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LIE GROUPS
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To Raoul Bott on his seventieth birthday

Let G be a topological group, with classifying bundle EG. If M is a topological space
with left G-action, the equivariant cohomology of M, denoted H}, (M), is the cohomology
of a homotopy quotient My = EG xXg M. Equivariant cohomology satisfies axioms
similar to those of ordinary cohomology: the analogue of the dimension axiom asserts
that H:(G/H) = H*(BH) if H is a closed subgroup of G.

If E is an equivariant complex vector bundle over M, then Fg = EG X F is a vector
bundle over Mg, with Chern character

Ch(Eg) = Y _ Chg(Eg),
=0

where Ch*(Eg) € H*(Mg) = HZ(M). This class is called the equivariant Chern
character of F, and denoted Chg(E). In this article, we present a new model for H (M)
when G is a Lie group acting smoothly on a differentiable manifold M, and obtain an
explicit formula for the equivariant Chern class Chg(E) of an equivariant vector bundle,
similar to the Chern-Weil formula for the ordinary Chern class.

In the case that the group G is discrete, our construction specializes to the equivariant
Chern character constructed by Bott [4]. If M is a smooth manifold on which a discrete
group G acts smoothly, the double complex C*(G, A*(G)) of cochains on G with val-
ues in the G-module of differential forms A*(M) has two commuting differentials: the
coboundary d and the exterior differential d. Bott shows that the cohomology of the
total complex of C*(G, A*(G)) with the differential d + d is naturally isomorphic to the
equivariant cohomology HE(M) of M, and gives a formula for the equivariant Chern
character of an equivariant vector bundle E as an element of the complex C*(G, A*(M)).
We now recall his formula.

Denote by AF the k-simplex AF = {0 <t; <--- <t <1}, and by

c AF(AF x M) — AF(M)
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the operation of integration over the fibres of the projection A* x M — M, normalized
in such a way that the integral of the differential form dt; A ... A dtx, A a(t) equals the
Riemann integral of a(t) over the simplex. Stokes’s theorem takes the form

/Md—(—l)’“d/MJr/aM:O.

Given connections V; on a vector bundle E over M, we form a connection
dar + V(t) = dar +t1(Vo — V1) + - + (V-1 — Vi) + Vi
on the pull-back of E by the projection A¥ x M — M, with curvature

(dar + V(£)* =Y _dt; A (Vi — Vi) + F(t),

where F(t) is the curvature of the connection V(t)

The Chern-Simons form of the connections (Vo,..., Vi) is the integral of the Chern
character of the connection dax + V(t) over the fibres of the projection from A¥ x M to
M:

cs(Vo, ..., Vi) = /A Tr(exp(dax + V(1))?).

Stokes’s Theorem shows that
k

des(Vo,..., Vi)=Y (1) es(Vo,..., Vi,..., Vi)

=0

Suppose that M is a differentiable manifold on a Lie group G acts smoothly, and
that E is an equivariant bundle with connection V. Define an element Chg(F, V) of
C*(G, A*(M)) by the formula

Cha(E, V)(g1, o g) = (=)} es(V,..., V);

here, V7 = ~;V~; ! is the conjugate of the connection V by v; = giy1 . .. gx. The formula
for dcs(Vo, ..., Vi) shows that Chg(E, V) is a cocycle, (d + d) Chg(E, V) = 0, that is,
that for each k£ > 0,

k—1

Cha(E,V)(g2,- -, g8) + > _(=1)' Chea(E, V) (g1, -, gifis1s - - - k)

i=1

+ (_1)kgk ChG(E7 V)(Ql) v 79’6*1) + <_1)dehG<E> V)(gla <. 7916) = Oa
Results of Dupont [5] show that Chg(FE, V) represents the Chern equivariant character
of E.

Our model for equivariant cohomology is inspired by H. Cartan’s model for equivari-
ant cohomology when G is compact (see [1], Chapter 7). He considers the graded tensor
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product Clg|®.A*(M) of polynomials on the Lie algera g of G with values in the differen-
tial forms on M, where a differential form is assigned its usual degree, and a polynomial
on g is assigned twice its degree. There are two natural differentials on this space: the
first is the exterior differential d = 1 ® d, while the second may be expressed in terms of
a basis X, of g and dual basis w® of g* C C|g| by the formula

L= Zw%(Xé”),

where X is the vector field on M corresponding to the infinitesimal action of X, € g.
Both of these operators have total degree 1.
The operators d and ¢ do not commute: rather, we have the basic formula

do+id =) W L(X)) =L,

where £(XM) denotes the Lie derivative with respect to the vector field XM,

On the space of invariants (Clg] @ A*(M)), the operator £ vanishes, so that d+¢ is a
differential. Cartan shows that the cohomology of the complex (((C[g] ® A*(M))Y, d + L)
is naturally isomorphic to HS(M). Berline and Vergne [2] (see also [1], Chapter 7) have
given a formula for the equivariant Chern character of an equivariant vector bundle in
this complex.

The complex of equivariant differential forms A (M) which we study in this arti-
cle is the space of differentiable group cochains C*(G,C[g] ® A*(M)): this general-
izes both Bott’s complex C*(G, A*(M)), when G is discrete, and Cartan’s complex
(Clg] ® A*(M))¢, when G is compact. We define the differential dg on A%L(M) in
Section 2; it has the form

de = (d+17) + (d+1),
where 7 is a new operator, introduced in order that d% = 0. It follows from the theory of
hypercohomology of differential graded coalgebras of Eilenberg and Moore [6] that the
cohomology of this complex is naturally isomorphic to HE(M); we recall their theory in
Section 1. In Section 2, we also construct an explicit quasi-isomorphism from the cobar
complex Q(C, A*(G), A*(M)) to C*(G,Clg] ® A*(M)), which intertwines d with d + ¢,
and d with d + 7.

Let P be an equivariant principal bundle P with compact structure group H over
M, and let 6 be a connection form on P. In Section 3, we construct an equivariant
Chern-Weil map H*(BH) — A}, (M). Our construction specializes to that of Bott if G is
discrete, and to that of Berline and Vergne if G is compact and V is invariant under G.
Our main tool in Section 3 is the complex of differential forms A*(|M,]) on a simplicial
manifold introduced by Dupont [5].
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CONVENTIONS

We will always take cohomology with coefficients in C, and all vector bundles will
be complex. All complexes will be of cohomological type (i.e. the differential raises
degree), and concentrated in positive degree. We write [a, b] for the supercommutator
ab — (—1)lal g,

In the definition of the Chern character, we will omit the customary factors of —2mi:

thus, our Chern character lies in Z H?*(M, (271)*Q), just as in algebraic geometry.
k=0

1. COHOMOLOGY OF DIFFERENTIAL (G-MODULES

1.1. Coalgebras and comodules. In this paragraph, we recall the definition of the
cohomology of DGC (differential graded coaugmented) coalgebras (Eilenberg and Moore
[6] and [9]) to the setting of de Rham cohomology. We will work in the category of
topological vector spaces, and denote the projective tensor product X ®, Y by X ® Y;
this has the property that if M and N are manifolds, C*°(M) ® C*®°(N) = C*(M x N).
Since we only consider complexes concentrated in positive degree, there is no ambiguity
in the definition of K ® L, when K and L are topological complexes. All maps between
complexes are understood to be of degree 0 and preserve the differentials.

Definition 1.1.1. A topological DGC coalgebra is a topological complex A, with

(1) comultiplication 6 : A — A ® A and counit ¢ : A —C;
(2) coaugmentation, that is, a map of differential graded coalgebras n: C — A.

A (continuous) differential graded (left) comodule over a topological DGC coalgebra is
a topological complex with coaction V : A — A ® A, where again the tensor product is
understood to mean the projective tensor product. Right comodules are defined similarly.
The coaugmentation on A makes C into a comodule in a canonical way. Other examples
of comodules are given by the extended comodules, namely, those of the form A ® V' for
some topological complex V.

Given a right comodule A and a left comodule B, we may form the cotensor product

Ve1-19V
—_—

AO\B=ker(A®B A®A®B).

In particular, we have the space of coinvariants (or primitive elements) COy A of a
differential graded comodule A over a DGC coalgebra A.
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The definition of the hypercohomology H(A, —) = Cotor®(C, A) of CJ, — makes use
of a notion of injectivity for topological comodules based on Eilenberg and Moore’s
definition of injectivity over a DGC coalgebra, and on Hochschild and Mostow’s definition
of injectivity over a Lie group [7].

Definition 1.1.2. A continuous differential graded comodule A over a topological DGC
coalgebra is injective if there is a morphism f : A ® A — A of continuous differential

comodules such that the composition A Y ARA T, Ais the identity.

Equivalently, a comodule is injective if and only if it is a direct summand of an extended
comodule.

We can now define the hypercohomology of a comodule A. Choose an injective resolu-
tion of C,

0 —C —X" =X —. ..,

that is, a split exact sequence of topological complexes such that each comodule X is
injective. The hypercohomology H(A, A) of a left comodule A is defined as the cohomology
of the double complex

0 -X0OpA =XIOpA —. ..

This definition is independent of the injective resolution X°.
The functor Cotora (A, B) may be calculated by the cobar resolution

QF(A,A,B) = A A®* @ B,

where A denotes the kernel of the counit € : A\ — C. The differential of the cobar complex

equals the sum of the internal differential and the operator

da@M®... 0 ®b) =Vaa@ M\ ®...0 N, @b

(_1)‘a|+|>‘1|+"'+|>‘i—1|+ia QMRD...® S)\l R...0M\®b

E

+
1

— 1)l R L o A @ L @ Ay ® Vb

A~~~ .

+
Here, 6 : A — A @ A denotes the composition of § with the endomorphism
A1 ® Ag — (—1)‘)‘”)\1 ® Mg,

of A® A, and similar definitions hold for @A and @B.

In the special case that A = C*°(G) is the coalgebra of smooth functions on a Lie
group G, we denote the cobar complex Q(C, C*(G),A) by C*(G, A): this is the complex
of smooth G-cochains.
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1.2. Equivariant cohomology. The DGC coalgebra which will interest us in this article
is the space of differential forms A4*(G) on a Lie group G: the coproduct is defined by
the pullback with respect to the multiplication map m : G x G — G of G,

§=m": AN(G) — A" (G x G) = A (G) @ A*(G),

the counit ¢ : A*(G) — C is evaluation at the identity e € G, and the coaugmentation
n:C —A*(G) maps 1 € C to the constant function 1 € A%(G).

If M is a manifold with a smooth left action p : G x M — M of G, the space of
differential forms A*(M) on M is a left A*(G)-comodule, with coaction

V = p* s AY(M) — A*(G x M) = A*(G) ® A*(M).

Similarly, if G acts on the right of M, A*(M) is a right A*(G)-comodule.
Let G be a Lie group. A complex (A, d) is called a differential G-module if the following
additional structures are provided:

(1) a smooth action of G, with infinitesimal action £ : g ® A — A of the Lie algebra
g of G;
(2) a linear map ¢ : g ® A — A of degree —1 such that for all X € g, 1(X)? =0 and

de(X) + o(X)d = L(X).
If A is a differential G-module, we define its horizontal and basic subspaces
Anor = {v € A (X)v =0 for all X € g},
Apas ={veA|u(X)v=0and gv =v for all X € g and g € G}.
The basic subspace Ay is a subcomplex of A.
Proposition 1.2.1. There is a natural bijection between differential G-modules and

differential graded left comodules over A*(G), under which the space of coinvariants
COax(a) A is identified with the basic complex Ayqy.

Proof. Let A be a differential graded comodule over A*(G). The map of coalgebras
A*(G) — A°(G) induces a coaction of the coalgebra A°(G) on A, in other words a
smooth action of G on A. Further, given an element X € g, we obtain a linear map
1(X) : A —A of degree —1 by composing the arrows

(X)®1
—_

A A(Q) @A A(G) @ A =25 AL

We leave it to the reader to check that this gives A the structure of a differential G-
module, and that all A*(G)-comodules are obtained in this way. O

The following result is similar to Lemma 5.2 of Hochschild and Mostow.
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Proposition 1.2.2. If P carries a locally trivial action of G, then A*(P) is an injective
A*(GQ)-comodule.

Proof. Choose a Haar measure dg on GG. Since the action of G on P is locally trivial, there
is a smooth function ¢ on P whose integral over the fibres equals 1, with respect to the
vertical density on P induced by the Haar measure on G. Let f : A*(G)QA*(P) — A*(P)
be the map given by the formula

f(w) = /G g7 (¢wy) dg,

where w,, is the restriction of w to the subspace {g} x P of G x P. We leave it to the
reader to check that f -V is the identity on A*(P). O

Corollary 1.2.3. If M is a manifold with smooth action of a Lie group G,
H(A™(G), A"(M)) = Hg(M).

Proof. Let EG be a classifying G-bundle (which we may choose to be a Hilbert manifold
with smooth action of G) and let i : C — A*(EG) be the inclusion of the constant func-
tions. The map ¢ splits, since evaluation at any point of EG gives a section A*(EG) — C.
Since A*(FEG) is injective by Proposition 1.2.2, and i is a quasi-isomorphism by the
de Rham theorem for Hilbert manifolds and the contractibility of FG, the result fol-
lows. U

1.3. The Eilenberg-Moore spectral sequence. Let us state an Eilenberg-Moore-type
spectral sequence, dual to Theoreme 2.1 of Moore [9]. If A is a DGC coalgebra, denote by
A# the underlying graded coalgebra, obtained by forgetting the differential. Similarly,
if A is a A-comodule, denote by A# the underlying A#-comodule, again obtained by
forgetting the differential.

Proposition 1.3.1. There is a spectral sequence
E) = Cotorp#(A# B#) = Cotor, (A, B).
In particular, if A* an extended A¥-comodule, then
Cotory (A, B) = H* (A B).
Proof. If we filter the cobar complex QF(A, A,B) by degree k, we easily see that the
Ej-term is equal to Cotoryx (A%, B#). If A is an extended A#-comodule, then the E;-
term equals F, = A¥ [ % B” as a graded vector space, with differential induced by the

internal differentials of A and B. Thus, the spectral sequence degenerates at the Es-term
E, = H*(AOa B). O
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2. EQUIVARIANT DIFFERENTIAL FORMS

2.1. The complex of equivariant differential forms. Let A be a differential G-
module, with differential d. An element of C*(G,C[g] ® A) may be identified with a
smooth map

f(gl,...,gk|X):Gk x g —A

which vanishes if any of the arguments g; equals the identity e € G. The degree of an
element of C*(G,C[g] ® A) is the sum of three numbers: its cochain degree k, its degree
as an element of A, and twice its degree as a polynomial on g.

The operators d and ¢ are extended to act on C*(G, C[g] ® A) by the formulas

(df) (g1, - gulX) = (=D)*df (g1, . .., gl X),
f)(grs- gl X) = (=D"uUX) f(g1, - - gl X).

Both of these operators have degree 1, and div + vd = L, where L is the operator

0
(‘Cf)(glvagkp():a etXf(gla"wgk‘X)'
t=0
The coboundary
d: C*@G,Clg] ® A) —C*(G,Clg] @ A)
is given by the formula

k
(df)(gos- - g6l X) = Flgrs -, gl X) + D (=1 f(gor - giaGir - - gel X)

=1

+ (=1 g f (g0, - - -, gr-1| Ad(g ") X).

Its cohomology is the differentiable group cohomology H*(G, C[g]®@A) = Cotor" (@ (C,A).
Denote by

[ C*@G,Clgl @ A) —C* (G, Clg] @ A)

the operator given by the formula

k—

_ ;0 _
(Lf)(gla v 7gk—1’X) = Z(_l) a‘t:of(gl’ <o 7gi7€tX1agi+17 B agk—1|X)7

=0

where Xz = Ad(gZJrl Ce gkfl)X.

[y

Lemma 2.1.1. 2 =0 and di +1d = —L
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Proof. If f € C*(G,C[g] ® A), it is easily seen that

@ (Xlgr,- -, gr2) = Z (_1)i+ja_2

= 83 0t s=t=0
0<i<j<k—-2
('f(glv <oy Gy GSXiygi-i-la <5 95, ethvgj-Ha ce 7gk—2|X>

- f(gla <. 7gi76tXiagi+17 v 7gj7€SXj7gj+la <. 7gk72‘X)>'

The two sums cancel, proving that 72 = 0.
To calculate dz + 7d, observe that

k

(df)(Xlgr,- - g) = Z(_l)i%

(df>(glv -5 Giy etXi7gi+17 s 7gk‘X)

t=0

0
- @t:()f(gl""’gﬂX)

k

+Z(—1)i%

1=

+ Z (—I)H—j%

—1Z+]_1—‘ X .oy G5, X i1y e e (g ey
+ Z ( ) ot t:Of( |gl> yGiy € y Jit+1 » 959541, gk)
0<i<j<k

t:()f(g% S 7gi7€tXiugi+17 ce 7gk|X)

t:Of(gl’ <oy 959541, - - agi7€tXivgi+17 s 7.gk3|X)

k
0 X,

- RN A Qi1 ey X

+;8t‘t:of(gl’ ,Gi€7" 5 Git1 gk X)

U,

— ot

k—1
; 0
_1z+k+l_‘ S g g Ad(gT)X

9
ot

The last term equals —(Lf)(g1, ..., gk|X), while the first term vanishes, since it is inde-

t:Of(gh s 9i-1, etXi_lgia S ’gk|X)

tzoetXf(gla v agk|X)

pendent of t. Two of the terms cancel by the equality
f(gl7 s 7gi—17.gietXiagi+17 s 7gk|X> - f(gl7 <oy Ji1, etXi_lgiJ Jit1y--- 7gk|X)
The remaining terms cancel against various terms of dif. U

Corollary 2.1.2. On C*(G, C[g]®A), the operator dg = (d+1)+ (d+1) is a differential.



10 EZRA GETZLER

Proof. Since d and ¢ are invariant under the action of G, we see that [d,d] = [d, ] = 0.
On the other hand, 7 commutes with any endomorphism of C[g] ® A over C|g]. Thus,
the two operators d 4+ 7 and d 4 « commute, and

(@+D+d+0)) =@+ +(d+1)?=-L+L=0 O
When G is a compact group, the Weil complex
W(g) = C"(G,Clg] ® A*(G)) = Clg] ® A"g,

with differential d + ¢, is a model for the complex of differential forms A*(EG) on the
classifying space of G. However, W(g) is not an injective comodule over A°(G), so it
cannot be used to calculate the equivariant cohomology if G unless G is compact. We
will now show that the complex (C*(G, C[g] ® A*(G)), dg) is a model for A*(EG) which
plays the role of the Weil complex when G is not compact.

Let A be a differential G-module. Filtering C*(G,C[g] ® A) by cochain degree, we
obtain a spectral sequence

Ey = (H*(G,Clg] ® A),d + 1) = H*(C*(G,Clg] ® A), d¢).

Let us take A = A*(G). Since Clg] ® A*(G) is an injective A°(G)-comodule, we may
identify (E1,d;) with the Weil complex W (g). This proves the following lemma.

Lemma 2.1.3. There is a spectral sequence converging to H*(C*(G,Clg] ® A*(G)), dc)

with Ey-term isomorphic to the Weil complex:

B = B Clg e A(@) = { B K =0
0, k> 0.
Thus, the spectral sequence degenerates, with Ey = Ey = H*(W(g)) = C.
This lemma is a key step in the proof of the main result of this section.
Theorem 2.1.4. If A is a differential G-module, H(A*(G),A) = H*(C*(G, C[g]®A), dg).
Proof. Observe that
C*(G,Clgl|®A) = C*(G,Clg] ® A*(G)) Oax) A

The coaugmentation n : C — C*(G,C[g] ® A*(G)), defined by sending 1 € C to the
constant function 1 € C°(G, A%(@G)), is a quasi-isomorphism by Lemma 2.1.3. Tt follows
that

H(A*(G), A) 2 Cotor 4 (C*(G, Clg] ® A*(G)), A).
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We now apply the spectral sequence of Proposition 1.3.1. Since C*(G, C[g] @ A*(G))7 is
an extended A*(G)#-comodule, we see that
Cotora+(c) (C*(G, Clg] ® A*(G)), A) = H*(C™(G, Clg] @ A™(G)) Oar(a) A)
Motivated by this theorem, we define the complex of equivariant differential forms

A% (M) to be the complex C*(G, Clg] ® A*(M)) with differential dg = (d +7) + (d + ¢).
In this case, the spectral sequence becomes a spectral sequence of Bott [3]:

Ey = (H*(G,Clg] ® A*(M)),d + 1) = Hg(M).

In the special case that M is a point, the differential d; = d + ¢ vanishes, and we obtain
a spectral sequence By = H*(G,Clg]) = H*(BG).

2.2. Equivariant differential forms and the cobar complex. In this paragraph, we
construct an explicit quasi-isomorphism from the cobar complex Q(C, A*(G), M) to the
complex C*(G, C[g] ® M) of the last section. This map may be motivated by thinking of
the DGC coalgebra A*(G) as a twisted product of coalgebras A*g* and C*(G) = A°(G).

Definition 2.2.1. The map J : Q*(C, A*(G),M) — C*(G,C|g] ® M) is defined by the

formula

¢ k
j(wl®...®Wk®m)(gl,...,gg|X): Z Hwﬂ(z)(gz) H L(X]M,)wﬂ-(])(e)m
TeS(Lk—2L) i=1 j=0+1

Here, S(¢,k — £) C Sy is the set of shuffles, that is, permutations 7 such that
(1) <---<m()and (£ +1) < --- < 7w(k),
and X; = Ad(g; ... g,)X, where i is the least integer less than ¢ such that 7(j) < 7(7).

In this definition, note that w(g) depends only on the zero-form component of w, while
t(X)w(e) depends only on the one-form component of w at the identity e € G.

Lemma 2.2.2. J-d=(d+¢)-J and J -d= (d+1)- T

Proof. Four different types of terms contribute to J - d:

(1) those terms where d acts by the comultiplication A*(G) — A*(G) ® A*(G) and J
acts on at least one factor of A*(G) ® A*(G) by taking the one-form component
at the identity of G — these terms cancel by symmetry considerations;

(2) those terms where d acts by the comultiplication A*(G) — A*(G) ® A*(G) and
J acts on A*(G) ® A*(G) by taking the zero-form component in each factor;
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(3) those terms where d acts by the coaction M — A*(G) ® M and J acts on the
factor A*(G) of A*(G) ®M by taking its zero-form component — these terms and
those of the second type combine to give d - J;

(4) those terms where d acts by the coaction M — A*(G) ® M and J acts on the
factor A*(G) of A*(G) ® M by taking its one-form component at the identity of
G — these terms contribute ¢ - J.

Two types of terms contribute to J - d:

(1) those terms in J - d where d acts on m € M — these terms contribute d - J;
(2) those terms in J - d where d acts on w; — these terms contribute z - 7. |

Theorem 2.2.3. The map J : Q(C, A*(G),M) — C*(G, Cl[g]®M) is a quasi-isomorphism.

Proof. Tt suffices to prove the theorem with M = A*(G), for which it is evident, since
both complexes Q(C, A*(G), A*(G)) and C*(G,C[g] ® A*(G)) are contractible. O

2.3. The cup product. In this paragraph, we define a product on the equivariant dif-
ferential forms A (M); note that the construction of the equivariant Chern character
of the next section makes no use of this product. Consider a DGC bialgebra A, that is,
a DGC coalgebra with an associative product m : A ® A — A which is a map of DGC
coalgebras. The tensor product A ® B of two differential graded (left) A-comodules A
and B over A is again a differential graded comodule over A, with coaction

A9B Ve A o Ao A9B 2L Ao A9 A®B "2, A 9 A B.

Here, S is the map S : A® A — A ® A defined by the formula S(a® \) = (—1)M\® a.

If a comodule A has an associative product  : AQ A — A which is a map of differential
graded A-comodules, we say that A is a (differential graded) comodule algebra over A.
An example of this abstract nonsense is the comodule algebra A*(M) over the differential
graded bialgebra A*(G), where M is a manifold on which G acts smoothly.

The graded vector space Cotor® (A, B) of a pair of comodule algebras A and B is itself
an algebra, in a natural way. This may be seen by constructing the product explicitly
on the cobar resolution Q(A, A, B), as in Miller [8]. As a special case of this formula, we
obtain the cup product

C*"(G,Clgl® A) ® C*(G, Clg] ® A) —C*(G,Clg] ® A),
defined by the formula
(CL U b)(glv <. 7gk+€|X) = (_1)“'&‘_“7@(91’ s 7.gk‘| Ad(’y_l)X) b(gk’-l-la S 7.gk‘+f|X>a

where v = gg+1- .. Gre-
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Proposition 2.3.1. With the cup product and the differential de, AL(M) is a differential
graded algebra.

Proof. 1t is well-known that U is associative. We must show that each of the operators
d, ¢, d and 7 are derivations with respect to this product.

For d and ¢, this is clear since they are induced by invariant derivations of C[g]®.A*(M).
For d, it is a basic property of the cup product. Thus, it only remains to deal with z. If

a is a k-cochain and b is a ¢-cochain, we calculate that

Z<a U b)(gly s 7.gk+f—1|X)
k4

=2 (-
a 11— a
Z £(|a]—k)+i 1&

=1

((l U b)(gl? <o Ji1, etXimgia R 7gk+f—1|X)

_ 7&(917 -y Gi-1, etXia Giy - - 7gk71’ Ad(ﬂyil)X)

t=0

b(gk‘7 s agk+€—1|X)

+ Z W=kt 2] et a(gy gl Ad(y)X)
i=k+1 t=0 o
b(Grats - Gie1, €0 Giv oo o) Grge—1]X).
Since b is a normalized cochain, b(gri1,- .., gi—1,€%, Gis ..., grre—1/X) vanishes when

t = 0. We see that in the second sum, ve/*a may be replaced by va, and hence that
HaUb) =taUb+ (=1)qu. O

The product on Cotors (A, B) may be calculated in the following way: if A is a co-
module algebra such that A# is an extended comodule over A#, and if there is a quasi-
isomorphism A — A which is a homomorphism of differential graded comodule algebras,

then the induced map
Cotory (A, B) — Cotory (A, B) = H*(A[J, B)

is an isomorphism of algebras. Thus, we obtain the following addendum to Corollary
1.2.3.

Proposition 2.3.2. The isomorphism H(A*(G), A*(M)) = H:(M) is compatible with
products.

It is easily verified that if M is an algebra comodule for the differential bialgebra A*(G),
the quasi-isomorphism J : Q(C, A*(G),M) — C*(G, C[g] ® M) sends the shuffle product
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to the cup product. Since we will have no need for this result, we leave the details to the

reader.

3. THE EQUIVARIANT CHERN CHARACTER

3.1. Differential forms on simplicial manifolds. A simplicial manifold M, is a con-
travariant functor [k] — M), from the simplicial category A to the category of differen-
tiable manifolds. We will assume that the degeneracy maps of our simplicial manifolds
are embeddings: it follows that they are good, in the sense of Segal [10], so that the
geometric realization |M,| correctly reflects the homotopy type of M,.

To a simplicial manifold M, is associated the complex of simplicial differential forms:
this is the total complex Tot A*(M,) of the double complex C}' = A"(My), with differ-
entials the coboundary

k
d=) (-1)'0;: Cp —Cp
1=0

induced by the face maps 0; : My — M;_1, 0 < i < k, and the exterior differential
d:C} —>C,?+1. De Rham’s theorem for good simplicial manifolds shows that the coho-
mology of the complex Tot A*(M,) is naturally isomorphic to the ordinary cohomology
H*(|M,]|,C) of the geometric realization | M,|.

Also associated to a simplicial manifold is Dupont’s complex [5] of differential forms
A*(|M,|): this is the subcomplex of the direct sum

Z ./4* >< Mk
such that for all morphisms f € A([k], [¢]) in the simplicial category,
(fe x D*we = (1 x f*)*wp € A (A" @ M,y).

Here, f, : A¥ — A’ and f*: M, — M,, are the induced actions on the cosimplicial space
A* and simplicial manifold M,. The exterior differential d preserves A*(|M,]).
Stokes’s Theorem shows that there is a map of complexes

T : (A*(|M.]), d) — (Tot A*(M.), d + d),

defined on A*(A* x M) to be (—1)* times the integral over the fibre of the projection
AF x M, — M. This map is a quasi-isomorphism by Theorem 2.3 of Dupont [5].

A simplicial principal bundle with structure group H on a simplicial manifold M, is
a map of simplicial manifolds P, — M, together with a locally trivial right action of

H on P, such that P,/H = M,. A connection form 6 on P, is an invariant one-form
0 € AY(|P,|,h)" with values in the Lie algebra h of H such that if X denotes both an
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element of h and the associated vector field on A* x Py, then ¢(X )0 = X. The curvature
of the connection form 6 is the differential form

Q =df + 1[0,0] € A*(|P.|,h).
The following result is Proposition 3.7 of Dupont [5].

Theorem 3.1.1. Let ® be an invariant polynomial on the Lie algebra h of H. The
differential form ®(Q) € A*(|P,|) is a closed basic form on |P,|, and hence descends to
a closed differential form ®(Q) € A*(|M,|). The cohomology class of ®()) represents
the image of the class ® € H*(BH) under the Chern-Weil map H*(BH) — H*(|M,|)
associated to the principal bundle |Py| —|M,|.

3.2. Application to the homotopy quotient. Suppose that M is a manifold with a
left action of the Lie group G. Let E,G X M be the nerve of the differentiable groupoid
G x M with source and target maps s(g,x) = x and t(g,z) = gz, and composition
(g, hz) - (h,x) = (gh,z). Explicitly, this is the simplicial manifold with EyG xg M =
G* x M, with face maps

(925 Gk, ), i =0,
8i(gl7-..,gka$): (gl’...’gigi+1’...,gk,x>’ O<Z<k,
(915 Gr—1, Gu), i=k,

and degeneracies

O—i<gla---agkax> - (gla"‘7g’i767gi+17"'7gk7m)7 0 SZS k.

Let p; : GF x M — G, 1 < i < k, be the projection onto the i-th factor of G, and let
pur 2 GF x M — M be the projection onto M. The complex Tot A*(E,G xg M) may be
identified with the cobar complex Q(C, A*(G), A*(M)), by the map which sends a chain
W ®...0w,®ac A*(G)® ® A*(M) of the cobar complex to the differential form

(= 1)kl k=Dleal ot 2lonaltlorlpr g, A A prug A plya € AY(GF x M).

This sign may be absorbed into the definition of 7, which thus becomes a map of com-

plexes
J : Tot A*(E.G xg M) — AL(M).

If P is a G-equivariant principal bundle over M with structure group H, F,G Xg P is
a simplicial principal bundle over F,G xg M. If § € AY(P,h)¥ is a connection form on

P, we may define a connection form on E,G X P by the formula

O = t1(00 — (91) + - +tk(9k71 - ek) + eka
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where 6; is the pull-back of 6 to A* x E,G xq P =2 A* x G*¥ x P by the map which sends
(t1, ... tklg1, .-, grlp) € AF x GF x P to giy1...gxp € P. If the group G is discrete, this
connection specializes to the connection of Bott which we discussed in the Introduction.

Combining Theorem 3.1.1 with the results of Section 2, we obtain the following gen-
eralization of Bott’s result: here, we have restricted attention to the case in which the

structure group H of P is GL(N), and the invariant polynomial is X — Tr(e™).

Theorem 3.2.1. The equivariant Chern character Chg(P) of the equivariant principal
bundle P over M is represented in the complex A%L(M) by the equivariant differential

form
oo

Cha(0) = (=1)*T [ Tr(exp(dO + © A ©)).
k=0 AF

3.3. The equivariant Chern character of an invariant connection. We will now
show that the equivariant Chern character of the last paragraph specializes to the equi-
variant Chern character of Berline and Vergne when the connection form # on the princi-
pal bundle P is G-invariant: in practice, this means that we restrict attention to compact
Lie groups GG. Denote by €2 the curvature form df + 6 A 0 of the connection form 6.

If X € g, denote by X the associated vector field on the principal bundle P. The
moment of the connection P is the function p € g* @ A°(P, h)# defined by the formula

(X0 = pu(X) € h.

Berline and Vergne define the equivariant Chern character associated to an invariant
connection by the formula
Chg(6) = Tr(e™™);
this is a cycle in (C[g] ®.A*(P))%, basic with respect to the action of H, which represents
the equivariant Chern character of P in Cartan’s complex. The proof that Chg(0) is
closed uses the formula
(XY + (d + ad(0))u(X) =0,

which may be viewed as a generalization of the formula ¢(X)w = —df for the Hamiltonian
vector field associated to a function f on a symplectic manifold M.

Let X, be a basis of g, with dual basis w® of g*: identify w® with a left-invariant

one-form on G. Let m; : G¥ — G be the projection onto the i-th factor, and define the
element w; of A'(G*) @ A°(M,h) by the formula

wi =Y mw* @ (X)),

We have the formula
0; = Ok + wip1 + -+ + wy,
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from which we see that
C) :tlwl—l—...tkwk—i—@k.

Denoting by O(i) a term of degree > i as a differential form on G*, we see that

k
A0+ O N0 =) d Aw; +Q+0(2).

i=1

It follows that

Chg(0) = Z(—l)k(k“)/QJ Tr(e™%ws .. cwe R L Ok + 2)) dsy ... dsy.
= 0<s1 <o <sp<1

Here, the volume of the simplex A has been cancelled against the factor k! coming from
the different order in which the one-forms w; can occur on expanding the exponential.

The sign comes from the formula
dty Awy AL AN dt Aw = (—DFED2q8 A N dE Awy AL A wy,

combined with the sign (—1)* in the definition of Z.

The map J vanishes on the term O(k + 2). The sign (—1)**+1/2 is cancelled by that
coming from the identification of Tot A*(E.G x¢ M) with Q(C, A*(G), A*(M)). We are
left with a sum of zero-cochains, each corresponding to the unique shuffle in S(0, k):

Chg(0) = Z/ Tr(eleM(X)e(SQ*Sl)Q . e(skfs’“*lmu(X)e(lfsk)Q) dsy . ..dsg.
1o J0<si << <1

This equals the equivariant Chern character
Te(e®+) € C°(G, Clg] ® A*(M)) C AG(M)

of Berline and Vergne.

REFERENCES

[1] N. Berline, E. Getzler and M. Vergne, “Heat kernels and Dirac operators,” Springer-Verlag, Berlin-
Heildelberg-New York, 1992.

[2] N. Berline and M. Vergne, Classes caractéristiques équivariantes. Formules de localisation en coho-
mologie équivariante, C. R. Acad. Sci. Paris 295 (1982), 539-541.

[3] R. Bott, On the Chern-Weil homomorphism and the continuous cohomology of groups, Adv. Math.
11 (1973), 289-303.

[4] R. Bott, On some formulas for the characteristic classes of group-actions, In “Differential topol-
ogy, foliations and Gelfand-Fuks cohomology,” Lecture Notes in Mathematics no. 652, ed. P.A.
Schweitzer, S.J. Springer-Verlag, Berlin-Heidelberg-New York, 1978, pp. 25-61.

[5] J.L. Dupont, Simplicial De Rham cohomology and characteristic classes of flat bundles, Topology
15 (1976), 233-245.



18 EZRA GETZLER

[6] S. Eilenberg and J.C. Moore, Homology and fibrations I. Coalgebras, cotensor product and its derived
functors, Comment. Math. Helv. 40 (1965), 199-236.

[7] G. Hochschild and G.D. Mostow, Cohomology of Lie groups, lllimois J. Math. 6 (1962), 367-401.

[8] H. Miller, A localization theorem in homological algebra, Math. Proc. Camb. Phil. Soc. 84 (1978),
73-84.

[9] J.C. Moore, Algébre homologique et homologie des espaces classifiants, In “Séminaire Henri Cartan,”
12e année, 1959/60, W.A. Benjamin, New York-Amsterdam, 1967.

[10] G.B. Segal, Categories and cohomology theories, Topology 13 (1974), 293-312.

DEPARTMENT OF MATHEMATICS, MIT, CAMBRIDGE MA 02139 USA

E-mail address: getzler@math.mit.edu



