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Simple Inference for Constrained Optima
 

What do we want:
A confidence interval for p′θ or for a maximal value of p′θ, where

p is a known vector,
E(mj (Xi , θ)) ≤ 0, j = 1, ..., J.

Main motivation:
Confidence intervals for components of a partially identified vector.

What’s new?
That it’s relatively simple to compute.
A “critical value” is computed only once (twice for two-sided interval).

What’s the catch?
Assumptions become meaningfully stronger.
But still weaker than for other methods that are comparably simple.
We also provide sufficient conditions that are often easy to verify.



Simple Inference for Constrained Optima
 

What’s out there?

Method 1: Project GMS Confidence Regions
(Andrews-Soares, Ecma 2010)

This is the most generally valid method.
It is also (potentially severely) conservative.
A CV must be bootstrapped at each θ.
A single bootstrap is cheap.
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What’s out there?

Method 1: Project GMS Confidence Regions

Method 2: Calibrated Projection
(Kaido-Molinari-Stoye, working paper)

Less universally valid than Method 1.
Much less conservative than Method 1.
A CV must be bootstrapped at each θ.
A single bootstrap is moderately expensive (resamples linear programs).
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What’s out there?

Method 1: Project GMS Confidence Regions

Method 2: Calibrated Projection

Method 3: Profiling
(Romano-Shaikh, JSPI 2008; Bugni-Canay-Shi, QE 2017)

Less universally valid than Method 1.
Much less conservative than Method 1.
A CV must be bootstrapped at each γ.
A single bootstrap is very expensive (resamples nonlinear programs).



Simple Inference for Constrained Optima
 

What’s out there?

Method 1: Project GMS Confidence Regions

Method 2: Calibrated Projection

Method 3: Profiling

Method 4: Support Function Bootstrap
(Pakes-Porter-Ho-Ishii, working paper 2011)

Much less universally valid than other methods.
Excludes moment equalities and (local to) point identification.
Does not studentize moment inequalities.
Much less conservative than Method 1 (unless the previous point bites).
A CV must be bootstrapped once.
A single bootstrap is moderately expensive (resamples linear programs).



Simple Inference for Constrained Optima
 

What’s out there?

Method 1: Project GMS Confidence Regions

Method 2: Calibrated Projection

Method 3: Profiling

Method 4: Support Function Bootstrap

Simple Calibrated Projection
(This paper)

More assumptions than 1, 2, or 3, but considerably fewer than 4.
Allows for moment equalities and (local to) point identification.
Much less conservative than Method 1.
A CV must be bootstrapped once.
A single bootstrap is moderately expensive (resamples linear programs).



Reminder: Calibrated Projection
 

How does it work?

Recall Calibrated Projection (previous paper by same authors):

Report
CIn = [−s(−p, Cn(ĉn)), s(p, Cn(ĉn))],

where

s(q, Cn(ĉn)) = sup q′θ

s.t.
√

nm̄j (θ)/σ̂n,j (θ) ≤ ĉn (θ) , j = 1, ..., J

and ĉn(θ) is calibrated to ensure coverage of p′θ.

Computation of ĉn(θ) at (conceptually) every θ is expensive.
We will do away with that.

To understand how, first a brief review.



Reminder: Calibrated Projection
 

Pick θ ∈ Θ, suppose all moments bind.

Locally linearize the problem around θ.
Determine feasibility of LP’s across bootstrap repetitions:

ψb(c) ≡ 1(Λb
n(θ, ρ, c) ∩ {p′λ = 0} 6= ∅),

Λb
n(θ, ρ, c) ≡ {λ ∈ ρBd : Gb

n,j (θ) + D̂n,j (θ)λ ≤ c, j = 1, . . . , J}.

Gb
n,j (θ) ≡

√
n
(
m̄b

n,j (θ)− m̄n,j (θ)
)
/σ̂j (θ) bootstraps an empirical process,

D̂n,j (θ) estimates gradient of a studentized moment,

and we add additional constraints: λ ∈ ρBd .

θ1

θ2

E [m1(X , θ)]E [m2(X , θ)]

θ

λ1

λ2

cσ1
cσ2

−ρ−ρ

ρ−ρ
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Reminder: Calibrated Projection
 

How the ρ-box constraint regularizes the problem

λ1

λ2

λ1

λ2

−ρ−ρ

ρ−ρ

λ∗∗

λ∗

Assume i.i.d. standard normal errors in intercepts. Then:
Left panel: Minimum of two means⇒ cn = 1.95.
Right panel: Average of two means⇒ cn = 1.16.

But these cases are not distinguishable in sample!

When in doubt, by imposing λ ∈ ρBd we mimic the left panel.

We suggest to calibrate ρ using a heuristic benchmark.
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Reminder: Calibrated Projection
 

What if some moments do not quite bind?

We cannot estimate moments’ localized slack with sufficient precision.
This is handled through Generalized Moment Selection. Modify

Λb
n(θ, ρ, c) = {λ ∈ ρBd : Gb

n,j (θ) + D̂n,j (θ)λ + ϕj (ξ̂n,j (θ)) ≤ c, j = 1, . . . , J},

θ2

θ1

where ϕj (ξ̂n,j (θ)) is a shrinkage estimator:

ξ̂n,j (θ) ≡


√

nm̄n,j (θ)

κn σ̂n,j (θ)
j = 1, . . . , J1

0 j = J1 + 1, . . . , J,

and for example (illustrated in figure)

ϕj (ξj ) ≡
{

0 if ξj ≥ −1,
−∞ if ξ< − 1.
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Reminder: Calibrated Projection
 

One- vs. two-sided testing

The pictures look like we calibrate a one-sided coverage probability.

This is purely for exposition.

If two-sided noncoverage risk seems relevant (some constraints locally bind
“from below”), ĉn will pick this up.

The procedure is easily adapted to explicitly calibrate one-sided coverage.
This will make a difference only in the case just mentioned.
It is justified if we genuinely want one-sided inference...
...but also if we know/assume/pre-tested that the true projection is “long.”



Simple Calibrated Projection
 

Calibrated Projection:

End point of confidence interval is

sup
θ∈Θ

p′θ s.t.
√

nm̄n,j (θ)/σ̂n,j (θ) ≤ ĉn(θ), j = 1, ..., J.

This is like inverting a non-pivotal test. Can be very expensive.
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End point of confidence interval is

sup
θ∈Θ

p′θ s.t.
√

nm̄n,j (θ)/σ̂n,j (θ) ≤ ĉn(θ̂
∗), j = 1, ..., J.

Here,

θ̂∗ ∈ H(p, Θ̂I) ≡ arg max
θ∈Θ̂I

p′θ

Θ̂I = argmin
θ

max
j

m̄j (θ)/σ̂j (θ).
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Simple Calibrated Projection:

End point of confidence interval is

sup
θ∈Θ

p′θ s.t.
√

nm̄n,j (θ)/σ̂n,j (θ) ≤ ĉn(θ̂
∗), j = 1, ..., J.

In words, we:
Compute a sample analog H(p, Θ̂I) of the support set H(p,ΘI),
Compute ĉn(·) at one arbitrary element of H(p, Θ̂I),
Use this value of ĉn(·) everywhere.



Simple Calibrated Projection
 

Calibrated Projection:

End point of confidence interval is

sup
θ∈Θ

p′θ s.t.
√

nm̄n,j (θ)/σ̂n,j (θ) ≤ ĉn(θ), j = 1, ..., J.

This is like inverting a non-pivotal test. Can be very expensive.

Simple Calibrated Projection:

End point of confidence interval is

sup
θ∈Θ

p′θ s.t.
√

nm̄n,j (θ)/σ̂n,j (θ) ≤ ĉn(θ̂
∗), j = 1, ..., J.

For two-sided confidence intervals, do this separately for p and −p.

We present assumptions under which this works even if the true projection is
“short.”



Justifying SCP
 

We initially consider one-sided inference:

CI = (−∞, max
Qn(θ)≤ĉn(θ̂∗)

p′θ].

Then Pr (γ ∈ CI) decreases in γ, so we only need to verify coverage of

s(p,ΘI) ≡ maxp′θ s.t. θ ∈ ΘI .



Justifying SCP
 

Condition 1
max

θ∈H(p,Θ̂I )
d(θ,H(p,ΘI))

p→ 0.

H(p, Θ̂I) is asymptotically close to H(p,ΘI), though it need not explore it.

Result 1:

Condition 1 is sufficient.

Why?
Under Condition 1, all accumulation points of θ̂∗ are in H(p,ΘI).
Can then leverage existing proofs to show:
ĉn(θ̂∗) ensures correct coverage of p′θ for some θ ∈ H(p,ΘI).
But that is coverage of s(p,ΘI).
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Justifying SCP
 

We will next identify lower-level conditions that imply this.

Basic idea:

H(p,ΘI) = argmin
θ∈Θ

Q(θ),

Q(θ) ≡ max
j
[E(mj (Xi , θ))/σ(θ)]+ + (p′θ − s(p,ΘI))

2

H(p, Θ̂I) = argmin
θ∈Θ

Qn(θ),

Qn(θ) ≡ max
j
[m̄j (θ)/σ̂(θ)]+ −min

θ∈Θ
max

j
[m̄j (θ)/σ̂(θ)]+ + (p′θ − s(p, Θ̂I))

2.

If standard m-estimator consistency conditions apply to these objects, then
Condition 1 is implied.

For example, it suffices that Qn
p→ Q uniformly and H(p,ΘI) is a

well-separated minimum.

NB: Full (Hausdorff) consistency of H(p, Θ̂I) would require stronger
assumptions but is not needed because we do not need to explore H(p,ΘI).



Justifying SCP
 

Condition 2

We have
s(p, Θ̂I)

p→ s(p,ΘI)

and also

∀ε > 0, ∃δ > 0 :

p′θ = s(p,ΘI),d(θ,H(p,ΘI)) ≥ ε⇒ max
j
[E(mj (Xi , θ))/σ(θ)]+ ≥ δ.

The sample analog of the support function is consistent.
(Sufficient condition: dH(Θ̂I ,ΘI)

p→ 0.)
Counterexamples: Weak identification.
H(p,ΘI) is a well-separated minimum of Q on the supporting hyperplane.
Counterexample: Nearly flat face.
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Condition 2

We have
s(p, Θ̂I)

p→ s(p,ΘI)

and also

∀ε > 0, ∃δ > 0 :

p′θ = s(p,ΘI),d(θ,H(p,ΘI)) ≥ ε⇒ max
j
[E(mj (Xi , θ))/σ(θ)]+ ≥ δ.

Result 2:

Condition 2 is sufficient.

Why?

s(p, Θ̂I)
p→ s(p,ΘI) implies uniform approximation of Q by Qn.

Well-separated minimum in direction ±p comes for free.



Justifying SCP
 

How restrictive is Condition 2?

Condition 2 does exclude cases of interest, e.g. weak identification of ΘI .
(Both calibrated projection and profiling allow weak identification of ΘI .)

However, it accommodates some interesting “tricky” cases.

Smooth maximum:
The support set is (at least partially) characterized by a FOC.
(This case is excluded for support function bootstrap and profiling.)
Multiple solutions:
Distinct, locally well-identified global maxima.
(This case is excluded for support function bootstrap.)
Thin identified set:
This occurs whenever there are some moment equalities, including the
boundary case of GMM.
(This case is excluded for support function bootstrap.)



Justifying SCP
 

Condition 3

(i) Polynomial Minorant

max
j

E(mj (Xi , θ))/σj (θ) ≥ C(min{δ,d(θ,ΘI)})γ

for universal constants C,γ, δ.

(ii) Degeneracy / MFCQ

There exists a support point θ∗ ∈ H(p,ΘI) and a direction (unit vector) t s.t.

∇θ [E(mj (Xi , θ∗))/σj (θ
∗)]′t ≤ −δ < 0.

These resemble assumptions under which Chernozhukov, Hong, and Tamer
(Ecma, 2007) show dH(Θ̂I ,ΘI)

p→ 0.

They have been weakened, and could be weakened more with more notation.

Reason: We only need s(p, Θ̂I)− s(p,ΘI)
p→ 0.



Justifying SCP
 

Result 3

Condition 3 implies s(p, Θ̂I)− s(p,ΘI)
p→ 0.

Why?

Similar to Chernozhukov, Hong, and Tamer (2007).
In short, s(p,ΘI) is strongly identified.



Justifying SCP
 

Relation to support function bootstrap

Condition 3 is our most restrictive assumption:
The projection of ΘI is bounded away from zero in length.
ΘI must have an interior, excluding moment equalities.
No “spikes”:
The optimum cannot (uniquely) be a corner with infinitesimal angle.

However:
Condition 3 continues to allow for smooth maxima.
It is implied by assumptions in Chernozhukov, Hong, and Tamer (2007).
It (and the second part of Condition 2) is also implied by assumptions in
Pakes, Porter, Ho, and Ishii (2011).

Message:

Our strongest assumptions are still weaker than for support function bootstrap.



Detailed comparison to support function bootstrap
 

Superconsistency and the support function bootstrap

Compared to PPHI, we impose an additional restriction on the d.g.p.:

Moment conditions must not be (near) perfectly correlated without the
researcher’s knowledge.
(Known perfect correlations are no problem.)

s(p, Θ̂I) may otherwise be superconsistent for s(p,ΘI).
A nonparametric bootstrap will then fail.

This observation also applies to support function bootstrap.
Our assumption must in fact be added to PPHI.

Insights:
Our strongest assumptions are indeed implied by (corrected) PPHI.
Auxiliary contribution: Rigorous justification of support function bootstrap.
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Detailed comparison to support function bootstrap
 

Studentization and the support function bootstrap

The support function bootstrap cannot studentize moment conditions.
This is expected to sacrifice power (Andrews and Soares, Ecma 2010).

Example: Minimum of two means

θ ≤ min{E(Xi ),E(Yi )}
Xi ∼ N(µx ,1)

Yi ∼ N(µy , σ2).

We can then compare

CICP = (−∞, min{x̄ + 1.95/
√

n, ȳ + 1.95σ/
√

n}] (profiling gives this too)
CISFB = (−∞, min{x̄ , ȳ}+ 1.64σ/

√
n].

With large σ, the second interval is much larger in expectation.



Justifying SCP
 

Two-sided case

Consider now the two-sided case:

CI = [ min
Qn(θ)≤ĉn(θ̂∗−p)

p′θ, max
Qn(θ)≤ĉn(θ̂∗p)

p′θ].

Easy to show that this covers s(p,ΘI) and −s(−p,ΘI) under same conditions
as before.

But what happens in between?



Justifying SCP
 

Case 1: The “long” interval

Suppose Condition 2.

Suppose also the true projection has boundedly nonzero length.

Sufficient condition (implied by Condition 3):

∃θ̃ : max
j

E(mj (Xi , θ̃))/σ(θ̃) ≤ −ε < 0.

Then:
Coverage of p′ θ̃ converges to 1 unless p′ θ̃ is local to the boundary.
We effectively have two one-sided intervals.
All findings above apply immediately.
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Case 2: The “short” interval

Suppose the projection is also allowed to be short.
(The interesting case is O(n−1/2).)

Then we slightly strengthen condition 2.

Condition 2’

We have

s(p, Θ̂I)
p→ s(p,ΘI)

s(−p, Θ̂I)
p→ s(−p,ΘI).

and also

∀ε > 0, ∃δ > 0, ∀s ∈ [−s(−p,ΘI), s(p,ΘI)] :

p′θ = s,d(θ,ΘI ∩ {p′θ = s}) ≥ ε⇒ max
j
[E(mj (Xi , θ))/σ(θ)]+ ≥ δ.



Justifying SCP
 

Result 4

Under Condition 2’, SCP works even if the true projection is short
(including point identification of p′θ).

Why?

Together with continuity of Q, the condition forces that the bisections

ΘI ∩ {p′θ = γ} for γ ∈ [−s(−p,ΘI), s(p,ΘI)]

are continuous in γ.

If the projection is short, that means all of these bisections are asymptotically
the same.

Therefore, previous results extend from supporting hyperplanes to all
intermediate bisections.



Wrapping up
 

Similar simplifications are available for profiling (a la Bugni, Canay, and Shi).

In short, if s(p, Θ̂I)
p→ s(p,ΘI), can compute their critical value once.

Work in progress:
We conjecture an improvement to their assumptions for this case.

These results justify a menu of relatively simple inference methods.

We will offer some discussion of trade-offs involved.
Today we’ll leave it at verbal discussion.

As well as an illustrative application.

Thank you!
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