acts by 1 on ST, we see that Trg(c1...cor) = (—i)*2F 1 so
that
_ k-1 (k—1)! 2k—1
Ch(g)2k—1) = (=1) 2k =) Tr(w™™)
1
= ——(=20)*(k — 1)!vol,

2

where vol is the Riemannian volume form on S$%*~1. But the volume of the sphere
S%k=1 equals 27% /(k — 1)!, and we see that

1

—_— Ch(g) = -1
(—27‘(’i)k /3%—1 (g> ’
as was to be shown. [

There is another formula for the odd Chern character Ch(g), obtained by asso-
ciating to g a superconnection on the trivial Z/2-graded vector bundle £ over
[0,00) x M with fibre CNV = CN @ CV. Consider the odd endomorphism of &,

_ (0 —g7!
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satisfying p?> = —1. Denoting the coordinate of [0,00) by s, we introduce the
superconnection
A=d+sp

on &, with curvature A2 = sdp—s?+dsp. The Chern form Ch(A) of the supercon-
nection A is the even differential form Str(e2”) on [0, 00) x M. If « is a differential
form on [0,00) x M, denote by fooo a the integral of a along the fibres of the
projection of [0,00) x M to M.

Proposition 1.5.

| enta = cugg)

Proof. Since Str((dp)?*) = 0, we see that

oo

) 1 .
Str(e?”) = Z k1) Str(p(dp)%H) §2Tle=s" (s,
k=0
and hence
> 2, 1 > 2
/0 Str(e?) = Z m Str(p(dp)%“)/o g2 Hle=s" s,
k=0

The change of variables t = s? gives

o 1 [ k!
/ §2ktle=s" go = — / thetdt = —.
0 2 Jo 2

Denote g~ (dg) by w, and (dg)g~! = gwg™! by @. Taking care to observe the sign
rule for graded tensor products, we see that

2
(dp)Z = ( SJ O~2) ; and

w 0
from which we see that

w2k+1 O
stn (o) = (-1 s ()7 )
= 2(—1)% Str(w? ).

The result follows. O



The coincidence between the two formulas for the odd Chern character may be
partially explained by extending the superconnection A to the trivial Z/2-graded
bundle with fibre CV!V over the product [0, 1] x [0, 00) x M. This superconnection,
which we again denote A, is given by the formula

d Cem—1

and has curvature
A? = u(1 —u)(dp)® + du Apdp + s(1 — 2u) dp + dsp — 5.
If s > 0, denote by f% Str(e®”) € Q*(M) the integral of the differential form

Str(eAz), over the fibres of the projection [0,1] x {s} x M — M, oriented in the
the direction of increasing u. We see from the explicit formula for A% that

/ Str(e’) = O(e™/2)

s

as s — 0o, while
/ Str(c”) = Ch(g) — Ch(g~1) = 2 Ch(g).
Yo

Similarly, if u € [0, 1], denote by [ Str(eAz) € Q*(M) the integral of Str(eAQ),
over the fibres of the projection {u} x [0,00) x M — M, oriented in the the
direction of increasing s. Examination of the formula for A2 shows that

/FO Str(e?”) = — /F Str(e?”) = /OOO Ch(A).

Finally, denote by f[o 1]%[0,00) Str(eAz) the integral of Str(eAQ) over the fibres of
the projection [0, 1] x [0,00) x M — M. Then Stokes’s theorem shows that

Str(e‘v) — Str(e‘v)
FO Fl
= Str(eAQ) — lim Str(eAQ) + d/ Str(e*v).
[0,1]x[0,00)

Yo §—700 Vs

Proposition 1.5 shows that the exact differential form d f[O,l}x[ Str(eAQ) is in
fact equal to zero.

The goal of this paper is to “quantize” the calculations of this section: we
replace the manifold by a Banach algebra A, the differential forms by entire cyclic
chains C*(A), and the exterior differential by a theta-summable Fredholm module
D over A. The analogue of the Chern-Simons class cs(d, g~ *dg) will be the spectral
flow sf(D, g~ !Dg) between the operators D and g~!Dg = D + g~ [D, g], while the
analogue of Proposition 1.5 will give the desired formula for this integer as a pairing
in entire cyclic homology.

0,00)
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2. SPECTRAL FLOW

Let Dy be a theta-summable Fredholm operator on a Hilbert space H, that is,

a self-adjoint operator such that e~'D’ is trace class for all ¢ > 0. In this section,

we will study the affine Banach manifold ® modelled on L£,.(H), the real Banach
space of self-adjoint bounded linear operators on H,

O={D=Do+A|AcL.(H)},
which is a space of “connections.” Let G be the “gauge group”

G ={g9 € UMH) | [I[Do, gll| < o0}
This group acts on ¢ by conjugation:
g+ (Do +A) =g (Do +A)g = Do+ g~ '[Do, g] + g~ " Ag.
There is an evident stratification of ® by G-invariant sets
&) = {D | dimker(D) = k}.

Denote by Gri(H) the Banach manifold of rank k subspaces of the Hilbert space
H, and by Gr*(H) the Banach manifold of corank k subspaces of H.

Theorem 2.1. The stratification {®y} of ® has the following properties.

(1) Each Oy is a submanifold of ® of finite codimension k(k + 1)/2, and the
closure of @y, equals P U P11 U . ...

(2) (local finiteness) Each point in ® has a neighbourhood meeting finitely
many strata Py.

(3) (Whitney’s Condition B) Let k < £. If (x;) C @ and (y;) C Py are
sequences converging to y € ®,, such that the tangent lines T;y; converge
to L € Gri(H), and the tangent spaces Ty, ®) converge to T € Gr*(H),
then L CT.

Furthermore, the submanifolds ®y, are cooriented, that is, the normal bundle of the
embedding @ — P is an orientable vector bundle.

Proof. We follow closely the proof of Lemme 1 on page 295 of Ruget [13]. If
Di € P, let Hy € Gri(H) be the kernel of Dy, and let H; be its orthogonal
complement. For D € &, we write, with respect to the decomposition H = Ho®H;,

a b
o=( )

where a € L.(Hp), b € L(H1,Hp), ¢ = b*, and d € L.(H1). Let U C ® be the
neighbourhood of D; on which d is invertible. Consider the map

F(D)=a—bd 'c:U — L.(Ho),
9



which is clearly a submersion.
The stratification of £.(Ho) by subsets {V; | 0 <i < k}, where

Vi={A € L.(Hop) | dimker(A) =i},

is a Whitney stratification (see Section 1.2 of Gibson et al. [8]). Since &; N U =
F~Y(V;), we see that the stratification {®; NU | 0 < i < k} is a Whitney stratifi-
cation of U. Since sets of the form U cover ®, properties (2-3) of the stratification
follow.

Since Vi, = {0}, we see that &, NU = F~1(0); thus &, N U is a submanifold
of ® of codimension equal to the dimension of L.(Hy), namely k(k + 1)/2. This
also shows that ®j is a cooriented submanifold of ®, since the normal bundle of
the embedding {0} — L£.(Ho) is canonically oriented. [

Corollary 2.2. There is a fundamental class [®,] € H*(®, ®g).

Proof. By the above theorem, the stratum ®; is a cooriented codimension 1 sub-
manifold of ®. The boundary of ®; is the union of strata

0P = &\®; =P UP3U...,

and thus has codimension 3 in ®. Since codim(0®;) > codim(®P;), Proposition
2.3 of Ruget [13] is applicable, and shows the existence of the fundamental class
of ®; in ®. O

Let I = [0,1] be the unit interval, with boundary 0 = {0,1}. It follows from
Corollary 2.2 that if v : (I,0I) — (®,®() is a path in ® whose endpoints lie in
g, there is a well-defined intersection number #(vy, ®1) € Z between v and ®q,
defined by integrating the pull-back v*[®1] € H!(I,dI) over the fundamental class
1] € H(I,dI) of (I,0I).

Definition 2.3. (Atiyah-Patodi-Singer [1]) If Dy and Dy are two elements of ®y,
and vy is the path v = (1 — t)Dg + tD;1 joining them, then the spectral flow
sf(Do,D1) € Z is the intersection number #(v, ®1) of v with the submanifold ®,.

Our goal in this section is to prove an analytic formula for sf(Dg,D;). Our
approach is inspired by that of Bismut and Freed [3], who work in the setting of
Dirac operators. We start by defining an analogue of the eta-invariant of Atiyah-
Patodi-Singer. Recall that if D is a Dirac operator on a compact oriented odd
dimensional manifold, the eta-invariant is the number

1 > —tD?\ ;—1/2
However, the existence of this eta-invariant relies on special properties of differ-
ential operators, so we need to regularize this formula, by truncating the integral
near t = 0: if € > 0, let

1

_ OO —tD?%\ ;—1/2
Ne = m/s Tr(De ™ )t dt.
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We also introduce a one-form a. on ®, defined by the formula
o (X) = —(g/m)/? Tr(Xe’EDQ), where X € Tp® = L, (H).

Both . and «a. are invariant under the action of G.
The following lemma will be used in estimating the derivatives of 7..

Lemma 2.4. If D = Dy + A € ®, where D is a theta-summable operator and
A€ L.(H), then fort >0 and s > 0,

etHA”2 Tr(e_th/4), S = O,
Tr(|Df*e ") < 5/2
Pre)= (5) e e e, s>o
€

Proof. Since D? = (Do + A)? = (1 —?)D2 + (Do + &7 1A)2 + (1 —e72) A2, we see
that
D? > (1 - £)D3 — =2 |12

If A > B are self-adjoint, then e? > e®. As in the proof of Theorem C of Getzler-
Szenes [7], we see that

Tr(eitDz) < 6<€_275||A||2 Tr(ef(leQ)th).

Set ¢ = 271/2; this proves the lemma for s = 0.
If s > 0, apply the Holder inequality

Tr(|D|Se*tD2) < H|D|s€ftD2/2H Tr(eftDQ/Z).

Since |A|*e~t*"/2 < (s/et) /2, the result follows. O

Proposition 2.5.

(1) ae has a locally bounded first derivative, and dae = 0.
(2) The regularized eta-invariant n. has a locally bounded second derivative on
b, and dn. = 2a..

Proof. In the proof that a. has locally bounded first derivative, we set ¢ = 1: the
general case follows by replacing Do by €!/2Dy.
The derivative of « is given by the formula

1 1
Vya(X) = / Tr(Xe " (DY + YD)e (1=7P%) 4

/2

1
= 75 (a(D.X.Y) +a(D.Y. X)),
11



where

a(D,X,Y) = /1 Tr(XDe*UDQYe*(lfa)[P) do.
We apply the Holder inequality Eor the trace: if o9 +---+ 0, =1,

Tr(Ag... Ay) < Tr(JA70 )7 .. Tr(| Al )7
It follows that, with D = Dy 4 A,

1
@, X.Y)| < X Y] [ Te(D e ™) Te(e ™) do
0

1
< XYl Tr(e 08 [ (o)1 do
0

where on the last line we have applied Lemma 2.4. This shows that the derivative
of a. is locally bounded.
We now show that dn. = a. on ®.. If X is a tangent vector to P,

1

T

1/2/ /Tr —sD*H (DX + XD)e~ (1-91P%) ¢=1/2 gg gy
s

2 o Y
= ﬂ1/2/€ Tr(Xe™* )t V2 gy — 2 Tr(XD2etP7) /2 4t

A little manipulation shows that

/ Tr(XD2eP) /2 4t = —/ C‘Ztﬁ(x —1D%) $1/2 gy

t=o00

00 1/2
— / Tr(Xe ) 22 dt ) dt — Tr(Xe %) /2
c dt t=¢

1 o0
= 5/ Tr(Xe )t 1/2dt + /2 Tr(Xe D7),

In the last step, we have used the fact that D is invertible, and hence that

Tr(X e‘tDQ) decays exponentially as ¢ — oo: if A\g is the lowest eigenvalue of
D

Y

| Te(Xe %) < || X[ [le= 1P| Tr(e P%) = O(e=%).

The formula dn. = 2a. on ®( follows. In particular, since dn. has a locally bounded
first derivative, it follows that 7. has a locally bounded second derivative.

It only remains to show that da. = 0. This can be shown explicitly, but it also
suffices to observe that «. is exact on ®y, which is the complement of a set of
codimension one, and it has a locally bounded first derivative. [J

From this proposition follows an analytic formula for the spectral flow.
12



Theorem 2.6. Let v(u) = D, be a differentiable family of operators in ®, such
that Do and Dy are invertible. Then

1 1
s#(D0, D) = [ e+ 5nc(D) = 5u(Do)
v

c 1/2 1 . 1 1
— (_) / Tr(Dye™*P) du + 57(D1) = 5n(Do).
0

™

Proof. Since the differential form «. is closed, it follows that the integral fv o
is invariant under isotopies of the differentiable path v fixing the endpoints. By
Theorem 2.2, there is an isotopy from + to a path transversal to ®;: thus, we may
as well suppose that it is v which is transversal to ®;.

Let 0 < u; < -+- < ug < 1 be the sequence of times at which v(u) intersects
®,. By Proposition 2.5, y*7, is a differentiable function of u € [0, 1], except at the
points u;. Since the function

1 & 2
L(\) = A —uA —1/2d
Ne(A) _771/2/5 e u u

satisfies 7.(0+) = £1, we see that

WE

(Do, D1) = 5 > ( lim 7.(Dy)— lim n(Dy))

1 u—>u;+ U—>U; —

(— / e +7:(D1) ne(Do))

where in the second line we have applied the fundamental theorem of calculus.
The theorem follows from the formula dn. = 2a.. O

N~ N
.
Il

Corollary 2.7. If D is a theta-summable Fredholm operator and g € G, then for
e >0,

19 1/2 1 . 2
sf(D, g 'Dg) = (;) / Tr(Due*EDu) du,
0

where D, = (1 — u)D + ug~'Dg.

Proof. Since 7. is invariant under the action of G, the terms 7.(D) and 7.(¢g~'Dg)
cancel in the formula of Theorem 2.6. [J

As an application of this result, we outline a calculation of the spectral flow
sf(D, g 'Dg) in the special case where D is the Dirac operator on a compact odd
dimensional spin-manifold of dimension 2k + 1, and g is a differentiable map from
M to U(N). The Dirac operator is i~! times the composition

D(M,8) Y5 T(M, T*M © 8) < T'(M, S)
13



and is a self-adjoint operator. (Here, V® is the natural connection on the spinor
bundle S over M induced by the Levi-Civita connection on the tangent bundle
TM.) Note that our conventions differ from those of Berline-Getzler-Vergne [2],
since we use the Clifford algebra such that c(v)? = |v|%.
If S is the spinor module for the Clifford algebra C'(2k + 1) and Tr denotes the
trace over S, and if 1 <4y < --- <14, <2k +1, then
(20)%, m =2k +1,
Tr(ci, ...ci, ) =1 0, 0<m<2k+1,
2k, m = 0.
Since the operator D,e D% involves an odd number of Clifford variables, we see
that only the coefficient of ¢; . .. cop11 With respect to any local orthonormal frame

of the tangent bundle contributes to the trace Tr(Due_EDi). Thus, we may apply
the same asymptotic analysis as is used to prove the Atiyah-Singer index theorem
in Chapter 4 of [2]. This shows that we may make the following replacements:

el/2D, =i 'e'/2¢(w)  exterior multiplication by i~ lw

e—<D% A(M) A eld+uw)®
(24)* / /2 /
Tr(...) ()i MTr(...) = Camiyii MTr(...)
where

. R/2
A(M) = det'? (sinh/R/2>’

and R € Q*(M,End(T*M)) is the Riemannian curvature. This allows us to replace
e 1/2 1 . 2
(—) / Tr(Due_EDU) du
T 0
1 A

_W /0 /M A(M) A Tr(wel@5)®) gy = ~ e /M A(M) A Ch(g).

Here, the integral over u is calculated by the same method as in the proof of
Proposition 1.2. Thus, we obtain the following result.

by

Theorem 2.8. Let M be a compact spin-manifold of dimension 2k+1, with Dirac
operator D. If g is a differentiable map from M to U(N), then

~

$f(D,g~'Dg) = —W /M A(M) A Ch(g).

Note that if M is the sphere S?*T1, then A(M) = 1, and we see by Proposition
1.4 that

$£(D.97'Dy) = ~ gy [ Chlg) = deao),

generalizing the well-known result for the circle.
14



3. THE OoDD CHERN CHARACTER IN CYCLIC HOMOLOGY

If A is an algebra over a ring R, the space of cyclic chains of degree n is defined
to be
Co(A)=A® (A/R)®™,

Denote the element ap ® ... ® a, of C,(A) by (ag,...,a,). Sometimes, we will

write this as (ag,...,ay), in order to make the degree n explicit. The operators
b:Cp(A) — Ch_1(A) and B : C,(A) — C,,11(A) are given by the formulas

n

blag,...,a) = Z(—l)i(ao, ey Qi1 ey Ay),

i=1

+ (_1)n+1(ana07 ag, ... aan—l)
Blag,...,a,) = Z(—l)m(l, iy vy Oy Ay - vy Qj—1)-

i=0

It is a standard calculation that the operators b and B are well defined, and that
b?> = B?2 = bB + Bb = 0.

From the spaces C,,(A), we may form the graded vector space C,(A)[u], of
which the degree n summand consists of power series

Cp + UCpyo + u2un+4 + ...

where ¢; € C;(A): thus, we treat u as a formal variable of degree —2. On C,.(A)[u],
we have the differential b+ uB, of total degree —1. The homology of this operator
is the negative cyclic homology HC, (A) of Goodwillie [9] and Jones [12].

In order to define the Chern character of an invertible matrix, we start by
considering the universal example, the element x in the group algebra R[z,z~!]
of the infinite cyclic group. The universal Chern character is the degree 1 cyclic
chain on R[z,z71] given by the formula

Chy(z) = Zukk! R R ) DY
k=0

Proposition 3.1.
(1) (b+uB)Chy(x)=0

(2) (b+uB)> wFkl(Lz 2, .. 27" 2)oksa + Chy(x) + Chu(z™!) =0
k=0

Proof. 1t is easily seen that

b(xil,x, . ,xil,x)qu,l = —(1,m*1,x, . ,xil,x)gk + (L, z,x™ 7__'7%:13—1)%'

15



On the other hand,

B($_1,$,...,$_1,$)2k+1
= (k+ 1)(1,m*1,x, . 7x71,x)2k+2 — (k+ 1)(1,x,m*1, .. .,x7$71)2k+2.

From this, the formula (b4 uB) Ch,(z) = 0 follows immediately.
A similar calculation shows that

b(Lz o, . o 2)ope = —( o, 2 m)opgr + (e 2 T o,

while B(1,z7 ', z,...,27, 2)ar42 = 0. From this, part (2) follows. [
+

Now, suppose that g € GLy(A) is an invertible matrix with entries in A. Then
the map x — ¢ induces a map from R[x,r~!] to the algebra of square matrices
My (A) with entries in A, and hence a map of mixed complexes C,(R[z,z™!]) —
Cn(Mpn(A)). The trace map

Tr(ag,...,a,) = Z ((a0)igir» (@1)irins - - -+ (@n)inio)

0<ig,...,in <N

induces a map of mixed complexes C,(My(A4)) — C,(A). The image of Ch,(x)
under the composition of these maps is the Chern character of the invertible ele-
ment g € GLy(A), and is denoted by Ch,(g).

It is instructive to analyse this Chern character in the special case that A =
C>(M) is the algebra of differentiable functions on M. In this case, there is a
map of complexes

a: (C(C®(M)[u],b+uB) — (4 (M)[u],d),
defined by the formula

1
alag, ... an) = e n!ao day ...da,.

If g is a differentiable map of from M to the Lie group GLy (C), it is easily checked
that the image of Ch,(g) in Q*(M)[u] is the Chern character Ch(g) of Section 1.

The odd Chern character may also be studied in the setting of entire cyclic
homology. We now suppose that A is a Banach algebra, and n-chains are now de-
fined using the projective tensor product rather than the algebraic tensor product.
The Z/2-graded toplogical vector space C4 (\A) of entire cyclic chains is the space
of series of chains cg + ¢1 + ¢2 + ... such that the norm

n

[(n/2)

llco+c1+ca+...]|x =sup llcn ||
n
is finite for some A > 0.The operators b and B, defined by the same formulas as
before, are bounded on C% (A), and the homology of the operator b + B is the
entire cyclic homology, denoted HY (A).
16



Proposition 3.2. If g € GLy(A), then

Ch*(g) = Zk!Tr(giag? cee 797119)2]{:%—1
k=0

is a closed element of C*(A).

Proof. Indeed, the norm of Chgyy1(g) is bounded by k![lg~!||¥*+1|g||**!, so that
I Cha (g)llx is finite for A < (4]lg~"([[lgl)~". O

The following result, analogous to Proposition 1.3, shows that the odd Chern
character in cyclic homology is homotopy invariant. We omit the proof, which is
straightforward.

Proposition 3.3. Let A be a Banach algebra. 1If g; : [0,1] —€ GLyn(A) is a

—

differentiable family of invertible matrices with entries in A, denote by Chy(g:)
the entire cyclic chain

00 k
Chu(ge) =Y K'Y Tr(g ' g0 0.0 9,97 097" 9ansa
k=0  i=0
Then we have the formula
d N
— Ch.(g:) = (b+ B)Ch.(g)-

dt

Thus, the homology class of Ch,(g) is homotopy invariant in the entire cyclic
homology group H¥(A).

APPENDIX. ANOTHER APPROACH TO THE ODD CHERN CHARACTER

There is an alternative approach to the universal Chern character Ch, (x) which
makes use of the product on the cyclic bar complex of a graded commutative
algebra which was constructed in Getzler-Jones [6]. We will show that the universal
Chern character is the analogue of the Maurer-Cartan form. This calculation is
related to Fedosov’s construction of the Chern character of an idempotent [4].

Recall that in the article [6], we constructed multilinear operators

By : CL.(A)®F — C,.(A),

such that B; is the just the usual operator B, and the higher Bj share with B
the property that their image lies in the space of chains of the form (1,ay,...,a,),
and they vanish on chains of this form. As a simple example,

BQ((x)7 (y)) = (17'];5 y)
If A is commutative, we define a product on C,(A)[u] by the formula
1 0O iy = (1 * Qg — (—1)'0‘1‘u32(a1,o¢2),

where aq * as is the shuffle product.
17



Lemma 3.4. The right inverse of the chain (z) € C.(Clz,x™])[u] for the product
o is given by the formula

oo
(m)’1 = Zukk’! (xil,x, - ,1‘79571)%-
k=0

Proof. Observe that (z) o (z7!) = (1) — u(1,z,271). It follows that the right
inverse of (z) is given by the series

Zuk(afl) o(1,z,z )"
k=0

An easy induction shows that

(1’l_7x71>k' = k! (1,(E,l‘71, s 7'@7"1:71)2]@7

and the formula follows. [
Corollary 3.5. 4 Ch,(z) = (b+uB)(z) o (x)~!
Proof. Note that u=1(b+uB)(z) = (1,z). From the lemma, we see that

(La)o (@) =S bk (1,2) o (@ o, 2,2 )
k=0

= Zukk! (7o, 2w ok
k=0
= Chy(z). O

4. THETA-SUMMABLE FREDHOLM MODULES

In this section, we will give a formula for the spectral flow in terms of entire
cyclic homology. Recall from the introduction that an odd theta-summable Fred-
holm module over a Banach x-algebra A consists of a *-representation of A on a
Hilbert space H together with a theta-summable Fredholm operator D on ‘H such
that ||[D, p(a)]|| < C|al| for all a € A, for some constant C'.

Let us introduce the more general notion of a degree ¢ theta-sumable Fredholm
module: this is a theta-summable Fredholm module such that the underlying
Hilbert space £ is a Hilbert module for C(q), and the Fredholm operator D and
representation p of A commute with the action of C'(q). In fact, we prefer to change
our conventions slightly by taking the Fredholm operator D to be skew-adjoint.

18



Given an odd theta-summable Fredholm module, we may replace the Hilbert
space H by a Z/2-graded Hilbert space £ = H ® C!!!, such that £+ = £~ = H.
This is a module over the Clifford algebra C(1), with generator given by the matrix

0 1
61:(1 0)

Elements a € A act diagonally on £. Define the operator D to be the matrix

D= g _OD ; it is skew-adjoint, odd, and (graded) commutes with the action

of C(1). Thus, D defines a degree 1 theta-summable Fredholm module for A.
Suppose D is a degree ¢ theta-summable Fredholm module. Define a multilinear
form on L (4)(€) by the formula

(Ag, ..., Ap) = / Streo(g) (Aoe‘joD2 e Ane"”DZ) do;
AN

recall that Stro(y)(A) = (4m) =92 Str(c; ... ¢ A).

Definition 4.1. The Chern character of a degree q theta-summable Fredholm
module is the entire cyclic cocycle on A given by the formula

Ch"(D)(ao, - ..,an) = {(ag, [D,a1],...,[D,an]).

Note that Ch™(D) is even (odd) if ¢ is even (odd). In the special case that D is
the degree 1 Fredholm module constructed as above from an odd Fredholm module,
we define Ch*(D) to equal Ch™(D).The following formula is an easy exercise.

Proposition 4.2. The Chern character of an odd theta-summable Fredholm mod-
ule (D, H) is the odd entrire cyclic cochain given by the formula

Ch2k+1(D)(a0, N ,a2k+1)

—1)*
= (71-1/>2 / Tr(aloe_O'OD2 [D7 a1]6_01D2 .. [D, a‘2]€+1]6_02k+1D2) dO'.
A2k+1

The main result of this article is the following formula.

Theorem 4.3. Let D be an odd theta-summable Fredholm module over the Banach
x-algebra A. If g € Uy (A) is a unitary matriz with values in A, then

sf(D, g~ 'Dg) = (Ch*(D), Ch.(g))-
Proof. The proof is quite similar to the construction at the end of Section 1. Let

£ @ CNIN be the Hilbert space obtained by tensoring £ with the graded vector
space CVIV | Introduce the odd element p € A ® End(CNIY), represented by the

matrix )
0 —a-
p= ( 9 )
g 0

19
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Lemma 4.4.

(con* (o Zk:‘ Str(p. ..., p)ais1 ) = 2(Ch*(D), Chu(9))

Proof. Since
o= (_p gy T

and (paying careful attention to the sign rule)

) ) D 71]6092[9 ]erD2 0
D oD D 7D _ [ y g y g ) )
[ 7p]€ [ ,p]e ( 0 [@,g]e"D [979—1]67-@ ’

we see that

Str(p, (D, p,...,[D,p])
=Tr(g ", [D,g],...,[D,97 ', [D,g]) — Tr{g, [D, g '],...,[D, g, [D,g]).

This shows that
> K (Ch*(D),Str(p, ..., p)awt1) = (Ch*(D), Chy(g) — Chi(g™")).

By Proposition 2.1 (2 ) Ch,(g~ 1) is cohomologous to Ch,(g). Since Ch*(D) is

(9~
closed, we see that (Ch*(D), Ch,(g~!)) = —(Ch*(D), Ch,(g), completing the proof
of the lemma. [J

Let D, be the family of degree 1 theta-summable Fredholm operators acting on
the Z/2-graded Hilbert module £ ® CVV, parametrized by u € [0, 1], and given
by the formula

Dy = (1 —u)D + upDp.

Let D, s be the family of degree 1 theta-summable Fredholm operators acting

on the Z/2-graded Hilbert module £ ® CNIVN | parametrized by (u,s) in the strip
[0,1] x [0,00), and given by the formula

_ ([ D+ug '[D,yg] —sg~*
Dus =Du+sp= ( sg D —ug[D,g7'] )"

We introduce the superconnection A = d 4 D, ; acting on the trivial degree 1
Clifford module over [0,1] x [0,00) with fibre £ ® CNIV. The curvature of A is
given by the formula

A% =D2 4 duD, + s(1 —2u)[D, p] +dsp — s°.
20



The Chern character of A is the one-form on [0, 1] x [0, 00) given by the formula

Ch(A) = Strc(l) (6A2)

= du StrC(l)(bu 6®i+8(1*2u)[9,p]*sz) +ds Stregy (p e‘DiJrS(lfQu)[D,p]fsQ)'
The same method of proof as that of Proposition 2.5 shows that
| Ch(A)| + |, Ch(A)| + 0, Ch(4)| = O(c™/2),

and that Ch(A) is closed.
Let I', be the contour {u} x [0,00), oriented in the direction of increasing s,

and let v4 be the contour [0,1] x {s}, oriented in the direction of increasing u.
Since Ch(A) is closed, it follows that

Ch(A) — [ Ch(A) = / Ch(A) — lim [ Ch(A) = / Ch(A).

To §—700 Vs

Lemma 4.5.
/ Ch(A) = 2sf(D, g 'Dg)
Yo

Proof. Observe that

p — (D+ug[D,g] 0
v 0 D — ug|D, g7}
0 —D—ug~'[D,g] 0 0
D+ug~1[D,g] 0 0 0
= 0 0 0 —D+ug[D,g™ ]
0 0 D—ug[D,g~ '] 0

From this formula and the definition of Strc (i), it follows that

1
/Ch(A):/ Tr(gil[D,g]e*(DJrug_l[D’gDQ)du
Yo 0
1 —11\2
—/ Tr(g[D, g~ e~ (P—u9lP:9™ D7) gy,
0

Corollary 2.7 shows that the first term equals sf(D, g~ 'Dg) and the second equals
sf(gDg~!, D). But invariance of spectral flow under conjugation shows that

sf(D, g 'Dg) = sf(¢Dg ", D),

proving the lemma. [
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In order to prove the theorem, it suffices to prove that
1
| cn) = [ cn) = 5 cn (), ch.)
FO 'y 2
Restricted to the contour I'g, the curvature A? takes the form

A% =D? — 52 4 5[D,p| + dsp.

The exponential of the curvature may be expanded in a series by means of Duha-
mel’s formula, giving

[e%) 2k+1
Ch(A) = Z g2k Hle=s" (g Z (1,£D,p], ey [D,pl,p, [D,p], ..., [@,pp

k=0 =0 i t;gles 2k+1:zr'times
(/) _82

— §2ktle=s" 4g (p,\[@,p],...,[@,p]j}.
k=0 2k+;€imes

Thus, we see that
le’s) 0o ) 2k+1
[ oenw =3 [ e ds Y (Dl (D5,
FO k=0 0 i—0 N v. bV
2k-+1 times

The change of variables t = s? gives

e 1 [ k!
/ §2ktle=s® 4o — = / the tdt = =,
0 2 /o 2

and we see that

Ch(A) = %(Ch*(@), Sk Str(p. - p)aks)).
k=0

o

It is easy to see that the integral over I'; is the negative of that over I'g, since the
curvature is identical except that the term [D, p] changes sign. [
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