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1. INTRODUCTION

The n-body problem is a well-known problem in celestial and classical mechanics,
where we solve for the trajectories of n bodies interacting under their mutual grav-
itational attraction given their initial positions and velocities. A frequently-studied
example is the 3-body system of the Sun, Moon, and Earth.

This document is a product of the 2023 Dynamics REU at Northwestern Uni-
versity, and in the following paragraphs, we will explore two questions in dynamical
systems motivated by the n-body problem. The first question is presented in Sec-
tion 2 (Part I), where we search for a novel proof for the non-integrability of the
planar 3-body problem. The second question is presented in Section 3 (Part II),
where we develop an analogue of Floquet theory for systems with quasi-periodic
flows.

Before we dive into the specifics of the two questions, we will present some pre-
requisite knowledge relevant to both topics about Hamiltonian systems, lineariza-
tion of autonomous differential equations, and Floquent theory. In writing this
document, we assume that the reader is familiar with undergraduate real analy-
sis, ordinary differential equations, abstract linear algebra, and high-school-level
classical mechanics.

1.1. Hamiltonian Systems. In this section, we will define and introduce the prop-
erties of a Hamiltonian system.

Definition 1.1. Let n be a positive integer. A Hamiltonian system on R?™ is spec-
ified by a smooth function H : R?” — R, called a Hamiltonian. For a Hamiltonian

system on R?", the coordinates on R?" are denoted by ¢i,...,qn,P1;s---,Pn. It is
common for ¢, ...,q, to denote positions of n particles in a physical system, and
for p1,...,pn to denote the corresponding momenta. We often refer to R2" as the

phase space of the Hamiltonian system.
A Hamiltonian arising from a physical system usually takes the form

(12) H(le ey GnyP1y- - 7pn) = K(pla e apn) + U(le ey qn)
Here, K is the kinetic energy and U is the potential energy.

Example 1.3. For example, the Hamiltonian of a single free particle (n = 1) of
mass m constrained to move along a line is given by

2
p
H =—.
(@p) =~
Hamiltonian systems evolve with time according to Hamilton’s equations:
OH . OH

(1.4) =—Z= i=1,...,n

ql - 8pl7 pl 6qz

Solutions in the form of % : R — R?™ of (1.4) are sometimes called trajectories of
H. If ¢1,...,q, are Cartesian coordinates on phase space and the Hamiltonian is
of the form (1.2) with the usual kinetic energy

2

2
pl pn
K . = — 4.
(pla apn) 2m1 + + anv
then Hamilton’s equations read
. pi . ou .
4G =—5 Di= 1=1,...,n.

m; dq;’
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This is simply Newton’s second law for a conservative force with potential U.
Another way of thinking about Hamilton’s equations is with vector fields.

Definition 1.5. Given any smooth function F : R?" — R, the Hamiltonian vector
field X on R?™ induced by F is

_(8F OF _OF _8F)T
o ope” 00 )

7= %)
is the standard symplectic matriz of dimension 2n, then
(1.7) Xp=JVF,
where VF is the ordinary gradient on R?". The operator JV is often called the

symplectic gradient. From the Hamiltonian vector field X g, we can write down the
autonomous differential equation

(1.6)

If

T = XF (iL’),
where # = (q1,...,qn,p1,.-.,0n)’ are the coordinates on R?". With every Hamil-
tonian vector field, there is an associated flow ¢%(w), defined as a smooth function
op : R x R?" — R?" satisfying
(1.8) Pr(w) = Xp(pp(w), ¢p(w)=w.
By uniqueness of solutions of ordinary differential equations, the flow % satisfies
the group property ¢k o p*(w) = %% (w).

With this notation in mind, Hamilton’s equations can be written concisely as

(1.9) &= Xpy(x).

The flow ¢4, (w) is precisely the solution of Hamilton’s equations (1.4) with initial
condition w.

)T

Example 1.10. The angular momentum of k particles in the plane R? is given by
k

Lqy, - qu,p1,- - k) = Z(leka — Qk2Pk1)-
i=1

Here, q1,...,q: € R? are the positions of the particles and p1,...,pr € R? are the
corresponding linear momenta. Let us find the flow ¢ (w) induced by L on the
phase space R*. The Hamiltonian vector field X, is given by
Xy =JVL = (—qi2,q11:- - -, —Qk2: Q1> —P12: P11+ - - -, —Pk2, Dk1)
The autonomous differential equation associated to this vector field is & = X, (z).
Written out in components, we see that
G11 = —qi12 P11 = —P12
Q12 =qu P12 = P11

(k1 = —Qr2 Pkl = —Dk2
Grk2 = Qr1 Pr2 = Pk1.
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This differential equation is really just 2k identical copies of the two-dimensional
equation

£=-n
n =2,

&\ _ [cost —sint) (&
n)  \sint cost /)’

Hence the flow ¢} (w) is given by

which has solution

R
cost —sint
A= e re=( )

sint cost
Ry

This can be written more compactly as ¢! (w) = Ryw, with Ry = R?Qk.

1.2. Linearization of autonomous differential equations. Consider the fol-
lowing autonomous differential equation

(1.11) i = fa),

where z € R¥. This equation determines a flow ¢!(w) on R¥, which satisfies
G w) = Fetw), @"(w)=w.

For each ¢ = 1,...,k, we have that

9t )

_ t
() = g (¢ W)
d 880t _ t a‘Pt
G 5 (w) = DI (W) G (w).
This shows that the column vectors
At

w), 1=1,...,k
6wi( )
all satisfy the variational equation

(1.12) = Df(¢"(w))y.

The variational equation arises as the linearization of the autonomous equation
(1.11) along the flow ' (w).
Let Y (¢, w) be the k-by-k matrix with column vectors

At Ayt
Tuq(w)’ R ka(w)-

We may write this more concisely as

(1.13) Y (t,w) = D' (w).

Note that Y (¢, w) also satisfies the variational equation (1.12). Moreover, Y (0, w) =
I, because ¢°(w) = w.
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1.3. Floquet theory and the monodromy matrix. Floquet theory describes
the structure of solutions to linear differential equations with periodic coefficients
of the form

(1.14) i=A(t)z, A{t+T)=A(t), zcR"

Definition 1.15. The principal fundamental matriz of (1.14) is the k-by-k matrix
Z(t) satisfying

Z=At)Z, Z(0)=I.
From the principal fundamental matrix Z(t), we get the monodromy matriz of
(1.14):

M =Z(T).

The eigenvalues of the monodromy matrix are called characteristic multipliers (or
sometimes Floguet multipliers) and play an important role in the stability of (1.14).
For more details, see [6], Section 3.5.

When does a situation like (1.14) arise? Consider again the autonomous differen-
tial equation (1.11) with its flow (?(w) and the associated matrix Y (¢, w). Suppose
wo € R¥ is such that o (wp) = wy for some T > 0. Then for all t,

¢ (wo) = ¢ 0 (wo) = " (w),
so the flow ¢ (wy) is T-periodic. It follows that the matrix D f (! (wq)) appearing in
the variational equation (1.12) is T-periodic, which puts us in the setting of Floquet
theory. From the previous section, Y (¢, w) = Dy!(w) is the principal fundamental
matrix solution of (1.12), and hence Y (T, wqy) = Dp” (wy) is the monodromy matrix
M. In summary, we have proved:

Theorem 1.16. Let & = f(z) be an autonomous differential equation with x € R¥,
and let o' (w) be the corresponding flow on R¥. Suppose there is a wy € R¥ such
that o' (wy) is T-periodic for some T > 0. Then the variational equation

¥ = Df(pi(wo))y

has T-periodic coefficients, and the monodromy matriz is given by M = D™ (wy).

2. PART I: NON-INTEGRABILITY OF THE PLANAR 3-BODY PROBLEM

2.1. Motivation. As a system of differential equations, our highest hope for the
N-body problem is to find the general solution, i.e. the associated flow in its
entirety. This problem is solved for NV < 2, but for N > 3, the problem is in fact
non-integrable. We will define integrability more rigorously in the next subsection,
but this essentially means we don’t have enough information to solve the systems
of equations generally, and the best we can do is to find particular solutions (i.e.
¢t (wp) where wy is a fixed point in phase space).

Poincaré provided the first proof of the non-integrability of the 3-body prob-
lem using complex contour integrals, and in this section, we incorporate numerical
methods and construct an alternative proof of the same fact in the planar subcase,
which means we assume the solution lies in a two-dimensional plane. With further
work, we hope to write an analogous proof for the full 3-body problem and extend
our methods to apply more generally. Possible ideas for a more general proof and
partial results are detailed in the last subsections.

Proving whether a Hamiltonian system is integrable or not is a fundamental
problem in classical and celestial mechanics. If we find that a system is integrable,
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then we try to construct as many first integrals as there are degrees of freedom
to solve the system generally. If we show that a system is non-integrable, then
we know that finding a general solution is not possible and we should study the
system via some other methods. As a result, proving the non-integrability of the
3-body problem is a classic problem. Poincaré’s original proof is rather lengthy and
computationally heavy; therefore, in this document, we hope to provide a more
accessible proof with some help from modern computational technology.

2.2. Poisson bracket and first integrals. Let H be a Hamiltonian system on
the phase space R?".

Definition 2.1. A smooth function F : R?” — R is said to be a first integral of H
if I is constant on all trajectories of H, i.e. % F(p(t)) =0 for all solutions .

For any such ¢ = (¢1,.-.,Gn,D1,---,Pn), We see that

; "(OF  OF \ <~ (OFOH OF OH
(2.2) () = > (a%Qi + a;oipi> - ; (0qi dpi  Opi a%‘) '

i=1

Definition 2.3. The quantity on the right side of (2.2) is called the Poisson bracket
of H and F. For any two smooth functions F, F5 : R2® — R, their Poisson bracket
is defined as follows:

" (OF, 0F, OF, 8F2>
2.4 F,F) = - .
( ) { ' 2} Z<3Q¢ Op; Op; 0¢;

i=1
Using (2.2), we see that F is a first integral of H if and only if their Poisson
bracket vanishes: {F, H} = 0.
Let C*°(R?") denote the R-algebra of smooth functions from R?" to R. If
f,9,h € C®(R?") and ¢ € R, it can be checked that the Poisson bracket has
the following properties:

{f.g} = —{g. f} (antisymmetry)

{f+cg,h} ={f,h} +c{g,h} (linearity)

{f.{g,n}} +{g:{h, f}} + {h,{f,g}} = 0 (Jacobi identity)
{f,gh} = g{f,h} +{f,g}h (product rule).

The first three properties imply that the Poisson bracket endows C*°(R?") (thought
of as a real vector space) with the structure of a Lie algebra, and the last property
is useful in computations. Together, these four properties show that the Poisson
bracket endows C*°(R?*") with the structure of a Poisson algebra.

Note that the coordinate functions q1,...,qn,p1,--.,DPn satisfy the canonical
Poisson bracket relations:
(2.5) {gi:q5} = {pisp;} =0, {a@i,p;} =i

If F and G are first integrals of H, then the Jacobi identity implies that {F,G}
is also a first integral of H. Moreover, the antisymmetry property implies that
{H, H} =0, so that the Hamiltonian is always a first integral.

There is a relationship between the Poisson bracket on C°°(R?*") and the Lie
bracket for vector fields on R?": if F,G € C°°(R?") (they don’t need to be first
integrals) and X, X are the associated Hamiltonian vector fields, then

(2.6) —[Xp,Xg] = (DXp)Xa — (DX6)Xr = X(pcy-
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This can be verified directly in coordinates qi, ..., qn,p1,--.,0n (alternatively, see
[1], Section 39 C).

2.3. Proof sketch of non-integrability of the planar 3-body system. In
this subsection, we will first discuss what it means for a Hamiltonian system to be
integrable, then provide sketch of our alternative proof.

If we fix the initial condition wp, then the image of any smooth trajectory @b (wo)
will be a one dimensional smooth submanifold of phase space. We call this image
the orbit of the point wg, and fulling solving a Hamiltonian system means finding
these orbits generally. First integrals help us locate the orbits, and here’s how:

First integrals are conserved physical quantities, which means that any particular
orbit must lie in a level set of any first integral of the system. As a result, if we
have multiple first integrals in a Hamiltonian system, we know that one particular
trajectory must lie in the intersection of the level sets of all first integrals of the
system. If these level sets intersect in a nice way, for every first integral we have, we
can successfully knock down the dimension of the set in which our orbit lies by one.
Then, in theory, if we can find 2n — 1 first integrals with nice level set intersection,
we can reduce the potential trajectory from the phase space of R?" to just a one
dimensional submanifold, which means we would have solved the system. This is
what it roughly means for a Hamiltonian system to be integrable.

The technical term for “nice level set intersection” is transversal intersection,
which is implied by functional independence of the set of first integrals. We refer
the interested readers to [2], Chapters 5 and 6 for more details.

Definition 2.7. A set of functions F1, ..., Fi : R™ — R are functionally independent
on A C R™ if at all p € A, the vectors dF;(p),...,dFi(p) are linearly independent.

Functional independence is a rather foundational assumption, so with future sets
of first integrals, we will in general assume that they are functionally independent.

If in addition to functional independence, we assume the set of first integrals are
in involution, which simply means their pairwise Poisson brackets are zero, we ob-
tain a stronger result named the Liouville-Arnold Theorem (see [1], Sections 49-50).
This theorem essentially says that with the additional condition of in involution,
a Hamiltonian system can be solvable with only n first integrals. This gives an-
other way for a Hamiltonian system to be integrable, called Liouville integrable or
completely integrable.

In summary, for a Hamiltonian system to be integrable, we need either 2n — 1
first integrals or n first integrals with some additional conditions. Therefore, to
prove that a system is non-integrable, we simply need to prove an upper bound for
the number of first integrals. This is essentially the goal of our proof, which will be
sketched out in the next paragraph.

We first start with a periodic solution of the planar 3-body problem and reduce
the differential equations to the case where the center of mass is fixed. We then
show that in this set up, there exists two known first integral which are function-
ally independent, namely the Hamiltonian itself of the total energy and the angular
momentum. We will prove that for every additional first integral of our system, we
will obtain an additional eigenvector of eigenvalue one in the monodromy matrix
associated with our periodic solution. We will then numerically approximate this
monodromy matrix using Mathematica to show that the its eigenspace for eigen-
value one is only 2-dimensional, making it impossible for our system to have a third
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additional first integral. This will then show that in our 8-dimensional phase space,
we only have two first integrals, making the system non-integrable.

2.4. The planar 3-body problem. Consider three particles of mass mi, ms, ms
with positions q1, g2, g3 € R? and linear momenta p1, p2, p3 € R2. We fix the center
of mass at the origin, so that myq; 4+ mage + mzqs = 0. Solving for g3 gives

_ magqi + maqe
ms '

q3 =
Using this, we see that the kinetic energy takes the form

1 1 1
T = §m1|41|2 + §m2|q'2|2 + §m3|43|2

2 2
m . 1 m . mimse . .
—<m1—|—1)|q1|2+<m2—|—2)|q22+ q1°q2
ms 2 ms m3

This determines the Lagrangian £ = T — U for the system, and the generalized
momenta are given by

oL oT m?Y\ . mimsg .
p1 = =|\mi+—qa+ q2
msa ms

T 0 0q
oL oT m3\ . mimsg .
Pr=Fg— =7 =|M2+— | g2+ q1
042 042 ms m3

Solving for ¢i, g2 in terms of p1, p2 and inserting this into 7', we see that

mg + mg3 p
1

|2 my + ms
2mimyg 2mom

|p2
0

S

T(p1,p2) = — —p1 - P2,
mo

where mg = my + mg + mg is the total mass. With this, the Hamiltonian for the
planar 3-body system with fixed center of mass is given by

H(q1,q2,p1,p2) = T(p1,p2) + Ulq1,q2),

where
mimse mims mams
Ulqi,q2) = — - -
a1 — a2l g — a3 g2 — g3l
mims m1m§ m2m§

o — ] |(ma+ms)@ + maga]  maigr + (ma + ms)ge|

is the potential energy. The phase space for this Hamiltonian has dimension 8.
For more details on Lagrangians and Hamiltonians in classical mechanics, see [5],
Chapters 7 and 13.

Given any values of the masses m1, mo, ms, there is a periodic solution of Hamil-
ton’s equations where the masses rotate around their center of mass, which is fixed
at the origin, and the masses form the vertices of an equilateral triangle. For more
on these types of configurations, see [3], Chapter 2 (and especially Proposition
2.8.6).
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We give the explicit form of this periodic orbit: set 13 = mg/2 and w = /2.
Define ay, as € R? by

r V3 my—ms
a = — 1 2 77110
V3 \ 1 — 7= (m1 — 3(ma +m3))

r _ @ mi+2ms
as = ——= 1 1 2 77{0 )

V3 (‘2 — g (ma = 5(m2 +m3)))
which are two vertices of an equilateral triangle of side length r in the plane. If
we think of the particle at position a; as having mass m;, then this arrangement of
particles has its center of mass at the origin (so the third vertex as can be found by
solving mya; + maas + msaz = 0). Our periodic solution of Hamilton’s equations
then takes the form

(2.8) qi(t) = exp(—wJat)a;, pi(t) = —miwJsexp(—wdat)a;, i=1,2.

0 1 coswt —sinwt
J2 = (1 O) » exp(-wat) = (Sinwt cos wt ) ’
Call this solution 7(t), and note that () is T-periodic with T' = 27 /w.
By choosing units where the total mass of the system is 1, we may assume that

mgo = 1. This simplifies the form of the periodic solution, and the ¢, g2 components
of y(t) are explicitly given by

Here,

qu(t) = % l\f(mz —mg) coswt — %(mz +ms3) Sinwt]

qi2(t) = % l\f(mg —mg)sinwt + g(mg + ms3) coswt]
go1(t) = % l—\ég(ml + 2m3) coswt + gml sinwt]
q22(t) = —% l\f(ml + 2mg3) sinwt + gml cos wt]

Using computational software, such as Mathematica, one can compute the com-
ponents DX g (y(t)) = JHess(H)(y(t)) appearing in the variational equation (2.15).
If Y(¢) is the principal fundamental matrix solution to

(2.9) y = JHess(H)(~(t))y,

then one can compute the monodromy matrix M = Y (T) = Y (27 /w) by numeri-
cally solving (2.9). At this point, we are free to choose any values of mj, ms, ms
that sum to 1, so we work with equal masses m; = mo = mg = 1/3 for simplicity.
Under these conditions, M has eigenvalues

85.0197,85.0197,1,1,1,1,0.011762,0.011762.
The first integrals of energy (the Hamiltonian H) and angular momentum

L =q Ap1+ g2 Ap2 = quipi2 — q12P11 + G21P22 — q22D21

explain the four eigenvalues of 1. The eigenspace of M corresponding to the eigen-
value of 1 has dimension 2, which is to be expected (using the results of the following
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FIGURE 1. Eigenvalues of M.

sections) - there are two functionally independent first integrals. Furthermore, this
shows that there cannot be a third first integral of this Hamiltonian system that is
functionally independent with the energy and angular momentum. With this, we
have proven:

Theorem 2.10. The planar 3-body problem with fized center of mass cannot have
more than two functionally independent first integrals. Two such functionally in-
dependent first integrals are the energy and angular momentum. Consequently, the
planar 3-body problem (without fizing the center of mass) cannot have more than
four functionally independent first integrals. Four such functionally independent
first integrals are the energy, angular momentum, and two components of linear
momentum.

As two of the masses get smaller, we expect to see some stability in the linearized
system (2.9) (think of the Lagrange points in the Sun-Earth-Moon system). This
corresponds to the eigenvalues of M having no real part. However, when two of the
masses are small enough, we see wild behavior in the real part of the eigenvalues
of M. Figure 1 shows a plot of the real parts of the eigenvalues of M as a function
of my; and mg, in the regime where 0.1 < mq, mo < 0.05. More can be said about
this behavior once we understand the symplectic structure on M.

The code used for the computations in this section is attached at the end of the
write-up.

2.5. First integrals and left eigenvectors. Let us return to the setting of an
autonomous differential equation (1.11) with flow ¢(w). A first integral of (1.11)
is a function F': R¥ — R that is constant on the flow. More precisely,

F(p'(w)) = F(¢"(w)) = F(w)
for all t. It follows that for each i =1,...,k,

) o .,
a—wiF("w) = 8—WF(<P (w))

"oF | 0
3 iy 710 (0

(2.11)

Ot
B, (w).

dF (o' (w))
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ot . .
Here, 52— is a column vector as before and dF is the row vector
;

oF oF
dF = | —,...,— | .
(8’11}1 ’ ’ awk>
Since (2.11) holds for each i = 1,...  k, we see that
(2.12) dF (w) = dF (o' (w))Dg' (w).

Suppose we have a periodic orbit ¢f(wp), so that 7 (wy) = !(w
t. Evaluating (2.12) at t = T, w = wg and recalling that De® (wg) =
monodromy matrix gives:

(2.13) dF (wo) = dF (¢" (wo)) D" (wo) = dF (wo) M.
We have proved:

o) for all
M is the

Proposition 2.14. Consider the autonomous differential equation (1.11) with flow
o', and let F be a first integral of (1.11). Suppose p'(wo) is T-periodic, and let
M = DT (wg) be the monodromy matriz of the variational equation

§ = Df(e" (wo))y.
Then dF(wg) = dF(wo)M. In particular, if dF(wg) # 0, then dF(wo) is a left
ergenvector of M with eigenvalue 1.

2.6. First integrals of Hamiltonian systems and right eigenvectors. Let
(R?", H) be a Hamiltonian system, and recall that Hamilton’s equations can be
written as an autonomous differential equation (1.9) on phase space. On the flow
¢t (w), the variational equation reads

(2.15) § = DXu(pl(w))y.

Let F : R>® — R be a first integral of H, so that {F, H} = 0. The relationship
(2.6) between the Poisson and Lie brackets then implies that

[Xr, Xi] = (DXp) Xy — (DXy)Xp = 0.
Hence (DXp)Xy = (DXpg)Xp. It is worth mentioning that

& (Xl () = DX (gl () g5y (w)

= DXp (¢l (w) Xn (0 (w))
= DXy (¢ (w)) Xp (o (w)),
which means that X (¢t (w)) satisfies the variational equation (2.15).

It is well-known from differential geometry (see [2], Theorem 9.44 or [1], Section
39 E) that two vector fields commute if and only if their flows commute. Al-
ternatively, this can be deduced from the Frobenius integrability theorem. Since
[Xp, Xg] =0, their flows commute:

P 0 P (w) = @l 0 P (w).
Differentiating both sides with respect to s gives
Xp(ep 0 @l (w)) = (Dol ) (¢ (w) Xr (95 (w)),

and evaluating at s = 0 gives

(2.16) Xr(ph(w)) = (D) (w) Xp (w).
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If wp € R?™ is such that the trajectory ¢t (wo) is T-periodic, then M = DyZ (wy)
is the monodromy matrix of the T-periodic system (2.15), and evaluating (2.16) at
t =T and w = wy shows that

Xp(wo) = MXp(wo).
In conclusion, we obtain:
Proposition 2.17. Let (R?", H) be a Hamiltonian system and let X be the Hamil-
tonian vector field associated to H. Let @'y (w) be the flow corresponding to Hamil-
ton’s equation (1.9), and suppose @ (wq) is T-periodic. Let M = Dk (wg) be
the monodromy matriz of (2.15). If F is a first integral of H, then Xp(wgy) =

MXg(wp). In particular, if Xp(wg) # 0, then Xp(wo) is a right eigenvector of M
with eigenvalue 1.

2.7. Symplectic matrices and variational equations of Hamiltonian sys-
tems.

Definition 2.18. A 2n-by-2n real-valued matrix S is said to be symplectic if
STJS = J,

0 I,
=5 %)

is the standard symplectic matrix of dimension 2n, as introduced in the section on
Hamiltonian systems.

where

J enjoys some nice properties, such as J© = J~! = —J and J? = —I5,. One
consequence of these properties is that J itself is symplectic. It is also easy to
see that the identity I, is symplectic. In fact, the set of all 2n-by-2n real-valued
symplectic matrices, denoted Sp(2n,R), is a group under matrix multiplication. If
S € Sp(2n,R), then S~ exists and is symplectic, and is given explicitly by
(2.19) Sl =187

Let us now consider a specific kind of linear differential equation:

(2.20) 2= JB(t)z,
where B(t) is a symmetric real-valued 2n-by-2n matrix.

Proposition 2.21. The principal fundamental matriz Z(t) of (2.20) is symplectic
for all t.

Proof. We have that Z = JB(t)Z and Z(0) = I,. Note that Z7 satisfies Z7 =
ZTB(t)JT because B(t) is symmetric. It follows that

%(ZTJZ) =77z +72%72
=72"Bt)J"JZ+ZVJIB(t)Z
=72"B(t)Z - Z"B(t)Z
= ()7

so that ZTJZ is constant in t. At t = 0, we have Z(0)TJZ(0) = J because
Z(0) = Iz,. Hence Z(t)TJZ(t) = J for all t. O
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Why would we consider such a differential equation in the first place? The
variational equation (2.15) of a Hamiltonian system is exactly of the form (2.20)
because

DXp (¢ (w)) = D(JVH)(py (w)) = JHess(H) (¢ (w)),

so B(t) = Hess(H) (% (w)) is real and symmetric. If wy € R?™ is such that o (wp)
is T-periodic, then the variational equation (2.15) is T-periodic, and since the
principal fundamental matrix DY, (wp) is symplectic for all ¢, the monodromy
matrix M = Dp% (wg) of (2.15) is symplectic. This shows:

Corollary 2.22. Let (R?",H) be a Hamiltonian system with flow @b (w). If
ot (wo) is T-periodic, then the monodromy matrix M = Dy (wo) of (2.15) is
symplectic.

2.8. Eigenvalues and eigenvectors of symplectic matrices. Let S € Sp(2n,R)
be given. Suppose that v is a right eigenvector of S with eigenvalue A, so that
Sv = Av. Since S is invertible, A # 0. Observe that

STJSv = Ju
AST Jv = Ju

1
(Ju)T'S = X(JU)T.

Since J is invertible, Jv # 0, and hence (Jv)T is a left eigenvector of S with
eigenvalue 1/\. This correspondence goes the other way as well: suppose that w
is a left eigenvector of S with eigenvalue p # 0, so that wS = pw. It follows that
STwT = pw”, and hence
(ST)fle _ le'
p

Since S is symplectic, STJS = J, and thus S = J~1(ST)"1J = JT(ST)~1J. It
follows that

Hence (wJ)7 is a right eigenvector of S with eigenvalue 1/p.

In particular, we have shown that A is an eigenvalue of S if and only if 1/ is an
eigenvalue of S. Moreover, since we are working with real symplectic matrices, A is
an eigenvalue of S if and only if A is an eigenvalue. Recall that the invserse of S is
given by (2.19): S~ = J~1STJ. This shows that S~ is similar to ST, and hence
they have the same eigenvalues (always considered up to algebraic multiplicity).
Moreover, ST and S have the same eigenvalues, so S~' and S have the same
eigenvalues. This is another way of seeing that eigenvalues of a symplectic matrix
come in reciprocal pairs, and this perspective shows that the algebraic multiplicity
of X is equal to the algebraic multiplicity of 1/A.
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A reformulation of this result is that the characteristic polynomial p(\) of S is

reflexive:

p(A) = N"p(1/N).
This follows immediately from (2.19) and the well-known fact that det S = 1. For
more details, see [1], Sections 41 C and 42 B.

Let m; denote the algebraic multiplicity of the eigenvalue 1 of S, and let m_;
denote the algebraic multiplicity of the eigenvalue —1. If 1 is not an eigenvalue of S,
we interpret this as m; = 0, and similarly for —1. Note that 1 and —1 are the only
solutions over the complex numbers of the equation z = 1/z. Hence for all other
complex numbers, z and 1/z are distinct. Recall that the product of all eigenvalues
of S, counted with algebraic multiplicity, equals det S. Since the eigenvalues of S
come in reciprocal pairs of equal algebraic multiplicity and det S = 1, it follows
that (—1)™-* = 1, and hence m_; is even. Also, since S has an even number of
eigenvalues, and all eigenvalues other than +1 come in reciprocal pairs, we see that
m1 + m_, must be even. Since m_1 is even, so is m;.

We summarize this discussion in the following theorem:

Theorem 2.23. Let S € Sp(2n,R) be given.

(1) If X is an eigenvalue of S, then so are 1/\, X\, and 1/X\. Moreover, the
eigenvalues N\, 1/X\, X\, 1/X all have the same algebraic multiplicity.

(2) The eigenvalues 1 and —1 of S must have even algebraic multiplicity.

(3) A wector v is a right eigenvector of S with eigenvalue X if and only if (Jv)T
is a left eigenvector of S with eigenvalue 1/\.

Recall the previous sections on left and right eigenvectors coming from first
integrals. For a Hamiltonian system, the fact that a first integral gives rise to both
a left and a right eigenvector of the monodromy matrix, both with eigenvalue 1, is no
coincidence. Our computations showed that along a periodic orbit ¢}, (wp), a first
integral F' gave us the left eigenvector dF'(wq) and the right eigenvector X g (wp) of
the monodromy matrix M. This is an illustration of the correspondence between left
and right eigenvectors of a symplectic matrix, because —dF(wo) = (JXr(wp))T.

Example 2.24. With this result in mind, we revisit Figure 1, which plots the
eigenvalues of the monodromy matrix M as a function of m; and msy for the planar
3-body problem with masses mj+mso+ms3 = 1. For all values of m1, ms, m3, M has
four eigenvalues of 1, which correspond to the first integrals of energy and angular
momentum (see the section on Poincaré’s theorem). When none of the masses are
too small (such as when m; = mg = mg = 1), the other four eigenvalues of M are
0,0, 1/p,1/p, where p is real and p > 1. This can be seen computationally.

As two of the masses get smaller, p approaches 1, so in the complex plane we can
think of the eigenvalue pair p,1/p (the red points in Figure 2) as moving towards
the point z = 1 (shown in blue) along the real axis. Once two of the masses get
small enough, the pair p, 1/p leaves the real axis at z = 1 and starts moving around
the unit circle S' = {z : |z| = 1} (shown in green).

2.9. Euclidean and skew-scalar products. We will use (-, -) to denote the stan-
dard Euclidean inner product on any R¥: if 2 = (z1,...,2%),y = (y1,...,yx) € RF,

then
k
<'Ta y> = Z ZTilYi-
i=1
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1/p A=1

1/p

FiGURE 2. Eigenvalues of M in the complex plane.

If 7,y € R?™ are thought of as column vectors in an even-dimensional space, then
observe that

(2.25) (Ja, Jy) = (Jo) ' Jy = 27 T  Jy = 2Ty = (2, y).

Definition 2.26. On even-dimensional spaces R?", we define the skew-scalar prod-
uct or symplectic inner product w(-,-) by

w(z,y) = (z, Jy).
In Coordlnates’ if m = (q17""qn7p17"’7pn) and y = (q/17"‘7q;l’p/1""7p’lrb)7

then

n

= (aip} — pid)).

i=1
From this formula, it is clear that w(z,z) = 0 for all x € R?". Equivalently,
(z,Jx) = 0, which means xz and Jz are always orthogonal. In particular, the

correspondence v < (Jv)T between right and left eigenvectors of a symplectic
matrix has the nice property that
(Jv)Tv = (Ju,v) = (v, Jv) = w(v,v) = 0.
The Poisson bracket (2.4) can be thought of as a skew-scalar product: if F,G €
C°°(R?"), then the definition (2.4) is equivalent to
(2.27) {F,G} =w(VF,VG) =(VF,JVG) =dF - Xg.

In this language, F' is a first integral of the Hamiltonian H if and only if their
gradients are skew-orthogonal.

2.10. Poincaré’s Theorem.

Theorem 2.28. Let (R*", H) be a Hamiltonian system with flow ot (w). Suppose
there is a wy € R?™ such that the orbit ot (wo) is T-periodic, T > 0. Suppose
further that there is a set of k first integrals Fy,..., Fx (k < n) with F} = H, all
in involution with each other, and that Fy, ..., Fy are functionally independent at
wg. Then M has at least 2k eigenvalues of 1.
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Here, in involution means that {F;, F;} = 0 for all 4, j, and recall that func-
tionally independent means the vectors VFy(wy),..., VE(wo) are linearly inde-
pendent. This theorem was proved by Poincaré in Volume I of [4], Sections 69-71.

We aim to give a detailed proof of this theorem in more modern language.

Proof. For each ¢ = 1,...,k, put X; = Xp (wg). By hypothesis, the vectors
VF;(wg),i=1,...,k are linearly independent, and since J is invertible, the vectors
X; = JVF;(wg), i = 1,...,k are also linearly independent. From the section on
first integrals of Hamiltonian systems and right eigenvectors, we know that each
X; is a right eigenvector of M with eigenvalue 1. Hence we have already found k
eigenvalues of 1. How do we get k more?

Inspired by the left-right eigenvector correspondence of a symplectic matrix, we
put X; = JX; for each i = 1,...,k. Other ways of writing X; are

X; = JX; = —dF(wo)T = =V F;(wp).

From the section on eigenvalues and eigenvectors of symplectic matrices, or from the
section on first integrals and left eigenvectors, we see that XzT is a left eigenvector
of M with eigenvalue 1 for each ¢ = 1,..., k. Equivalently, X;isa right eigenvector
of MT with eigenvalue 1. Since the Fj, i = 1, ...,k are functionally independent at
wo, the X; = —VF;(wg), i = 1,. ..,k are linearly independent.

In general, if you take a set of k linearly independent vectors and combine it
with another set of k linearly independent vectors, the big set of 2k vectors is not
guaranteed to be linearly independent. In our situation, we have more structure

that avoids this issue. Since F1i,..., F} are in involution, we have that {F;, F;} =0
for each 4, j, and thus (X, Xj) = 0 for each 1, j, by the previous section. That is, the
two sets X1,..., X and Xi,..., X} are mutually orthogonal, which is enough to
ensure linear independence of the combined set X7, ..., Xk, Xl, e X},. For more

details, see the proposition in next section.

Extend Xl,...,Xk,Xl,...7Xk to a basis X17...,Xk,Xl,.‘.,Xk,zl,...,zr of
R2", such that (X;,2;) =0foralli=1,...,kand j = 1,...,r. Here, 7 = 2(n — k).
This is always possible because of the Gram-Schmidt process. Re-order this basis
and call it B:

B= {Xl,...,Xk,Zl,...,ZT,Xl,...,Xk}.

As we shall prove in the next section, M takes a particularly nice form in this basis:

Ik * *
[M]B = 0r><k * *
Okxk  Ogxr Ik
In this form, it is clear that M has at least 2k eigenvalues of 1. O

2.11. Linear algebra details.

Lemma 2.29. If vy,...,u; € R™ are linearly independent, then the l-by-l Gram
matric G with entries G;; = (v;,v;) is invertible.

Proof. We prove that G is injective. Suppose not, so there is a nonzero ¢ € R! such
that G¢ = 0. Then

Lo Lo I !
0=¢"Ge = ZZ&GH&} = ZZ(fiviijj> = <Z fivi,Z§jvj> ;
i=1 =1

i=1 j=1 i=1 j—1
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and hence 22:1 &uv; = 0. This is a contradiction because v1,...,v; are linearly
independent, as desired. In fact, the same argument shows that G is positive-
definite. O

Proposition 2.30. Letvy,...,v; € R™ be linearly independent, and let z1, ...,z €
R™ be linearly independent. If (v;,z;) = 0 for each i,j, then vi,..., v, 21,..., 2
are linearly independent.

Proof. Suppose there are ay,...,a;,b1,...,b € R such that

(2.31) avr + - +aqu +biz1 + -+ bz =0.

For each j =1,...,I, taking the inner product of (2.31) with v; gives
ar (v1,v;) + - - + ay{vg,v5) = 0.

This gives a linear system of [ equations in [ variables ay, ..., a;, which has matrix
form GA = 0. Here, G is the I-by-l Gram matrix with entries G;; = (v;,v;) and
A is the column vector with entries aq,...,a;. Since G is invertible, the unique
solution of GA = 0 is A = 0. Taking the inner product of (2.31) with each z; and
using the same argument shows that by = --- = b; = 0, as desired. O

Theorem 2.32. Let S € Sp(2n,R). Suppose that vy,...,vx € R?™ are linearly

independent right eigenvectors of S, each with eigenvalue 1. For eachi=1,...,k,

put ¥; = Jv;, so that ¥; is a right eigenvector of ST with eigenvalue 1 (equivalently,
T

0; is a left eigenvector of S with eigenvalue 1). Suppose that (v;,0;) = 0 for each

i,5. Then S has 2k eigenvalues of 1.

Proof. Since J is invertible and v1,...,v; are linearly independent, we have that
U1,...,0; are linearly independent. Since these two sets of vectors are mutually
orthogonal, the previous proposition implies that vy,...,vg, 01, ..., 0 are linearly
independent. Extend this to a basis v, ..., vk, 01, ..., Uk, 21, . - ., 2 of R?" such that
(0s,2;) =0foreachi=1,...,kand j =1,...,r. This is always possible because
of the Gram-Schmidt process. Re-order these vectors and call this basis 5:

B= {1}1,...,Uk,zl,...,ZT',ﬁl,...,ﬂk}.

Since each v; is a right eigenvector of S, we have Sv; = v;. Nowletl € {1,...,r}
be given. Write

(2.33) Sz =a1v1 + -+ apvrp + b1z + - Fbpze F a0 + -+ ARl
For each j =1,...,k, take the inner product of (2.33) with 9, to get
(2.34) (Sz1,05) = 6:11<171»17j> +- +f:lk<5kﬂ7j>
= a1 (v1,v5) + - - + ar vk, vj).
Here, we use (2.25) to get (0;,0;) = (Ju;, Jv;) = (v;,v;). Also note that
(Sz1,0;) = (21, ST0;) = (21,95) = 0.
Hence (2.34) becomes
a1 (vi,v;) + - -+ arvg,v;) =0,

valid for each j = 1,...,k. As in the proof of the previous proposition, this system
of linear equations can be written in matrix form GA = 0, and since the Gram
matrix G = ({v;, v;));; is invertible, the unique solution is @; = --- = a, = 0. Thus
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in the basis B, none of the vectors Sz, ..., Sz, have components along the vectors
T
Lastly, let ¢« € {1,...,k} be given. Write
(2.35) SV = aqvr + -+ oguk + Brzr -+ Braze U + -+ GOk
For each j =1,...,k, take the inner product of (2.35) with 9, to get
(S0;,0;) = a1 (01, 05) + -+ - + Qr(0x, ;)
(2.36) R ’ i !
= a1 (v1,v5) + - -+ + ag (v, vj).

This time the left side is no longer zero, but rather
(S0i,05) = (vi, 8T0;) = (83, 95) = (vi, ;).
Hence (2.35) becomes
a1 (v, v5) + -+ ax vk, v;) = (v, vj).

Note that the values &; = §;; satisfy this system of equations. By invertibility of
the Gram matrix, &; = d;; is the unique solution. Hence in the basis B, the only
nonzero component of the vector Sv; along the v1,...,v; is in the direction of v;,
and that component is 1.

It follows immediately from these observations that

I, * *
[S]B = 0r><k * * )
Opxk Orxr Ig

and thus S has 2k eigenvalues of 1, as desired. O

2.12. Partial result on the non-integrability of the planar 3-body problem.

2.13. Extending the result.

3. PART II: QUASI-PERIODIC FLOQUET THEORY

3.1. Motivation. insert some historical motivation

3.2. Equivariant Floquet Theory. There is a large amount of information sur-
rounding linear differential equations

(3.1) @ = A(t)z.

When A(t) is periodic, the main description of these systems comes from Floquet
theory. We describe an analagous theory for equivariant systems. Namely, systems
of the form (3.1) where, rather than A(t) being periodic,

d
A(t) = D5 (6l (20)))
for some x( in phase space and the following assumptions hold:
(1) There exists a flow ¢% such that p%o% = L%
(2) For some fixed s and T, ¢%.(70) = ¢L(x0)
(3) Dy3 depends only on the parameter s
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Note that the definition for A(t) arises naturally from the linearization of the sys-
tem. One may wonder why (3) is a reasonable assumption to make. Due to Example
2.7, we see that if L corresponds to angular momentum,

Rs

coss —sins
Dyi = .. Rs=1{ .
YL : ’ s sins coss
Rs

Then Dy3% depends only on s, which is exactly assumption (3). Now one can
ask what these assumptions imply about the system. Even though A(¢) is not
necessarily periodic, there is a similar relation between A(t) and A(t +T).

Lemma 3.2. For systems of the form (3.1), satisfying (1)-(3), A(t) satisfies the
following equation:

A(t+T) = Dy A(t)(Dys) ™!

Proof. By the chain rule and assumption (3),

@ {oreia(@0)} = Db (gt (20))

Differentiating both sides with respect to (% (x¢), and using assumptions (1) and
(2), we see that

d s d
D@‘[%%@?I(ﬂfo)}DSDF = D‘P‘%D(a%’%(ﬂfo))

A(t+T)Dey = DopAlt)

Since D3 is the derivative of a flow, it is invertible, which directly leads to the
result. [l

To simplify notation, let Ry, = Dy%. We can now see how the fundamental
matrix solution evolves with each period.

Lemma 3.3. Let X(t) be a fundamental matriz solution to (3.1), where assump-
tions (1)-(8) hold. Then there is a constant matriz M such that

(3.4) X(t+T) =R X(t)M

Proof. Since X (t) is a fundamental matrix solution to (3.1),

X(t+T)=At+T)X(t+T)
=RAMR'X(t+T)

which implies that R;1X (¢ + T) is a solution to (3.1). Since the columns of X (¢)
are linearly independent solutions to (3.1), we see that the columns of R;1 X (t+1T)
must be linear combinations of the columns of X (¢). Thus

RIX(t+T)=X(t)M
for some constant matrix M. This yields the desired result. ([l

The constant matrix M in this lemma is called a monodromy matriz. Now assume
that Y (¢) is another fundamental matrix solution to (3.1), so that Y () = X (¢)B



20 JOSH FLECKNER, EVAN HUANG, BRENNAN JACKSON, JEN TANG
for some invertible constant matrix B. By the lemma, there is a constant matrix
M such that satisfying Y (¢t + T) = R;Y (¢)M. Then

Yt+T)=Xt+T)B

RY ()M = R, X (t)MB

X(t)BM = X(t)M B
M =B"'MB

which implies that the eigenvalues of M are the same as those of M. Thus the

eigenvalues of a monodromy matrix are a property intrinsic to the system, and do
not depend on any given fundamental matrix solution.

Now recall Liouville’s theorem ([6], Lemma 3.11):

det(X (1)) = det(X (o)) exp ( / t tr(A(s))ds)

to

We provide an analagous version for the equivariant case.

Theorem 3.5. Let X (t) be the principal fundamental matriz to (3.1), under the
assumptions (1)-(3). Then

T
(3.6) det(M) = det(lRS) exp </0 tr(A(s))ds)

Proof.

O

In addition to Liouville’s theorem, there is an analagous version of Floquet’s
theorem for the equivariant system. (Compare this with [6], Theorem 3.15)

Theorem 3.7. If X (t) is the principal fundamental matriz solution to (3.1) where
assumptions (1)-(3) hold, then there is a T-periodic matriz P(t) and constant ma-
trices Q1 and Qs,

(3.8) X (t) = exp(tQ1)P(t) exp(tQ2)

Proof. Let X(t) be a principal fundamental matrix solution. Note that since R, is
invertible, det(Rs) # 0. By Theorem 6.5, it is clear that det(M) # 0. Thus by [6],
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Lemma 3.34, we see that Ry = exp(T'Q1) and M = exp(T'Q2) for some constant
matrices ()1 and Q)2. Put

P(t) = exp(—tQ1) X (t) exp(—tQ2)
Observe that
P(t+T) = exp(—(t+T)Q1)X(t +T)exp(—(t + T)Q2)

=exp(—tQ1) exp(—TQ1)X(t + T) exp(—TQ2) exp(—tQ2)

= exp(—tQ1)X (t) exp(—tQ2)

= P(t).
Thus we see that P(t) is T-periodic. O
3.3. Stability. Analyzing this result closer, we see that the system has the same
stability requirements as the normal Floquet case, with the following exception:
The requirements on the Floquet multipliers also apply to the eigenvalues of the

matrix Rs. We provide a slightly modified version of Corollary 3.17 from Teschl [6]
below.

Theorem 3.9. The system (3.1) where assumptions (1)-(3) hold remains bounded
as t — oo if the modulus of all the eigenvalues of Rs and of M is less than or equal
to 1 and the algabraic and geometric multiplicity of the eigenvalues 1 are equal. If
all the eigenvalues have modulus less than 1, the system converges to 0 ast — oo.

Proof. By Lemma 3.3 in Teschl [6], the eigenvalues A; of R, are related to the
eigenvalues ; of @7 in the following way:

Ai = exp(T;)

so the exact same analysis in the proof of Corollary 3.17 in Teschl [6] applies here.
O

To make this more precise, suppose v is an eigenvector of M with eigenvalue p.
Then let z(t) = X (¢)v. Observe then that &(t) = A(t)x(t) and

x(t+T)=X{t+T)v

= R, X (t)Mwv
= pR, X (t)v
= pRsx(t)
We see that applying k iterates of T tells us about the asymptotic behavior of z(t)
(3.10) x(t + Tk) = p*RFa(t).

Hence the asymptotic behavior of x(t) is determined by |p| and R;.

3.4. The Hamiltonian Case. Suppose that (3.1) arose from the linearization of a
Hamiltonian system. Then A(t) = JHess(H)(¢% (z0)), where H is the Hamiltonian,
and (3.1) takes the form

(3.11) i = JHess(H) (o4 (z0))x

By Proposition 5.17, the principal fundamental matrix X (¢) of (3.11) is symplectic.
If, in addition, we assume conditions (1)-(3), then

M=Xt"'R;'X(t+T).
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Evaluating this at t = 0, we find that M = R;'X(T), so that the monodromy
matrix of (3.11) corresponding to the principal fundamental matrix is the product
of R;! and the symplectic matrix X (7).
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